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PREFACE 


The object of this book is to frame an elementary course in 
Analytical Conios primarily for the use of schools -where 
advanced course candidates are being prepared for Higher 
Certificate Examinations and for scholarships awarded by 
the State and Local Education Authorities throughout the 
country. It should also provide a sound foundation for the 
wbrk of students who intend to compete for mathematical 
scholarships at the universities. \ 

Especial emphasis has throughout been laifh on the use of 
parametric coordinates. Many worked examples have also 
been given to familiarize the student with the processes usually 
employed in solving problems set at examinations. 

The author desires to acknowledge his indebtedness to C. H, 
Sampson, Esq., Principal of Brasenose College, Oxford, and to 
Dr. F. S. Macaulay, whose work in the pure geometry of conics 
is so well known amongst mathematicians, for having first 
aroused his interest in this subject by their teaching. He has 
also to express his gratitude to his colleague Mr. J. E. Tarver, 
B.A., for valuable advice, and assistance in revising proofs and 
collecting examples. To Mr. R. K. Melluish, of Rossall School, 
and to Mr. F. J. Bollands, who prepared the diagrams for the 
book, he owes a similar acknowledgment for help given. 

Finally he has to thank the undermentioned examining 
boards for permission to use examples from their Higher 
Certificate papers. These appear throughout the book with the 
letter in brackets appended to them. University of Bristol [B.], 
Cambridge Local Syndicate [C.], University of Durham [D-], 
Joint Matriculation Board [J.], University of London [L.] r 
Delegates of the Oxford Local Examinations [0.], Oxford and 
Cambridge Schools Examination Board [0. and C.], Central 
Welsh Beard [W.J. 

SCHOOL HOUSE, LANCASTEB. 

August 1st, 1936. 


V J.H.S.B. 
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INTRODUCTION 


If a straight line of unlimited length has one point on it fixed 
and rotates round a fixed axis through this point, always 
making a fixed angle with this axis, 
then the surface traced out and 
generated by it is a Cone. The sur¬ 
face of this cone consists of two 
portions, with a common vertex, 
each shaped like the surface of a 
sugar loaf. The ordinary idea of 
a cone is, as it were, that of one 
sugar loaf. The mathematical idea 
is of two of these forming the 
complete cone. 

The straight line which traces 



out a conical surface is called the Generating Line. Any par¬ 
ticular position of this line is called a Generator of the cone. 
Every generator passes through the Vertex V of the cone. 

Conic Sections are the curves formed when a plane cuts the . 
4M1 „ 




INTRODUCTION 

»3MBk oe of a complete cone in every possible way. As the carve 
^intersection necessarily lies on the intersecting plane, it fol- 
Ifows that every conic section must be a plane figure. 

The nature and shape of the conic sections will vary. The 
two figures on the previous page show six cases which may 
arise. \ 

X. Where the intersecting plane passes through the vertex V 
of the cone and has a greater slope with its axis than aify 

;ion in this case is a Point, i e. the vertex itself. „ 

II. Where the intersecting plane passes through the vertex 
F of the cone and contains a generator. 

In this case, generally, the intersecting plane cuts the sur¬ 
face of the cone again in another generator. The section would 
thus be Two Straight Lines. 

1H. Where the intersecting plane does not go through the 
Vertex but is perpendicular to the axis of the cone. 

In this case the intersecting plane cuts one branch only of 
the cone and the section will be a Circle. 

IV. Where the intersecting plane is parallel to a generator. 

In this case again only one branch of the cone is cut. The 

curve of intersection between the conical surface and the plane 
extends to infinity in two directions and is known as a Para¬ 
bola. 

V. Where the intersecting plane has a greater slope with the 
axis of the cone than that of any generator but does not pass 
through #he vertex. 

In this case also only one branch of the cone is out and, 
unless the intersecting plane is perpendicular to the axis as in 
IUrthe section is called an Ellipse. 

• - The orbits of the planets, including the earth, round the sun 
axe all nJBptdcal. 

VI. Where the intersecting plane has a lesser slope with the 
axis of the cone than that ctf any generator but does not pass 
$fcroug& the vertex. 


*. generator 
The sec 



INTRODUCTION 

In this case both branches ofthe cone are cut and fcwosimilar' 
curve* are {armed, one on each branch, each of themgomg to 
infinity in two directions. Such a section is called a Hyper* 
bola. 

The properties of each of these six conic sections will now 
be investigated in turn. 



I 

THE POINT 
1. Coordinates of a point 

Take a point O and through it draw two straight lines XOX', 
TOY’ at right angles to each other. In practice these lines 
are drawn parallel to the edges of the paper used. They are 
called Axes of Coordinates, or simply the Axes, and their point 
of intersection O is known as the Origin. 
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, Take any point P in the plane of the paper and suppose that 
its perpendicular distance from the axis YOY’ is a known 
length of 4 units. 

Then, as the figure shows, the point P could be on either of 
the two dotted lines drawn parallel to the axis YOY' and each 
at a distance d away from it. 

|TJbe quantity d is positive, we assign the point P to the 
dotfel litto which is to the right of YOY' and parallel to it; 
%0':i£ jjf negative, then the point is assigned to the dotted 
line to the left of YOY' also parallel to it. 

|n a similar way, if P is known to be perpendicularly distant 
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from the axis XOX' a known length of e units, then P must 
lie on one of the two dotted lines parallel to the axis XOX' 
which are each a distance e away from it. 

If the quantity e is positive we assign the point to the dotted 
line parallel to XOX' and above it; if e is negative it is assigned 
to the dotted line parallel to XOX' which lies below it. 

The line XOX', usually drawn horizontal, is sometimes called 
the x-axis or axis of x. The line YOY’, which is vertical, is 
the y-axis or axis of y. 

If we just know that a point P is at a distance d from the 
y-axis and c from the x-axis, then it might have any one of 
the four positions P lt P 2 , P 3 , P t in the figure. But, if the signs 
of d and e are both known, then it can be determined at once 
which of these four positions is the one required. 

d + and e + signifies that the point is d to the right of the 
y-axis and e above the x-axis, i.e. its position is P v 

d — and e + signifies that the point is d to the left of the 
y-axis and e above the x-axis, i.e. its position is P t . 

d — and c — signifies that the point is d to the left of the 
y-axis and e below the y-axis, i.e. its position is P t . 

d -f and e — signifies that the point is d to the right of the 
y-axis and e below the y-axis, i.e. its position is P t . 

The four divisions of area made by the axes are generally 
called Quadrants. Reckoning in a direction opposite to that 
of the hands of a watch, XOY contains the first quadrant, 
YOX' the second, X'OY' the third, and Y'OX the fourth 
quadrant. 

Conversely, for any point in the first quadrant the distances 
from the axes are both positive, while for any point in the third 
quadrant they are both negative. In the second quadrant the 
distance from the y-axis is negative and from the x-axis is 
positive. In the fourth quadrant the reverse of this is the case, 
i.e. the distance from the y-axis is positive and that from the 
x-axis is negative. 

This allocation of signs is purely conventional, but it has to 
be thoroughly understood from the outset. 

The perpendicular distances of any point from the axes of 
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coordinates, dm regard being paid to sign conventions, are called 
. its coordinates. 

' The horizontal distance of a point from the y-axis, supposed 
vertical, with the proper sign attached, is called itscoordinate 
Ot its abscissa. 

Similarly, the vertical distance of a point from the dr-axis, 
supposed horizontal, with the proper sign attached, is called 
its ^-coordinate or simply its ordinate. 

From what has now been said it is clear that when we know 
the abscissa and ordinate of any point, that point can at once 
be determined and plotted graphically if desired. The co¬ 
ordinates of a point are usually written within brackets. Thus 
(a, —6) indicates a point whose abscissa is +« end ordinate 
—b. It obviously lies somewhere in the fourth quadrant. 

The student who has not had previous experience of dealing 
with graphs in algebra should now take a piece of graph paper, 
draw two lines at right angles in the middle of it, and then, 
taking a scale of in. or 1 cm. to a unit, plot several points 
such as (2, -4), (-$, —i), (-5,2$), (1, -$), etc. 

2. The distance between two points 

P and Q we any two points (x v y t ), (x 2 ,y 2 ), the distance . 
between which it is required to find. 


Y 




THE POINT I 

Draw PM, Qm parallel to the x-axis and PN, Qn parallel 
to the y-axis. 

Produce mQ to meet PN in H. 

Then PQ i = PH 2 +HQ a by Pythagoras. 

But PH — PN—HN = PN—Qn = y x — y a 

and HQ = Hfn—Qm = ON—On = x t —x t . 

PO 1 = (xi-x a ) 2 +(yi-ys) 2 - 

The practical rule for getting the square of the distance 
between two points whose coordinates are given is 

(1) Subtract the abscissae and square. 

(2) Subtract the ordinates and square. 

(3) Add the results of (1) and (2). 

If Q had been the origin O, the point (0, 0), it is clear that 
OP 2 = x?+yf. 

Hence the square of the distance of any point from the origin 
is the sum of the squares of its coordinates. 

Typical Examples 

Ex. 1. Find the distance between the points (—3,5), (2,-7). 
(*i_3_2)* = 6 s = 25, (5+7) z = 12 2 = 144. 25+144 = 169. 
Henoe the distance is V169 = 13. 

Ex. 2. Show that the points (11,8), (—6, —11), (3,11) are * 
the vertices of a right-angled triangle. 

(H+e) 2 +^+iD* - =v s |*, 

(-6-3)*+(-li-ll) 2 = 9*+3* = 90, 

(3-ll) 2 +(li-6)» = f+V = . 

But 90+^ = ^. 

.-. by the converse of Pythagoras, the triangle formed byfig 
joining the three points is right-angled. 
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*1 Ex. 3. Find the lengths of the projections on the axes of 
file line joining the two points {a, —6), (6, —a). 

Let P be the point (a, —6), Q the point (b, —a). 



Draw PM, QN perpendicular 
to the x-axis and PH perpen¬ 
dicular to QN. 

Then the projection of PQ on 
x the x-axis is MN and its pro¬ 
jection on the y-axis = QH. 
Now 

a — OM = ON+NM = b+NM, 
NM — a—b. 


Also QH = QN-HN = -a-PM = -a+b. 

Ex, 4. What is the area of the triangle formed by joining 
the three points (2,3), (—1*,3), (4, —1)? 

Plot the three points P, Q, R 
as in the figure. 

Let PQ cut the y-axis in H. 
Draw RK perpendicular to 
the y-axis. 

Also draw RL perpendicular 
to QP produoed. 

Since P and Q are each a 
distance 3 from OX, 

PQ is parallel to the x-axis. 
Hence area of kRPQ = \PQ, RL 

= \{PH+QH)KH 
= \(PH+QH)<,OK+OH) 

= *(2+li)U+3) 

= 7. 



EXAMPLES 1 

l. Plot the points (2,4), (-6,1), (3,2), (-1,-2), (M), 
(3,0), (0,-2). ^ 

la the preceding question produoe the line joining the pewits 
0t0t(3i,S) toeut the axes of coordinates, and find by calculation 

J ^ * * 
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and by measurement the distances from the origin of the two 
points of intersection. 

3. What can be inferred about the following pairs of points 
without plotting them? (i) (2,6), (-2,-6). (ii) (3,4), (4,3). 
(iii) (3,1), (3,-1). 

4. Find the distance between the following pairs of points: 
(i) (0,3) and (-2,1). (ii) (-3,-3) and (4,-4). (iii) (1*.-1*) 
and ( —2{, — 3J). (iv) (a-(-6,a —6) and (a+26,o—26)- 

6. The coordinates of two points are (3,-1), ( — 2,3), and the 
abscissa of a point on the line joining them is 1. What is the 
ordinate of this point ? 

0. If the distance between the two points ( x , 4), (3,2) is 2, find af. 

7. Without finding the actual distances, give a reason why the 
distance between the two points (6,2), ( — 1,3) should be the same 
as that between the two points (6,6), (—2,4). 

8. If irj-fyf = *a+y§, what geometrical fact can be inferred, 
about the two points (x t , y x ), (x t ,y t ) ? 

9. If the triangle whose vertices are the pointB (1.3), 

(1+a:, 2J) is equilateral, find x. 

10. What is the area of the triangle formed by joining the three 
points (4,1), (0,-2), (4,-1)? 

11. The points (3, —1), (3, — 2), (6,4), and (x,y)fonh a parallelo¬ 
gram. What must x and y be ? 

12. Find the distance between the following pairs of points: 

(1) (a cos 8, a sin 6), ( acoB</>,asin<j >). 

(2) (oil, 2u?i)> (®^> 2ai t ). 

(3) (acoad,bsinff), (aoos<f>,bBm<f>). 

(4) 

13. Find the area of the triangle whose vertices are the points 
(0,0), (ot», 2ot,). (a*!. -2a*j). 

14. Find the coordinates of the ciroumoentre of the triangle 
whose vertices are the points (2,3), (1, —4), (—6, —2). 

15. Show that the points with coordinates (8,8). (13, —4), 
(1,-j), (*-4,3) are at the oorners of a square. Find the area of 
the part of this square which lies in the positive quadrant. [J.j * ^ 
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3. The coordinates of certain points 
To find the coordinates of the middle point of the line joining 
two fixed points (a^, y x ), fa, y t ). 

In the figure P and Q are the point* (a^, y t ), (x t/ y%)- 
Let R be the middle point of PQ and its coordinates x and y. 
Draw PL, QM, RN perpendicular to the r-axis. 

Draw QKH parallel to the r-axis cutting RN in K and PL 
W.H. 



Since RK is parallel to PH and R is the middle point of PQ, 
RK = \PH. 

y=~ RN = RK+KN = \PH+QM = l(PL^HL)+QM 
- KPL-QM)+QM = \(PL+QM) =* i( yi +y*)- 
, ..Similarly, by drawing perpendiculars from*P, Q, ®nd R on 
tne p-axifl, it can be proved that x — i( x i+ x s)* , 

v Thus the coordinates of the middle point of the line joining 
any two points are the arithmetic means of the abscissae and 
ordinate* of these {mints. 

To find the coordinates of a point which divides the line 
Joimag twb given points in the ratio 2:1. 
fJiM theltwo given points P, Q be fa,yi), fa,y t ) and, with 
Jbesame figure as before, let PQ — 2 QQ. 

QVU perpendicular to the z-axis and cutting QKH 
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Then from parallels QV : PH — QQ: PQ = 1:3. 

Let 0 be the point (x, y). 

Then 

y = QU = QV+VU = \PH+QM = \{PL-HL)+QM 
- i(PL-Gif)+<3^ = kPL+lQM 
__ 2yi+yi 

Similarly, by drawing perpendiculars from P, Q, and © to 
the y-axis we should get 

- _ 2zt+*i 

* r~- 

To find the coordinates of the oentroid of a triangle. 


A 



Let ABC be a triangle and its vertices A, B, C the points 
(*!>&), (**. y 2 ). (is. 2/s) respectively. 

Let D be the middle point of BC. Join AD and divide it 
at 0 so that AO = 2&D. Then 0 is the oentroid of the triangle 
ABC. 

Suppose 0 is the point (x, y). 

•Draw perpendiculars AL, BM, CN, DR to the x-axis. 
Then, D being the middle point of BC, DR = y*)* 

And, as above, the ordinate of O — 


_ Vi+yt+tr* 


3 
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' tlie same way it may be proved that *> 


iTbuB the abscissa and ordinate of the oentroid of a triangle are 
the arithmetic means respectively of the abscissae and ordi¬ 
nates of its vortices. 

* 9 

• Ho find the coordinates of a point which divides the line 
joining two fixed points (se, ( g,) in a given ratio p : q. 



Let P, Q be the two fixed points (x v y x ), (x t , y t ) and Z the 
paint (z, y) which divides the line PQ in the given ratio p : q. 

Draw perpendiculars PL, QM, ZN to the x-axis. 

Draw QKH parallel to the z-axis and cutting PL, ZN in 
6 and K respectively. 

Then from parallels ZK : PH — q : p+q. 

^ iP+i)ZK = qPH 

' {p+q)[ZN-KN) = q(PL-HL) 

(P+l)ZN — {j?+q)QM+qPL—qQM 
= pQM+qPL. 


y = ZN 


m+m 

P+9 


.'rind, simflariy, it may be proved that 

to fit . 

_ _ P*t+9*1 

x =-;-. 

P+9 



were external, i.e. if Z were on PQ produced. 
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the above formulae would still apply but q would now be 
regarded as negative, in which case 

and 

J>-? p-g 


<v 

Typical Examples 

Ex. 1. If the point (3,4) is the middle point of the line 
joining the point (6,8) and another point [x,y) t what are x 
and y? 

3 must be the arithmetic mean of 6 and x, 

4 must be the arithmetic mean of 8 and y. 


, *+6 

3 ~ ~2~ 


and 


4 „y+ 8 . 
4 2 ~" 


whence x = 0 and y — 0, i.e. the other point is the origin. 

Ex. 2. Given that the origin iB the centroid of a triangle 
two of whose vertices are the points (—5, —7), (6, —4), find 
the coordinates of the other vertex. 

Let the coordinates of the third vertex be (x, y). 

Then we have 

ft _ x—54-6 n - y~ 7 ~ 4 . 

3 ’ 3 ’ 

whence x — —1, y = 11. 


Ex. 3. P and Q are two fixed points and PM, QN of lengths 
h t and & a respectively are drawn perpendicular to a given 
straight line. If MN — a, find the area of the trapezium 
PMNQ. 

PL = PM-LM = PM—QN = h t -h lt 
area of trapezium PMNQ 
* = rectangle QNML+APLQ 

— h t a~ s r \(h l —h t )a 

Ex. 4, A BCD is a quadrilateral and JT, L, M, N m the 
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PSis points 'M its sides AS, SC, CD, DA wfeeofiwSiv 
&d ~ 

(1) the coordinates of the middle points of KM and LN; 

(2) the coordinates of the middle point of the line joining 


Let the coordinates of A, B, G, D be 
(* 1 > yi). (a*, y*). (*8. y 8 ). (**. y<) respectively. 

AT is the point 

2 2 

M is the point . 

2 2 

the coordinates of the middle point 

Of KM are 

x 1 +x i +x 3 +x l yi+y»+y»+y« 

4 ’ 4 

* * 

Similarly, it ■will be found that the coordinates of the middle 
point Of LN are 

yi-hto-hya-hy* 

4 > 4 ’ 

which proves that ATlf and LN bisect each other and that 
1 |T£ifjf would therefore be a parallelogram. 

Aga|i, the middle point of AC is and that 

J 2 2 

i “* 2 —, 

|j P flhqfeaitldfe point of the line joining the middle points of 
Ififgail BD is therefore the point whose coordinates are 

, *i+ * *+*»+x t yi+Vt+Vz+yt 

* •« 4 * 4 ^ 

$Xa*|w» have proved that the line joining the middle potato 
of a quadrilateral passes through the point Of . 


:<*dd§ 

With 9 
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4. The polar coordinates of a point 

There is another way in which the position of a point can 
be fixed, viz. by ascertaining its distance from a fixed point 
called the Pole and the angle that the line joining it to the pole 
make s with a fixed straight line through the pole, usually called 
the Initial Line. 

In the diagram O is the 
pole and OX the initial line. 

If OP = r and 

4 POX = 9, 

then the polar coordinates of 
the point P are (r, 9). 

9, it may be noted, is always 
in an anti-clockwise direction. 

Draw OY and PN perpendicular to OX and let PN meet 
OX in N. 

Then, if ( x , y) are the coordinates of P with regard to OX, 
OF as axes of coordinates, 

x = ON = OP cos A PON = r cos 9 
and y = PN = OPmnAPON — rsinO; 

whence x 2 +y 3 = r 3 and ^ = tan 0., 

x and y are known as the Cartesian Coordinates of a point 
and the above equations show the relation between its carte* 
sian and polar coordinates where the pole is the origin and the 
initial line the z-axis. 



EXAMPLES 2 

1 . The extremities of a diameter of a circle are the points (3, 
{—9, —5). What are the coordinates of the centre of the 





l ift the previous question in the rath) ft: 2, (i) internally lira 
•'* ; ” ,4 v’J 

• 4. Find the coordinates of tile point which divides the line 
joining the points (o-f 26,o—26), ( 0 — 26 , 0 + 26 ) in the ratioa j 6 
-internally. 

6. 0 is a fixed point and the coordinates of a point A with 
regard ,fto axes through O are (3,4); if OA.OB — 15, find the 
coordinates of B, a point on the line OAB. 

• ft. Find the coordinates of the middle points of the diagonals of 
the quadrilateral whose vertices are (0,0), (6,3), (6, —2), (4, —3); 
also those of the middle point of the line which joins the two 
points when found. 

if. Find the area of the trapezium formed by the points (4,3), 
(2,1), (2, -2). 

/(UK Shpw that the coordinates of the middle points of the lines 
joining the middle points of opposite sides of the trapezium in the 
last question are identical. 

ft. Find the distance between the two points whioh divide the 
line joining l&e^gfeints (3,4), (6, —8) internally and externally in 
the ratio 2:1. 

10. In what ratio does the point ( — 2,9) on the line joining 
the two points (—3,11), (—1,7) divide it internally, and in what 
fh&jin does the point (2,1) on the same line produced divideit 
Maternally T Jpl- 

' ‘'ll. Find the coordinates of the centroid of the triangle whose: 
vertices are the points (3,4), (2, — 1), ( — 4,6). ; $ 

12. She coordinates of the vertices of atriangle are (3,6), 
(—2,6j, (l, — lj; find the coordinates of the oentroid of the triangle 
formed by joining the middle points of its tides. 

■ ,18. |f the point (ft, 4) is the centroid of a triangle two < 
vwtioerane the points (8,2), ( -6, —4), whatare the r 
dff the remaining vertex ? - ^ 

.14, find the length of the line joining two points whose poh^’' 
"Spates ace (r v 9 t ), (r v 6 t ). / ^ 

rjj&Qd-the ana of a triangle whose polar• coordinates .sift' 
>{#,120°). 
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Formulae o/Chapter If or reference 

1. The distance between two points (a^tfi), is 



2. The coordinates of the middle point of the line jo bvmg the 
two points (?i,yi), are 

*i+*. yi+y, 

2 ’ 2 * 


3. The coordinates of a point dividing the line joining the two 
points (x lt y t ), (x„ y,) internally and externally in the ratio p : g are 

p*td=q*i py.±qyi 

p±q ’ p±q 

4. The coordinates of the centroid of a triangle whose vertices 

are the points (x v y t ), (x„y,), (x s ,y t ) are v 

x,-fx,+x, y,+y,+y, 

-= > 5 » 


5. Hie relation connecting cartesian and polar coordinates of 
apointis x== rco s8. y=rstoe. 
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STRAIGHT LINES 

As was pointed out in the Introduction, a plane drawn through 
.,»■ generator of a conical surface will generally intersect the 
surface again in another generator. Hence two straight lines 
are a conic section. 

These two lines coincide and become one straight line when 
* the intersecting plane is a tangent plane to the cone. 


1. The linear equation 

Ar » 

>4, Hie most general form in algebra of an equation of the first 
degree Sn x and y is ax+by-\-e = 0, where x and y are the 
variables and a, b, and c are constants, i.e. quantities which 
always remain the same. 

' In Abiaetjuation ax+by+c = 0, if x is assigned any parti- 
ffiplt value, then one, and only one, corresponding value of y 
can beqbtained to satisfy the equation. Therefore we may say 
that g f» dependent upon x, or x dependent upon y, the main 
point being that they are not independent of each other if they 
i*pe connected by the equation. 

Consider the equation 3r+4y = 12. 

Givfr a number of values in turn such as 

* | x — ~3, —2, —1, 0, 1, 2, 3. 

By putting these values of x in the equation we find that 


| y = 51,4i,3*,3,2i,li,f 

Near take a piece of graph papa: and plot the points (—8,5$), 
(-2,**), (0,3), (1,2$), (2,1$), (3,f) with resjssofe to 

r of axes at right angles conveniently chosen. . 
pa points have been accurately platted it wSl hpjr ^a 
■pay ah lie cm one straight line. Draw it, .ajaijfeheo. 
of aay point on it can at onoe be obfcaix 
meat. Therearean unlimited numb® of 
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on the line each with its x and y coordinates satiating the 
equation Jte+4y = 12. 

It would also be found that if the coordinates of any point 
not on the line were measured, the values of x and y so obtained 
would not satisfy the equation. 



It would seem, then, by this method of trial by drawing, that 
every equation of the first degree represents a straight line. 
We shall now give a formal proof of this. 

Suppose that the coordinates of two points P and Q, (Xi.Jh), 
(x„ 3 / a ) respectively, satisfy the equation ax-\-by-\-c *= 0 .* 

Also that the coordinates (X, Y) of some third point (S) 
satisfy it. 

Then, if we prove that the three points P, Q, R are collinear, 
the theorem is established.. 

Let the ordinates of P, Q, R be PL, QM, RN respectively, 
and through P draw a straight line parallel to the at- axis 
cutting QM in m and RN in n, or these lines produced inn* 1 
and n. 


Then, by data, aa^-f-d^-f-e = 0 and ax t +by % -\-c — 0, 

* 

} ' *!•—*» *' 
■As®*ox-f-by -j-c = o. 





Henoe, as in the figure, 



the triangles BnP, QmP are similar. 

, /. L*PR = LmPQ, P,Q, R are collinear. 

Hence any point whose coordinates satisfy the equation 
«c4-&y-fe — 0 must always lie on one and the same straight 
■' fine which the equation therefore represents. 

Tba reason can now be seen why any equation of the first 
degree in x and y is called a linear Equation, because it must 
represent a straight line if it be graphically interpreted. 

% Equations of tines parallel to either aids 
two straight lines drawn parallel to the 2 -axis and at 
s a from it either above or below, 
fanner case the ordinate of any point on the’ She 
4-o, and in the latter case —a. 

Is to say, any pomt on the former line sajfefiet tiw 
-p* o, and any point on She wfiar 
» - -*• 




STRAIGHT" t^NES 


iv --- -- -- ^ | 

to whether the line is to the right or to the left of the y 



The equations of the axes, it may be noted, are y ^ q mm j 
x = 0. 


3. Equation of a straight line through the o^gin 

Let a straight line OP make an angle POX = a, ^ith the 
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4. The linear equation y = mx+c 

Taking the first diagram of the previous article, let QCD he 
a straight line parallel to OP and let it cut the axes of y and x 
in C and D respectively. Let OC = t. 

Now let Q be any point (z, y) on this line, and from it draw 
QRM perpendicular to the x-axis, cutting it in if and the line 
OP, produced if necessary, in R. < 

Then LQBX = LROX = a, and tana = m. 

m.OM = OM tan a = RM = QM-QR = QM-OC, 


mx = y—c, or y = mx-fc, ✓ 

which is the equation of the straight line whose gradient is m 
and which makes an intercept c on the y-axis/ 

The general equation of the first degree ax-\-by-\-c = 0 can 
be rewritten in the form 



which shows at once by inspection that itB gradient iB 


a 

b 


and its intercept on the y-axis is — -. ^ 

b 

The gradient of this line oould also be obtained by differen¬ 
tiating the equation ax+by+c — 0, when we should have 


o+6 


dy 

dx 


= 0 , 


whence 


dy _ _o 
dx b’ 


The most simple way, therefore, of getting the gradient of 
any straight line is by differentiating its equation. But to 
those unfamiliar with the calculus a useful rule for doing this 
is the following: 

(1) Arrange the * and y terms on opposite aides of the 
equation. 



(2) Divide the coefficient of x by that of y. 

Thus, according to this rule, if we are dealing with a linear 
lunation such as 3x+2y—7 = 0, by (1) 2 y = —3sc+7, by (2) 
the gradient is — J. 

5. The ‘intercept’ equation - + r — 1 

a b 

i Suppose that a straight line cuts the x-axis in A and the 
y-axis in B. Let the intercept OA on the x-axis be a and that 
on the y-axis be b. 

Let P be any point (x, y) on the line AB. 

* From P draw perpendiculars PM, PN to the axes. Join 



From the diagram it is seen that 

A AOB « AAOP+APOB, 

\OA.OB «. \PN .OA+\PM .OB, 

S. ab = ya+xb. 

• x o- y - i 

' S+g- 1 ' 

sioh is the equation of a straight line whose inter 
e axes are a and b * 

J 1 1 * 

ffl = - and m — - , this equation can be wrifctqp 

Ix-fmy = l»* 
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l Mid wi being the reciprocals of the intercepts on the axes 
made by the line. 

6. The equation xcoso+yslna = p 

Let a straight line cut the axes in A and B. Through the 
origin 0 draw OH perpendicular to AB and let it make an 
angle a with the x-axis. Let OH = p. 

Take any point P (x, y) on the line AB. 

Draw PN perpendicular to the x-axis, NK perpendicular to 
OH, and PL perpendicular to NK. 


Y 



But 

ALPN = 90 °-ALNP = AKNQ^ 90°-AKON = 90° 
p = ON cos a +PN cos LPN 
~ ON cos a+ PN cos(90°— <x) 

= xoos«+j/sina. 
the equation of the line is 

xcosa-j-ysina = p, 

where p is the length of the perpendicular from the origin 
on it, and*the angle this perpendicular makesyftth the, 
x-axis. 


P s important to notice that any one of the five standard 
of tbs equation of a straight line we have now obtained, 

( 1 ) y — mx+c, ( 2 ) Ax+By+C -0, (3) = l, 

a b 

0$ Ix-i-my = 1, (5) xcosat+2/Bina = p, can be changed into 
■'any one of the others, v 


Take, for example, the equation Ax+By^-C = 0. 

A C 

Rewrite it y — — —a — — and we have it in the first form. 
B B 


Rewrite it 


1 

t ' /-% 


Knd we have it in the third form. 

A J3 

Or a# ——a ——y = 1 it is in the fourth form, 
v C 

To identify it with the fifth farm let 

rcosa = A, raina — B. 


Then tana = — and r* = 

A 

The equation becomes roosaaH-rsinajH-C = 0, i.e. 

A 

rhiol? is of the form aroosa-j-j/sina = p. 

" dentally, we see from this that, if the equation of a 
tliae be Ax+By+C = 0, the perpendicular from the 

on It has a gradient of and its length is 
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Typical Examples 

Ex. 1. What inferences may be drawn from inspection of 
the equation ax— by = 0? 

Firstly, x = 0, y = 0 clearly satisfies it. Therefore it is a 
line going through the origin. 

CL 

Secondly, its gradient is r . 

b 

Ex. 2. Write down the eguation of the straight line which 
is distant 4 from the origin and makes an angle of 120° with 
the x-axis. 

Using the standard form xcosa+y sin a = p. 

Here p = 4 and a = 30°. --—- 

the required equation is xcos30 o -fi/sin30 o = 4, i.e. 

xV3+y = 8. 

Ex. 3. Find the equation of a straight line parallel to 
10x4-24y = 65 but twice as far away from the origin. 

: Rewriting the equation 

lQx 24y _ 65 

V(10M-24*) + V( 1024 - 242 ) _ V( 101 + 242 )’ 

lOx , 24w 65 

i.e. -h —- = —, 

26 26 26 

The required equation is clearly 

lOx 24y_ 130 
26" + _ 26 “ 26 ’ ’ 

i.e. - 6x+12y = 65. 

Ex. 4. Show that the lines 3x4-2 y = 5 and 2x4-%=» ? 
make equal angles with the axes of x and y respectively. . , 
If a be the angle the first line makes with the x-axis, then 

..t***** +|. . /»•- . ' h'"3 

If £ be the angle the second line makes with the «-axis, then 




intercepts of —4 and 3 on the axes. 

Hence plot the points (—4,0), (0,3) and join them. 

, * 3J.B. 'Hie quiokest way of plotting a line whose.equation is 
given is by finding its intercepts on the axes and so obtaining 
two points on it which determine the line. 

' EXAMPLES 3 

4?. Does the line whose equation is 7x—5y = 12 pass through 
any of the following points: (2^1), (6,0), (0,j)), (—6,7), (2y£)t 
3. Gist* a reason why, if e is not zero, the line # o*+&S/+c «= 0 
cannot pass through the origin. 

• 3. Draw graphs of the lines (1) 2x+5y = 7, (2) *+4 y — 3, 
=»2z>-6. 

„4. Sind the equation of the straight line such that the per- 
pendio^tlir from it to the origin is of length 3 and which makes 
an angle of 40° With the axis of x. 

Jo. Ekad the equation of the line which makes an angle of 60° 


.With the a--axis, and an intercept of —2 on the y-axis. 
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11. If the line <w-J-3y = 4 is parallel 4p the line '$$$$& = S« 
what is a ? 

12. Put the equation Sx— 12 y +13 = 0 in the form 

a? cos a+ 1 /sin a =apj 

hence determine the length of the perpendicular from the origin 
on the line. , 

13. If the line ax+iy = 5 makes an intercept of 3 on the *-a*aB» 
find a, 

14. The straight line y = mx + c is not parallel to the line whose 
equation is 4x— Sy + 5 = 0, but the two- lines make equal angles 
with the r-axis. What is w? 

15. What is the perpendicular distanoe between the two parallel 
lines 3*—4 y = 7 and 3x—4y =10? 

16. Show that the intercepts made on the axes by the line 
whose equation is ax-}-by-\-c = 0 can be obtained by putting 
*=Qory = 0in the equation. 

17. Interpret the equation O.x+O.y = c. 

18. Find the equation of the line terminated at each extremity 
by the axes which is bisected at the point (2,3). 

7. The equation y— k = m(x~h) 

This equation is clearly of the first degree in x and y, there¬ 
fore it represents some straight line. 

Again, x — h, y = k clearly satisfy the equation. Therefore 
the straight line represented by it must paas ; through the 
point ( h, k). 

Finally its gradient is m. 

.'. we conclude that the equation y— k = m(x—h) repre¬ 
sents a straight line of gradient m and passing through the 
point (h, k), 

8. The eqnatiea of the straight line joining two points 

** .- j u L. ... 



, ’• i Wi *** ** y . v . '- } '/&* 


_v 

H' *. > ~*1 *2 


. ^ a S - h 


yi^^a 


j®6fch is the equation of the straight line joining the two points 
pt*i> Sh)> (*a>S/z)- 

iff. This result is so often required that it should be carefully 
.'jneiporized. 

. Note that the equation of the line joining the origin to the 
point (a?,, y x ) would be 


x ~ x i _ y—Vi 

x i—0 Vi-O' 


X. 

Xi 


y_ 

y/ 


which reduces to 

9. T^fpoint of intersection of two straight lines 

* i Jr 

t Let the two straight lines be 

ax+by+c = 0, a’x+b'y-\-c' — 0. 

Tfaenfinding the point of intersection is the same thing as 
hpdiqg the values of x and y which satisfy both equations, 
' I*, it hi obtained by solving them, when we have 

«l» , * 

x _ y _ 1 - 

bc'—b’c ca'—c'a db'—a'b 

„ *> t - 

. If |fehree straight lines ax+by+c = 0, a'x~\~b'y-\-c' = 0, 

a'x-\4>*y+c* — 0 are concurrent, i.e. if all three meet in the 
t, the coordinates of the point in which the first two, 
et, must satisfy the third equation. 



, bc'—b'c , ,„ca'-~c'a 
ah' — a’b 


■ 0 ; 


is the required condition for 




10. The equation ax-fby-f c4-X(a'x+b'y+c') = 0 

Using the same method as that of Article 7, which we may 
call the retrospective method, we observe: 

(1) that the equation is of the first degree in x and y and 
therefore that of some straight line; 

(2) that, if any values of x and y satisfy both ax-\-by-\-c = 0 
and a'x-\-b'y-\-c' = 0, they must satisfy the equation we at® 
considering. 

The coordinates of the point of intersection of the two lines 
ax+by+c = 0, a'x+b’y+c' = 0 therefore satisfy the equation 
ax+by+c-\-\(a'x+b'y+c’) — 0. 

Hence this equation is that of a straight line passing through 
the point of intersection of the lines whose equations are 
ax-\~by-{-c — 0, a'x+b'y-\-c’ = Q»' 

•A, it is hardly necessary to add, can have any value positive 
or negative,, since an infinite number of lines can be drawn 
through the point of intersection of the two given lines/ 


11. The length of the perpendicular from a given point'; 
(A, k) to a given straight line ax+by+c — 0 is nunteri* 
cally of a length , 


* ftk-f bk+c 4 ^ 

^<a*+b s ) * 

Let the given straight line cut the axes in the j 
M. Front P the point (A, i) draw perpendiculars 
the axes end Pffi perpendicular to the line LM 
Join Pt y PM, 







v^ftTT. 


s-HI 









The equation of the line joining (a, 6), (b,a) is 

v/ 

a—b b—ttf 

i-e- x+y=*a+b,</ 

of which the gradient is — l.V y 
The line through (a+6, a —b) parallel to this lintf ia 
y—(a—b) = — ![*—(a+6)]» 
i.e. x-\-y = 2a. 

Ex. 3. Show that, if (A, A) be a fixed point oi> ft straight 
line making an angle d with the z-axis, the coordinate* of 
a point on the line distant r from the point (h, k) are 

h+rco«fl, k+rsinO. 

and also that the equation of the line may be written 
x-’b y-k 

cos 8 aln8 — 



I«t PQ be the line and P the given point (A, lc) on it. 

Draw PM, QN perpendicular to the asaads a»d PI* 1*8# 
pendioular to the y-axis; produoe LP to cut QNifi M. 

I**) PQ — r and LQPB *= 6. 

The abscissa of Q is deufy 
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^XSid the ordinate of Q in 

f,>" QN =■ NB+BQ = MP+HQ = jfe-frsin#. 

60 if Q be the point (a;, y) and PQ is r for that point, we have 
!;• * = fc-j-roos#, y = 4+rainfl. 

IJtac r . 

/ cos# sin# 

* Ex. 4. Find the equation of the Btraight line which passes 
through the point of intersection of the lines 3x — 5 y — 4 and 
2*-{-3y = 28, and also through the point (1, —1). / 

Any line through the point of intersection of the two given 
straight lines may have its equation written 

3x~5y- 4—A<2*-f 3y-28) = 0. 

If # =; 1, Jr = — 1 satisfy this equation, we have 
3+h—4—A(2—3—28) =*. 0. A = — 

the required equation is 

28(ar-%~4)+4(2a:+3y-28) = 0, 
he. 9fe-133y = 228. 

Ex. 6. Prove by using the formula for the area of a triangle 
that the general equation of the first degree must represent 

Suppose that three points (x^Pi), («,, y t j, (*a,y») satisfy the 
. equation axH-hy+c = §. 

Hen 

«*t+hffi+e = 0» «**+hyi+c = 0, o,a:+6,y+c = 0. 

Hence, as in Art. 9, 

*}Vt-*tVi+*tVs-*tys+*»ih-*iVi — o. 

But the Sxpreasion cm the left-hand aide of this equation is 
'.twice the area of the triangle whose vertices are {z^,y } ), (**, y t ), 


r4h»«rea of this triangle is zero. 

f three points must lie on one straight line, 
hl-^-s ** 0 must represent a straight Hne, i 
t|8?t# **tarfttmEA«TOairi«iigte,c€zaou»it. 
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Ex. 8.- End the equations of the diagonals of the parallelo¬ 
grams formed by the lines 

4 x-5y = 7, ix—5y = 14; 3z+7y = 8, 3*+7y = 18, 

Any line through the intersection of the first and third of these 
lines can have its equation written 

4z-5y-7-^3:r+7y-8) = 0. 

So any line through the intersection of the second and fourth 
of these lines can also have its equation written 

4x—5y—14—,*(3as+7y—12) = 0. 

If these twd are one and the same line, i.e. a diagonal, then 
the equations 

(4-3A)*-(5+7A)y-7+8A = 0 
and (4—3,*)*—(5+7/*)y—144-12/1 = 0 

must be identical, therefore 

4-3A_5+7A_ 7-8A . 

4-3,* “ 5+7,* ~ 14-12,*’ 
whence A = ,* = J 

and the equation of the diagonal is 

4(4*—5y—7) = 7(3*+7y—8), 
i.e. 5*+69y = 28. 

Similarly, the equation of the other diagonal will be 
4(4*-5y-7)+7(3*+7y-12} = 0, 


ie. 37a+29y = 112. 

This question could also be done by solving the equations 
and finding the vertices of the parallelogram* but th e‘method 
fa instructive and often employed 

Ex. 7. Show that the area of the triable, whose verticesrife 
the points / 





times tins' area of the triangle A whose vertices ate the 

3 (**.**), (**&)• [C.] 

= a^+%4-2* and q = yi+y*+y 8 . 

; ? r. - Then the coordinates of the vertioes of the required, triangle 
' (f>-4*i,?-4yi), (J5—iE t ,y-4y,), (p-ix a ,q~4y a ). And 

• the area of the triangle is 

<}»—4a^Hf-4sf s )-(i>-4^)(g-4y 1 ) 
+(p-4® s )(y-4y 1 )-(p-4a: 1 )(g-4y s ) 
+(p-4x 1 )(g'-4y 1 )-(|>-4a*)(0-4y 1 ) 

= -*P(y 8 -y»+yi-y 8 +y»-yi) 

-4q(* t —ara+ajj-x^^-a:*) 

+ 16 (** y s -x, y,+a^ y,-z, y 3 +Xi y*-*^) 

js= 16 A. 

Students familiar with determinants will see that 

P-^i ?-4yi 1 
£ 2 (area of triangle) = p—4x t q— 4y, 1 

2)-4x, f-4y, 1 ; 

Which splits up into the four determinants 

, ip .f 1 *r4j 1 IX—4p 1 ?! 1 +16 y t 1 

xnv q i *t i x i i y* i ** y» i- 

q# * 1 ’> r * 1 1 t 1 *» 1 *» y» "*{ - 

cfWhieh all hut the last are zero, hating two columns identical 
area of triJhgle = 16 A, as before. 


EXAMPLES 4 


to the tine «»+6y+« «• 0. 
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yjrFind the point of intersection of the lines Ix+nty < 
l'x+tn'y =» 1. ' 

5. Find the coordinates of the point of intersection of the ; 
lowing lines* 

*(£) 3x+By = 11, *— 2y = 4. 
y(2) ar+6j/+c = 0, bx—ay — c — 0. 

(3) xcosa+ysina = p, x cos a '+y sin a! — p\ 

6. Find the equation of the line through the point (4, —-2) which 
makee equal intercepts on the axes. 


7. Find thp equation of the straight line which joins the point 
of intersection of the lines 3x—iy = 8 and lx— By = 23 to (he . 
origin. 

8. Find the equation of the line joining the point {a,b) to the 

point of intersection of the lines - -f- % = 1 and? 4 - - = 1 . 

abba 


ft. Show that the three lines 2x+3y — 1, 3*+2 y = 1, y = », 
meet at a point. 

1^, Without using any formula, show that the three lines 
2x—5y »= 6, 3x+4y-{-14 = 0, Bx—7y— 4 = 0 are concurrent. 

11. Find the perpendicular distance from the point (2,3) of the 
following lines: (1) x+y = 1, (2) 3x—4y = 20, (3) 5*+l2jf * 23, 
(4) xVS+y = 2. 

12. Find the equation of the straight lines through the point , 
(3,2) which will make with the x-axis an isosceles triangle whose 
base on that axis is 5. 

13. What is the perpendicular distance between the two parallel 

lines y = wuc-j-c, y = ww+dt ‘J* 

14. Which of the following points lie on the same side of th» 
line 3 *—y — 4 = 0 as the origin, and which do not* (0,4), (4, 
(3.-% (2,2), (—1, —2)1 

is. Without using any formula, find the area of the tariaag&g' 
fetwwd by the three points (0,0), (3,4), (-2,-2), and by the: 
threepointsfl^—1), (2,3), (5,«>. ’ ; 

15. Find the equation of the line which joins the nuddie poiMs 



«s :■ v 


vertices are the points (0,0), {4,0), (0,3), and prove that 
meet in'a point. 

i 18. Find the equations of the medians of the triangle whose 
■vertices are the points (0,0), (a, b), (a\b'). 

19. Show that the equation 4ss-f8y— 3— A(2»+3y—6) = 0 
■presents a straight line which passes through the point (7f, — 3£)- 
Il20. Show that the line whose equation is 
y (l-3*)*+(2 —k&-4-3k =,0 

always passes through a fixed point, no matter what the value of 
ft may be} find also the coordinates of this point. 

&, Find the equation of the line parallel to the line whose 
aquation is Hx+Zy = 0 which passes through the point of inter¬ 
section of the lines whose equations are 
' x — 2y —6 = 0, *+3 y —10 = 0. 

23. Find the equation of the line which joins the origin to the 
point «f intersection of the lines whose equations are lx+my = 1 
m&Vx+m’y 'IVS^ 1 . 

, S3. Find the equation of the line which joins the point (3, —2) 
“to the point Of intersection of the lines whose equations are 
^ 4*~7y+6 = 0, 2x-5y+11 = 0. 

J 24. Find the equations of the lines joining the following pairs of 
F®* tt ** : (1) (a cos a, a sin a), (ocos^osin/S). 

(2) (at*, 2a£), (at'*, 2at'). ** 

* (3) (« cos 0,6 sind), (aocmipibsm<f>). 

(4) (cp,-), 

,fft> "Tind the length of the perpendiculars fro«f the origin^ 

tfeofiaas; (l) xooed+pwaB = a. 

„ '•*’ ' “I' (2) x—ty+aP =» 0. 

juL. * '* I <*J 5oo*^+|sm^ = 1. 

.^ 


=e 0, aw 0* . 
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(2) -co80 + ~ain0 = 1, -cosA-ffsind = I. 

<k o a o 

(3) x+y/4 = z+ypl = 2c^t,. 

27. Find the equations of the diagonals of the parali«bs|^8®fc r 
formed by the lines y — mx, y = m®+c, y = nx, y ~ n®-M. 

28. Interpret the polar equation rcos 0 - e. 

29. Find the polar and cartesian coordinates of the point of 
intersection of the lines whose polar equations are rcosf? = c and 
r oos(9—oc) = d. 

30. Show that the length of the straight line drawn from the 
point (h, k) to the straight line ax+by+c in a direction making 
an angle of 9 with the x-axis is 

ah+bk+c 

acoaB+bemO' 

31. Find the equation of the diagonals of a rectangle which has 
sides of length a and b, one vertex at the origin, and oh® of its 

^ sidgs there making an angle of a with the x-axis. 

1 (32^/Show that the origin lies within the triangle formed by the 
* three lines whose equations are: 

(1) 8*+3y = 24, (2) 3®-4 y = 6, (3) 2*-y+4 0. 

33. Find the polar equation of the line which passes through 
two points whose polar coordinates are (fi v O x ), (p t , 0,). 

34. The equatidns of four straight lines EAB, BCF> ODE, 
FDA are 3®—2y+l = 0, 4x+y —3 — 0, ®-f 3y+2 =« 0, and 
3(3®—2y-f 1)—2(4»+y— 3)+(*+8y+2) = 0, respectively. Ob* 
tain, preferably without finding the coordinates of the points 
A, B, G, D, E, F, the equations of the three straight lines BD, 
AC, EF. (0.] 

35. The vertices A, B, O of a triangle have coordinates (2,3), 
(—2,1), (2,2), The line joining A to the origin meets BO at D, 
Find the ratio BD: DO. [N.] 

3ft. Find the area of the triangle whose vertices are the points 
( r i. 9 t ), (r„ 0,) in polar coordinates. , 

37. Find the polar coordinates of the point of intersection of 
the lines whose equations are 

i 

, -;#* aos^-coa^—<x) and - = oostf—cosftf—j8). 

4? v T l 



\ Show 'thatthe equation f*eoa*$-«) n* jb» represents a pair 


X‘ ^K Find the polar equation of the line Joining the points 
* {3cpsa, 2a) and {3cos 2a, 8a). 

tyjX Find the area of the portion of the triangle formed by the 
Hoes a:— 6y+14 = 0, 2x—y—6 = 0, Zx+iy—2 = 0, which lies in 


14. The angle between two straight lines 

Suppose that the equations of two straight lines are 
y ■*=■ mx+c and y — m'x+c', and that they make angles of 
9 and ^ with the x-aris. 

Then taut? = m, tan^ = m'. 

. ^ _ tan5-tan_ m-m' 


tan(0—= 


l+tan0tan<£ 1+mro'" 



,, As appears from the diagram, the acute angle between the 
ttro straight lines is 
.% the angle between them is 


m —m 



1+mm' 

en speaking of the angle between two straight lines, 
angle |b usually meant unless anything is stated to 




STRAIGHT JdjfcBS 
if 1-f-nMw' = 0, i.e. if mm' = —1, 
infinity, i.e. 6—<f> — far, and the two lines must 
perpendicular to each other. 

This result, viz. that when the product of the gradient* < 
straight lines is — 1 they are at right angles, is a most important 



one. 

Here are some simple illustrations of the use of it. 

(1) Are the lines whose equations axe 3x—% = 7 and 
4 z+3 y = 9 perpendicular? 

The gradient of the first is J and of the second —Th» 
product of these is —1. the lines axe perpendicular. 4 

(2) What condition must hold if the two lines ax\-by^-a — 0, 
a'x-\-b'y-\-c' = 0 are at right angles? 

t 

Their gradients are —— — respectively. 

" o b 


i.e. 


aa'+bb' = 0. 


(3) The line ax-^bv+c = 0 will always be perpendicular to 
an y oneof the lines represented by ou+A == 0 for different 

,lue 


va; 


This follows because the gradients are — -, respectively, 

b a 

whose product is — 1. 

(4) The line ~ 0 will always be perpendicular to 

the line ax-\-by+C == 0. 

“again that the product of the gradients 
of the two lines is —1. 


(5) To find Hie equation of a line through the point (A,t) 
which is perpendicular to the line whose equation is 

<&+by+c = 0. * 

Any straight line through (ft, k) has for its equation 
y—k =» m(sf-.A). 






ir*w»w*«Rr * > ^ -*«t * \ i 

SITUK^UNBS' 



4 ^ 

.*. the required line is y—k = -(x—b). 


i.e. . bx—ay = bh—ak. 


Thus » practical rule for quickly writing down the equa¬ 
tion of a line through a given point perpendicular to a given 
straight line ia: 

- (i) Interchange the coefficients of x and y and alter the sign 
it one of them. , 

u 

(ii) Substitute the coordinates of the given point for x and 
y in the expression thus obtained. 

' (iii) Equate the results of (i) and (ii). 


For example, to find the equation of a straight line through 
cpoint (2, —3) perpendicular to the line whose equation is 
-9 =# 0 . 

>1. Write down 6x+4y. 
it. CfcJeuIate 5(2)+4(-3) = -2. , f 

»3. Tit equation required is (fx+4y — —2. 
a very little practice those three steps can he 1 
and the result obtained immediately. ^ 

two straight lines whose equations axe as+by+c D, 
'i'+lff* 0 have gradients of — 

!, witb;'fche previous notation, 




i'i ? 



M'hteo^tan^ -7 



i • 
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The lines me parallel if 8~4> ** 0, tan (6—$) = 0, 
a b 

a' = b r . .. 

The Hnfis are perpendicular if 0— <f> = 90, tan{0—=*'», 
and /. aa'-}-6&' — 0. 

Suppose we hare two straight lines whose equations are 
a; cos a-|-psin a = p and zoos a'+ysina' = p\ 

Let ON, ON' be the perpendiculars from the origin to each 
of them respectively. 

Then, with the usual nota¬ 
tion, 

ANOX = a, AN'OX = <*'. 

/.ANON' = a-«'. 

But the angle between any 
two straight lines must be the X 1 
same as that between two lines 
perpendicular to them. 

/. one of the angles between the two lines is oc—a'. 

The lines are clearly parallel if a = a. And they are per-, 




t 


pendioujar if a~a' 


7T 

2 


15. A homogeneous equation in x and y of the second 
degree represents two straight lines through the 
. The most general equation of the second degree in % and yh 
atf+Zhxy+by* = 0. 1 f' 

Rewriting it = o, v 

i ■ ** b x b 'v.; 

' w - , ' - ■> 1 ' m , ‘.I - ' * 

\ hblaa&t A quadratic equation in £ which has two foot*|£ 

f ' 1 J X i 1 'j 



r 
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4 4 i 

must satisfy either - — m, = 0 or - — m. = 0, i.e. it must be 

x x , 

either on the line whose equation is y—m ,a; = 0 or on that 
whose equation is y—m t x = 0; i.e. the locus is two straight 
lines each going through the origin. 

16. To find the angle between the two straight lines 
represented by the equation ax t -\-2kxy-\-by i == 0 v 

As in the previous Article, let 


y* ,2A y a _ (y \(y \ 


Then we have 

, 2h , a 

w,+to 2 = —- and to, m 2 = ~. 

■ b b 

Now the angle between the lines whose equations are 

„ . „ . , . to ,— to , 

y — m 1 x = 0 and y—m l x — 0 is tan -1 -- 

I + TOjTOj 

But 

. 4h 2 4a 4 (h*-ab) . 

(TO,-^ = (TOj+to^-Ato, w 2 = — - — = - - -. 

. x , m i~ m 2 2^(11*—ab) 

tan- 1 - 7-A = tan- 1 ——— l , 

1+to, to 2 a+b 

and this last expression is the acute angle between the two lines. 

We note that if h? = ab, the angle is zero and the lures are 
coincident. 

Also that if a+b = 0, the angle is tan -1 cc = ?, i.e, the 

lines are perpendicular. 

’ If h* < ab, the lines are imaginary. 

17. To find the condition that the general 

second degree in x and y shall r^reseat fbiv^iMi^Mgkt 
lines 
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This is the standard form of such an equation, which should 
be memorized. 

If the equation does represent two straight lines, then the 
left-hand side of it must have two real linear factors. 

The condition for this is obtained by a purely algebraical 
process. First arrange the equation in descending powers of 

*' thUS: ax*+2x(ky+g)-tbf+2fy+c = 0. 

Now solve for x and we have 


— (hy+ 9 )±<J{(hy+g) 2 —a(by*+ 2 fy+c)} 



If x is real, the expression under the radical^JefTnaust be 
a perfect square, i.e. 

y 2 (h?—ab) -f 2y(gh—af)+g 2 —ac 
is a perfect square. 

( gh~af ) 2 = ( h 2 —ab)(g 2 —ac ), 

which reduces to 

abc-(-2fgh-af 2 -bg J -ch 2 = 0. 

The left-hand side of this equation is called the Discriminant 
and usually denoted in this subject by A. 

The student familiar with the determinant notation will 
observe that 


A = 


a 

K » / 
? /' c 


/l8. Prove that if the general equation 

ax i +2hzy+by*+2gx+2Jy+c = 0 

represents two straight lines, they must be parallel 
to the lines through the origin whose equation is 

ax*-\-2hxy-\-by s = 0 ' 

When A =*= 0, 

- . 2ft a . 2 g 2/ c 


must be identical with (jy-^m l x—c l ){y~m t x—c^. 
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. 2 h a 

.. m l +m s — — m l m i = -. 

o b 

But the two lines y—m l x—c l — 0 and y—m 2 x—c 2 — 0 are 
parallel to the lines y—m 1 x = 0, y—m t x = 0 which pass 
through the origin, i.e. they are parallel to the two lines whose 
equation is _ 0 ; 

whence y 2 —(m 1 -\-m.^\xy-\-m l m i x' i = 0. 

y 2J r^xy +— o, 

0 0 

i.e. ax 2j r2hxy-{-by 2 = 0, 

which proves the theorem. 

19. Position of a point relative to a given straight line 

Let the equation of the given line be ax-{-by+c — 0. 

The perpendicular from the origin (0,0) on it is of length 

c 

V(a 2 +h 2 )' 

The perpendiculars from any two points such as (.Tj, y,), 
(x t , 3/z) on h are respectively 

az.,-f fry 2 +c 
V(a*+6 2 ) an y i(a 2 +b 2 ) 

It follows that if ax l -\-by l -\-c and ax 2 +by t +c have each the 
same sign as c, the points (x 1 ,y 1 ), (z 2 , y 2 ) are on the same side 
of the line as the origin. If either expression has a different 
sign to that of c, then the point to which the expression corre¬ 
sponds is on the opposite aide of the line to the origin. 

It is also clear, without any reference to the position of the 
origin, that if ax i j-by l -{-c and ax t -\-by t +c have the same sign, 
the points (x l ,y l ), (x 2 ,y 2 ) are on the same side of the line 
ax+by+c = 0, whereas if they are of opposite signs, the points 
are on opposite sides of this line. 

, y 

Sr /Consider, for example, the line —3x—4y+6 = 0, written 
its absolute tens positive. *. 
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Substitute the coordinates (0,0), (—2,3), (—3,2) in the 
expression — 3#—4y+5. 

The results are 5, —1, 6, respectively. 

This shows that the origin and the point (—3,2) are on one 
side of the line, and the point (—2,3) on the other side of it. 

Again, suppose that we wish to determine how the two 
points (4,1), (3,-3) are situated with regard to a triangle 
ABC, the equations of whose sides BC, CA, AB are, re¬ 
spectively, 

— 2x— 3y+7 = 0, — 5x— 2y+23 = 0, —3x+?/+5 = 0, 
each equation being arranged with the absolute term positive. 

Solving the equations, we find that A, B, and C are re¬ 
spectively the points (3,4), (2,1), (5, —1). 

Substituting in turn (3,4), (4,1), and (3, —3) in — 2x~ 3t/+7, 
the results are —11, —4, +10. 

Hence (4,1) is on the same side of BC as A, but (3, —3) is 
on the opposite side of BC to A. 

Substituting in turn (2,1), (4,1), (3,-3) in —5r—2y+23, 
the results are 11, 1, 14, showing that all three points are on 
the same side of CA. 

Now substituting (5, —1), (4,1), (3, —3) in —3x+y+5, the 
results are —11, —6, —7, showing that all three points are on 
the same side of AB. 

It is clear, therefore, that the point (4,1) lies within the 
triangle ABC , and that the point (3, —3) lies within the area 
formed by BC, and AB and AC produced. 

All of which, it should be noted, has been deduced without 
any reference to the position of the origin. 

20. To find the equation of the lines bisecting the angles 
between two given straight lines whose equations are 
ox+iy+c = 0, a'x+6'y+c' = 0, these equations being 
so arranged that the absolute terms are positive 

Suppose (X , Y ) is any point on a bisector. 

Then taking the denominators as positive, and since the 
perpendiculars from (X, Y) on the lines must be equal in 

«#1 w 



50 STRAIGHT XJNES 

magnitude, we have 

oX-^-bY -f-£ 


= ± 


a'X+b'Y+c' 


V(a»+6 2 ) - 

If we take the upper sign, oX-t-hT-fc and a'X-\-b'Y +c' 
must be either both positive or both negative. 

But the origin lies on the positive side of each of the given 
lines. 

ax+by+c _ ( a'x+^'y+c' 

>*+**) ~ + !&*+&*) 

represents the bisector of the angle between the two straight 
lines in which the origin lies. 

As an example, consider the lines 

4*—3?/+l = 0, — 24a:—7y+19 = 0. 

4x~ 3y-(-l _ —24x—7y-f 19 
V(4 2 +3 2 ) 


Then 


V(24 2 + 7») 

is the bisector of the angle which contains the origin 
This equation reduces to 

25(4*-3y+l) = 5(—24*—7y+19), 
i.e. ^ 22*—4y—7 = 0. 


21. To find the equation of the bisectors of the two straight 
lines through the origin represented by the equation 

ax 2 ^2hxy J r by 2 = 0 

2 h a 

Suppose the lines - zy-\--x % = 0 are the same as the 

ones (y—m 1 x)(y—‘m 1 x) = 0. 

Then 


2 h , a 

- - and ~ • 

b o 


If ( X, Y) be any point on a bisector, then 

Y—m^X _ Y—rrifX 

V(l+mf) " ± V(J+«D* 

. (Y-tf^Xni+m |) = (7-m i Z)*(H-»?). 
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.'. (X 2 —Y 2 )(m\—m 2 ) — 2XY{m 1 —m t )(l—m 1 m i ), 
X 2 -Y* 2 XY 

i.e. -=-. 

1 — Wj m 2 

X 2 ~Y 2 XY 
a—b h 

the point (X, Y) is always on one of the two straight lines 
through the origin whose equation is 

x s —y 2 _ xy 
a—b h 

The fact that the sum of the coefficients of x 2 and y 2 in this 
equation is zero shows that the two lines represented by it are 
at right angles. We have thus proved the geometrical pro¬ 
position that the internal and external bisectors of an angle 
are perpendicular to each other. 

22. To find the equation of the two straight lines joining 
the origin to the two points at which a given straight 
line cuts a curve represented by the general equation 
of the second degree in x and y 

Let the equation of the given line be lx-{-my = 1. 

Tho equation of the curve is 

ax 2 +2hxy+by t +2gz+2fy+c = 0. 

Make this last equation homogeneous by means of the 
equation Ix+my = 1, thus: 

ax 2 -\-2hxy+by :t +2(gx+fy)(lx +my)+cl,lx+my) i = 0. (1) 
NowajSpiy the ' retrospective’ method 
Equation (1) is homogeneous and of the second degree in 
x and y. it represents two straight lines passing through 
the origin. 

Further, if the coordinates of any point satisfy both of the 
equations ix+my = 1, 

ox*-i-2&cy+&y s +2firx4-2/V-}-c = 0, 
it is clear these coordinates must also satisfy equation (1). But 
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a point whose coordinates satisfy the equations of bqth the 
line and the curve is clearly a point common to both. 

equation (1) is that of the two straight lines through the 
origin joining it to the points of intersection of the straight 
line and the curve. 

As a numerical illustration of the above, suppose we desire 
to find the equation of the two straight lines joining the origin 
to the points of intersection of the line whose equation is 
3x—4y+5 = 0 with the curve 3x 2 +4xy+3/ 2 +3x—5y+7 = 0. 
First write the equation of the line, —fx+fy — 1. 

Using this to make the equation of the curve homogeneous, 
we have 

3^+4xy+y*+(3r-5y)^^ + 7 ( i^|^ = 0 

as the required equation. And this reduces to 
93x 2 -f 67xy-j-37?/ 2 = 0. 

Ex. 1. Find the equation of the bisectors of the angles 
between the two straight lines whose equation is 

15y 2 —14xy—8x 2 +26x-f26y—21 — 0, 

and indicate which of them bisects the angle in which the 
origin lies. 

15y 2 —14xy—8x 2 +26x+26y—21 = (3y— 4x+7)(5y+2x—3). 
The equations of the lines are accordingly 

3y-4z-j- 7 = 0 and —5y—2x- f-3 = 0, 
and! that of the bisector of the angle containing the origin is 
3y—4z+7_ —5y~2z+3 
6 V29 ’ 

which reduces to 

x(4V29—10)—y(25+ 3 V29) = 7V29-15. 

The equation of the other bisector similarly reduces to 
z(4V29+10)+y(25-3V29) = 7V29+15. 
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Ex. 2. Find the equation of two straight lines through the 
origin perpendicular to those whose equation is 

15x 2 —llxy —12y 2 = 0. 

Suppose that 

y*+\k x y— ii* 2 ^ 

Then m 1 +m 2 = — m 1 m 2 = — 

We require the lines whose equation is 


(i/ +— as) (y + — *) = 0, 

\ m i l\ I 


i.e. 


y 2 j r— - x>Jn - x ~ 

rn-^m^ •m 1 m 2 


0 , 


i.e. 15«/ 2 -f-lla;y— 12a: 2 = 0. 

Ex. 3. Determine the single equation representing the in¬ 
ternal and external bisectors of the angles between the straight 
lines 2x-\-y+3 = 0, z-f-y+2 = 0. [W.] 

The equations of the bisectors are 

2a:+y+3 _ a;+y+2 

V5 ± V2 ’ 

or as one equation 

2(2*+y+3) 2 = 5(x+y+2)‘; 
whence 3x 2 —2xy— 3«/ 2 +4x— Sy— 2 = 0. 

Ex. 4. Find the value of K such that the lines joining the 
origin to the points of intersection of the line 2x—5y—K — 0 
with the conic whose equation is 3x 2 + Sxy—§y 2 -\-5x—iy = 0 
may be perpendicular. 

2 ' 5 

Rewrite the equation of the line —x — — y= 1. 

A A 

Make the equation of the conic, homogeneous by means of 
this result and we have 

3**+ Sxy—9y 2 +(—- 1 ~ (5x~iy) = 0. 

The two straight lines through the origin represented by this 
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equation are at right angles if the sum of the coefficients of 
x 2 and y 2 is zero, i,e. if 


3+ r -9+ ?“ 0: 


whence 


K = 5. 


Ex. 5. If the equation 4a; 2 — 2xy+3y 2 — 8x—6y+4+A = 0 
represents two straight lines, what is the value of A? 

Using the discriminant formula, we have 

4.3(4+A)+2(-3)(-4)(-l)-4(-3) 2 -3(-4) 2 -(4+A)(-l) 2 
equal to zero. 

48-f 12A-24-36-48-4-A = 0. 


• A = ^ 

Ex. 6. Find the coordinates of the centre of the inscribed 
circle of the triangle whose vertices 
are the points (4,3), (—2,2), (2, —I). 
The equations of the three sides of 
the triangle are 

x—6y -\-14 = 0, 2z—y—5 = 0, 
and 3z+4y—2 = 0. 

The bisector of the angle be¬ 
tween the lines x— 6y-f-14 = 0 and 
-3a;—4y+2 = 0 which does not contain the origin is 

x— 6y-f 14 _ — 3a;— iy+2 _ 3ar-j-4y—2 

V37 5 5 



Similarly, the bisector of the angle between —2x+y+5 = 0 
and — 3x—4y-(-2 = 0 which does not contain the origin is 

—2x+y+5 _ —3x—4y+2 _ 3x+4y—2 

V5 6 5 

Taking V37 = 6-1 and Vo = 2-2, these equations become 
13-3x+54-4y = 82-2, 7-4x-l-8y = 13, 

of which the solution is approximately x = 2, y = 1. 
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EXAMPLES 5 

1. Find the angle between the straight lines whose equations 
are 

(1) y—3x = 4, y+ 5x = 6. 

(2) 3x+4y+5 = 0, 5x—l2y-{-3 = 0. 

(3) 28x 2 — 5xy— 3y 2 = 0. 

(4) 12x 2 -26xi/4-102/ 2 -)-llx-9y + 2 = 0. 

2. Remembering that bx—ay — bh—ak is the equation of the 
straight line through the point ( h, k) perpendicular to the line 
ax-{-by-{-c = 0, write down by inspection the equations of the 
lines through the point (-5,-3) which are respectively perpen¬ 
dicular to the lines 

(1) 4x— 7y+3 = 0, (2) xcosa+ysina = 5, (3)| + | = 1. 

3. If the equation 5x 2 —8xy+ay 2 = 0 represents two perpen¬ 
dicular lines, what is the value of at 

4. Find the equations of the lines 

(1) through the point (1, —1) making an angle of 45° with the 
line 2 x—y = 7; 

(2) through the point (3, 2) making an angle of tan -1 $ with the 
line x—2y = Ij 

(3) through the point (2,1) parallel to 2x+3y = 5. 

5. Find the angle between the lines x 2 4-2 sec &xy-\-y 2 — 0. 

6. Show that the following equations represent two straight 
lines and find the angle between them: 

41 ) xy = 0. 

,(2) xy+4x—3y —12 = 0. 

(3) x 2 —y 2 4-4x4- 4 = 0. 

(4) 6x 2 —19xi/-|-3y 2 + 33x— 14y4-15 = 0. 

(5) V3x 2 +xy(l + V3)+y 2 -a;<6+5V3)-lly+30 = 0. 

7. For what values of A do the following equations represent 

two straight lines t , 

(1) Axy4-20x— 2\y —28 = 0. 

(2) 2x 2 +5xy—3y 2 — Ax+lfiy—21 = 0. 

(3) 12x s —Axy—x-f-28y —20 = 0. 
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8. Find the equations of the bisectors of the angles between the 
straight lines whose equations are 

(1) y = 2x, y = 3x. 

(2) 4x-3y+5 = 0, 52+12y-f 6 = o. 

(3) 3x-4y = 7, 24x + 7y-6 = 0. 

9. One bisector of the angle between the lines 4x—3y = 7 and 
5x—12y= 8 is 9z-j-7y = 17; what is the other? Which is the 
bisector of the angle within which the origin lies ? 

10. Find the equation of the bisectors of the angles between 
the lines represented by 

(1) fz 1 + y 2 )cos a + 2xy tan a: = 0. 

( 2 ) 4x i -8xyz r 3y* = 0 . 

(3) a(x+y) 2 +b(x-y)*+c(x+y)(x-y) — 0. 

11. Find the coordinates of the centre of the inscribed circle of 
the triangles formed by 

(1) the lines x = 0, y = 0, 3x-\-4y = 6; 

(2) the lines 4x+3y = 5, 7a:+24j/+25 = 0, 5x— 12«/+13 = 0; 

(3) joining the three points whose coordinates are (0,4), (2,5), 
(-3.4). 

12. Find the coordinates of the centre of the circumcircle of the 
triangle whose vertices are the points (4,3), ( — 2,2), (2,1) from 
the consideration that it is the point of intersection of the per¬ 
pendicular bisectors of two of the sides of the triangle. 

Show that the angles between the straight lines represented 
by 32 s — ftxy+y 1 = 0 and x s — V10 xy-\-y 2 = 0 are equal. 

14. Find the equation of the two straight lines joining the origin 
to the points of intersection of the line 2x-\-3y = 1 with the curves 

(1) 2 S + y 2 = 9. 

(2) y 2 = 4ox. 

(3) 4(2-3) s +9(y-2) s = 1. 

15. Find the coordinates of the in-centre of the triangle formed 
by the lines 

(< s — l)x+2ty — 1, (u 2 —l)x+2uy—l, (y 2 — 1)2+ 2vy = 1. 

16. Find the equation of the lines joining the origin to the 
'common points of y — mx-j-c and x 2 -\-y 2 -\-2gx = 0. What relation 

must there be between the constants c, m, and g if the lines are 
at right angles to each other ? 
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Qp Find the coordinates of the image of the point (2,3) in the 
line 3a:—4 y = 10. 

18. Find the coordinates of the orthocentre of the triangles 
formed by the lines 

(1) 3a;—2y+l = 0, x+y = 3, x— 3y+9 = 0. 

(2) tx+y — < 2 -fl, ttx+y — w 2 +l, vx+y = v 2 +l. 

19. Show that the equation y 3 — 3x 3 y-{-3xy 3 —x 3 — 0 represents 
three straight lines through the origin equally inclined to one another. 

20. If ah = h 2 and a/ 2 = bg 2 , show that the general equation 
of thej^econd degree ax‘ l -\-2hxy-\-by 1 -\-2gx-{-2fy-\-c = 0 represents 
two parallel straight lines. 

23. Typical examples on straight lines 

1. Through a fixed point P ( a,b) a straight line is drawn 
cutting rectangular axes in A and B. The rectangle OARB 
is then completed. Find the locus of R. 

Let R be the point ( X , Y). 



Then, as in the diagram, X = OA, Y = OB. 

X u 

the equation of A B is — + = 1- 

A Y 

But this goes through P the point (a, b). 


• -+A=i 

■* X^Y 


which is the equation of the required locus of R. 

2. A straight line moves so that the algebraic sum of the per¬ 
pendicular distances from it of a number of fixed points is 
always zero. Show that it must always pass through a fixed 
point. 
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Suppose that the points are (a^b^, (a 2) 6 2 j,..,, ( a n ,b n ). 

Then the lengths of the perpendiculars from these points 
on a line whose equation is zcosa+ysina = p are 
djCosa+tisina— p t etc. 

by data, 

(a 1 -f-a 2 -|-...+(X n )cosa+(6 1 -f 6 2 -(-...+6 m )sina = np, 
which shows that the line rscosa+ysina = p must always 
pass through the fixed point whose coordinates are 

a l+ a 2+-”+ a n 6 1 + 6 2 + ... + 6„ 

n n 




i^e, the centre of mean position of the n fixed points. 

^3. Prove that the product of the perpendiculars from a point 
r ,g) on the lines whose equation is ax 2 -\-2hxy-\-by 2 = 0 is 
af 2 +2f gh+bg* 

^{{a—b^+^h 2 }' 

Let y 2 + ^xy + ~x* ^(y—m 1 x){y~m 2 x). 


The product required is 

V{(l+mf)(l+m|)}' 

■V .2 h a 

Now m,-\-m 2 = ——, m 1 m 2 = 

0 0 


2 , „ . 1 . 2 „ ih 2 2a 

wj+mj = (wi l +m 2 ) 2 -2m 1 w 2 = —— 

4 h 2 2 a a 2 (as—t) 2 +4A 2 


(l+m 2 )(l+mi) = l + -- T + _.= 


6 2 


and g t —(.m 1 +m 2 )fg+m l mj 2 = 

the product required is 

a/ 2 +2/gA+6p 2 

^a-b) 2 +m' 
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4. P X Q V P 2 Q 2 are any two lines perpendicular to a third 
line 0Q X Q. v Prove that the perpendicular from Q 2 on to OP x 
and the perpendicular from Q x on to OP 2 meet on the per¬ 
pendicular from 0 on to P X P 2 . 

Take OQ x Q 2 as ;r-axis and a line through 0 perpendicular 
to it as y-axis. 

Let P x be the point (a, m 1 a), 

Pi (P,m 2 p). 

The equation of a line through 
the point Q x (a, 0) perpendicular 
to y—m 2 x = 0 is 

x-\-rn 2 y — a. 

Similarly, the equation of a line 
through the point Q 2 (ft, 0) perpendicular to y—m x x = 0 is 

x+m x y = j8. 

The point C where these two lines intersect has therefore 
as its coordinates 

m 1 —m .j 

and the equation of OC is 

x 

m x <x—m 2 fi jS—a 

The gradient of the line P x P 2 is clearly 
m x <x—m 2 f} 

<x-J 

the product of the gradients of OC and P X P 2 is —I. 

OC is perpendicular to P X P 2 , i-e. C lies on a line through 
0 perpendicular to P x P 2 . 

5. A BCD is a square, and through any point F on 
BD parallels are drawn to the sides cutting AB at O, and 
AD at H. Prove that CF, BH, DO are concurrent. 


and 


j8— ac 

m x —m 2 
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Take AB, AD as axes of coordinates. 

Let F be the point and let the side of the square be 
of length a. Then the equation of 
BH is 



s | V 

AB^ AH 


1 , 


i.e. 


x -+ y -=i. 
a jS 


Similarly, the equation of DO is 


oc a 


The equation of a line through the intersection of BH and 

* 8 /3x-\-ay—afi—\(ax-\-<xy—a<x) = 0. 

If this passes through the point (a., /S), we have, by substitu¬ 
tion, A = 1. 

The line joining F to the intersection of the lines BH, DO 
has therefore as its equation 

{?— o)z+(a— cx)y+a(oi—p) = 0. 

But x = a, y — a clearly satisfies this equation. 

C lies on the line. 

OF, BH, DO are concurrent. 


6. The sides of a parallelogram are parallel to x—y = 0, 
2x-j-y = 0. The extremities of a diagonal are the points (1,1), 
(—2,3). Find the equation of the other diagonal. 

The middle point of the diagonal is (—£,2). Let the equa¬ 
tion of the other diagonal be y—2 — m(x-j-£). 

A line through (1,1) parallel to y = x is y— I = x—1, i.e. 
y = x. A line through (—2,3) parallel to 2x-\-y — 0 is 
2(x-\-2)-\-y— 3 = 0. The last pair intersect at the point 

% = y = -I- 

As this point is on the diagonal 2y— 4 = m(2x-\-l), we have 
m = —14, and the required equation is 14a;+y+5 == 0. 




STRAIGHT LINES 61 

7. Find the equation of a line which makes the same angle 
with the line ax-\-by-\-c = 0 as the line px-\-qy-\-r = 0 does 
and at the same point in the line. 

The equation of any line through the intersection of the two 
given lines is oar-f-ty-f c -fA( 2 w;+gy-J-r) = 0. (1) 

The angle between ax-\-by-\-c = 0 and px-\-qy-\-r = 0 is 

P 


tan - 


b g 

1 + F 

bq 


= tan- 1 ^?. 

ap-\-bq 


The angle between (1) and ax-^-by-^c = 0 is 
a a-\-Xp 

b b+Xq , , X(bp 


tan' 


1 


by data 


b+Xq 
a(a+Xp) 
b(b+Xq) 
aq-bp _ 


= tan' 1 


_ aq) _ 

a i +b 2 -j-X(ap-{-bq)' 


ap+bq 
X = 


X {bp—aq) 
a 2j rb 2J r X(ap+bq) ’ 
a 2 +b 2 


whence « —-,—, 

2(ap+bq) 

and (1) becomes 

2 (ax+by+c){ap-\-bq) = (a 2 +b 2 )(px+qy+r). 

8. Prove that the centre of the inscribed circle of a triangle 
ABC whose vertices are the 
points {x v y 1 ), (x 2 ,y 2 ), (x 3 , y 3 ) is 
the point whose coordinates are 
Q‘X 1 -\ r bx 2 J r cx 3 gyi+hy 8 +cy 3 
a-j-6+c 

a, 6, c being the sides of the tri¬ 
angle. 

Let AD bisect the angle BAC and cut BC in D. 

Then we know that 

BD : DC = BA : AC.= c : b. 
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D is the point whose coordinates are 

fayfc-c, fey a +cy 3 

6-)-c ’ 6-f-c 

Again, ID : AD = in-radius: altitude = — : — 

a a 


= a : a-j-h-f c. 


A1: ID = 6-f c : o. 


the abscissa of the point I is 

ax 1 +(6+c)^i^ 3 , divided by a-fA+c, 
o+c 

^ a*! -f-h^+cajj 

CT ~c 

Similarly, the ordinate of I is 

ayi+by t + cy 3 
a+6-fc 


9. If a variable straight line is drawn through a fixed point 
O to cut two given straight lines in P and Q, to find the locus 
of Rif OR be the harmonic mean of OP and OQ. 

Take the point 0 as origin and any two fixed lines at right 
angles through it as axes of coordinates. 

Let the two given lines have as their 
equations 

or+hy+c = 0, a'x-\-b'y-\- c' — 0. 

Then, by data, 

OR OP OQ 

Let OPQ make an angle of 0 with the r-axis. 

Then a. OP cos 0+6. OP sin 0+c = 0. 

1 a cos 0+6 sin 6 

" OP~ c 
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Similarly, 


1 _ a' cosO+ft' sin 9 
___ _ - 


... * _(; + »'| 00 .,_(? + $W 

OR \c c) \c c) 


2cc'-\-(ac'-\-a'c)ORco&6-\-{bc' J rb'c)ORamd = 0, 
or, if ( x , y) be the cartesian coordinates of R, 

(ac’-\-a'c)x-\-(bc'-\-b'c)y-Y2cc' = 0, 
which is the equation of a fixed straight line. 


63 


10. Prove that the coordinates of the reflection of the point 
(a, b) in the line 

£ cos a+ 2 /sin a— p = 0 

are 2peosa—a cos 2a—6 sin 2a: 
and 2psina—asin2a+&cos2a. 

[0. and C.] 

Let (X,Y) be the required point 
which is the reflection of the point (a, b) in the given straight 
line. 

Then 

X cos a+F sin a— p = — (a cos a+6 sin a—p). 

X cos a-[-F sin a-j-a cos oc-\-b sin a— 2p = 0. 

Again, ——- = tan a. 

a— a 

/. Xsina—F cos at—asina+ftcosa — 0; 

whence 

X(co8 2 a+sin 2 a)+n(cos 2 a—sin 2 a)+6sin2a—2pcosa = 0, 
i.e. X-bucos2a+6sin2a = 2pcosa. 

Similarly, F+a sin 2a—6 cos 2a = 2 p sin a. 

From which the values of X and Y at once follow. 

11. Prove that the equation x 2 —zy—3y 2 —3x—5y-l = 0 
represents two straight lines, and find the coordinates of the 
point of intersection. 
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Find also the equation which represents the two straight 
lines which may be drawn through their point of intersection 
perpendicular to them; and show that, if these lines cut the 
axis Ox in X, X' and the axis Oy in 7, Y', the equation of the 
line joining the mid-points of XX' and 77' is 

6x—14 y = 7. [C.] 

Write the equation 

x*-x(y+3)-(3y*+5y+l) = 0; 

whence 

„ _ y+3±V(132/ 2 +26y+13) _ y+3± V13(y+1). 

2 2 
whence the equations of the two lines are 

2z—y(l+V13)—3— V13 = 0 
and 2a:—2/(1— V13J-3+ V13 = 0. 

Subtracting, y = — 1, x = 1. 

The lines through (1, —1) perpendicular to the above are 
(*-l)(l+V13)+2(y+l) = 0 
and (a;— 1)(1— V13)4-2(y+l) = 0, 

or, as one equation, 

-12(x- 1) 2 +4(2/+1) 2 +4(*-1)(2/+1) = 0, 
i.e. 3x*—xy—y 2 —lx — y-\- 3 = 0. 

Where x = 0, y*+y —3 = 0, Vi+y 2 = — 1; 

y — 0, 3x t —1x+3 = 0, x 1 +x i = g, 

where OX 1 and OX 2 = x x and x t and OY 1 and OY t = y x 
and y % respectively. 

the coordinates of the mid-points of X 1 X 2 and Y 1 Y 2 are 
(g, 0) and (0, —|), and the equation of the line joining them is 
q x 

—— 2y — l, i.e. 6x— 14y = 7. 

12. Prove that the condition that two of the three straight 
^ nes ax s -j-bx 2 y-j-cxy 2 -hdy 3 = 0 

are at right angles is a 2 -j-d 2 +ac-fhd = 0. 
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Suppose that m 1 , m„, rn a are the three roots of the equation 


?l + 


Hy 


d\x 


■+*p+“= 

d\x d 


0. 


The data inform us that m 1 m 2 


1. 


Hence 


a 

'd 


m 1 m 2 m 3 = — m 3 


d Ij 

- satisfies the equation in i.e. 
d x 


a 3 ca 2 , ba a 

-1—-J-J-0. 

d 3 d 3 ^ d 2 d 


a 2j rac-\~bd-\rd 2 = 0 . 

13. Find the equation of the straight line drawn through the 
point (x',y') perpendicular to the straight line lx-\-my-\-n = 0. 

Prove that the coordinates of the reflection of this point in 
this straight line are given by the equations 

= _ 2(lx'+m,y '+n)' [() and C] 

l m 

The equation of the straight line through (x',y') perpendi¬ 
cular to the line Ix+my f n — 0 can be written down at once as 

m(x-x') = l{y—y'). (1) 

Let (X, Y) be the reflection of (x',y') in the line 

lx-\- my-\-n — 0. 

IX+mY-Yn lx' -\-my '+n 

Then ___- — — - - 

V(* 2 +« 2 ) V(* 2 +™ 2 ) 

If (X, Y) is on the line (1), then m(X—x') = l(Y—y’). 
X—x'_Y—y'_lX—lx'-\-mY—my' 
l m 

— 2{lx' -\-my' -\-n) 
l 2 -\-m 2 


4251 


JT 
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EXAMPLES 6 


I. If u and v are variable quantities connected by the relation 


i + - ~ 7 > show that the line joining the points (it, 0), (0, v) passes 
through the point (/,/). 


^ 2. Find the equation of the line drawn through the point of 
intersection of the lines 10a: — 4y —43 = 0 and 5x\-3y— 11 = 0, 
which is perpendicular to the line 5x— 4y+3 = 0. [L.] 


3. Prove that as the value of t varies the point x = «£ + 2, 
y = 2t+b moves along a straight line, and find the values of a, b 
in order that this line may be the line 2a: — 3y+5 = 0. 

■ Find the coordinates of the two points on this last line at a 
distance V2 from the origin. [W.] 

4. Prove that the equation 

x 2 + 4a:i/ + 3y 2 —12x —20i/ + 32 = 0 
represents two straight lines, and that the intercept which they 
make on the line a;+2 y = 6 subtends a right angle at the origin. 

CD-] 

1 5. The equation \2x 1 -\-1xy + ky*— 31x+17t/ + 7 = 0 represents 
two straight lines; find the value of k and the angle between the 
lines. [D.] 

6. Find the equation of two straight lines which are parallel to 
*oos a + 3 /sin a = p, and are at a distance of d from it on opposite 
sides. 


7. The sides of a parallelogram are parallel to 5 x—y — 0 and 
*+3 y = 0, and the points (4,3), ( — 6, —1) are the extremities of 
a diagonal. Find the equation of the other diagonal. 

/*■ ) 

[J}. Show that for any value of m 

m(x—3y) + 3m—x~i-y = 0 

passes through a fixed point, and find its coordinates. 

9. Show that the lines ax' 1 4- 2hxy + by 2 = fc(x 2 + i/ 2 ) and 
ax 1 + 2hxy+by i = 0 have the same bisectors. 

10. Prove that the equation 

* 2 +6xy + 53/ 2 -|-a:+173/—12 = 0 

represents two straight lines, and find their point of intersection. 
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If ax 2 + 2hxy + by 2 + 2gx + 2tfy -f c = 0 represents two straight 
lines, show that the equation of the line joining their point of 
intersection to the origin is 

yj(bc-f 2 ) = x^j(ac — g 2 ). 

12. Find an equation for A, giving values other than zero, for 
which the equation 

A S + S“ i ) +(a: " fe)2+(j '~ fc)2 =° 

is that of a pair of straight lines. [O. and C.] 

13. ABCD is a parallelogram, the coordinates of A, B, C being 

(5, 0), ( — 1,2), respectively. If E and F aro the feet of the 

perpendiculars from tho origin on AC and BC, prove that D, E, F 
arc collinear. [W.] 

14. OAPB is a parallelogram of which the side OA lies along 
tho a:-axis, OB along the line y = 2x, and P is the point (X,Y). 
Through A and B lines are drawn perpendicular to OA and OB 
meeting at Q. Find the coordinates of Q in terms of X and Y. 
Also find tho locus of Q when P describes the line x-\-2y — 1- [B.] 

15. Prove that if l: m is the ratio m which the straight line 
ax-\-by-\-c = 0 divides the line joining (x 1 ,y l ) and (x 8 , y 2 ), then 

l aaq + by x 4- c 

m ax^ + by^+c' 

^6. Find the equation of the straight lines through the point 
(2, t) which will divide the triangle whose vertices are (0,0), (- 1 /, f), 
(j, 8) into two parts which are of equal area. [O.] 

17. Show that tho locus of a point whose distances from two 
fixed straight lines xcosa + ysina = p and x cos fi + y sin = q are 
in a constant ratio, is a line passing through the point of inter¬ 
section of the two given lines. 

18. Find the equation of the straight lines drawn through the 
intersection of the lines lx-\-my = 1 , l'x-\-m'y = 1 , which are 
(1) parallel to, (2) perpendicular to, the line ax+by — 1. 

19. Show that the foot of the perpendicular from the point 
(a, 0) to the line x—ty-\-at 2 = 0, where t varies, is always on 
the y-axis. 
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20. Find the area of the triangle formed by the lines 

3 x 2 — 4ry-\-y 2 = 0 and 2 x—y = 6. 

21. Lines through the points (— a, 0), (a, 0) make angles of 8 and 
8+ oc with the :r-axis respectively. Show that the locus of their 
points of intersection for varying values of 8 is 

z 2 A-y 2 — 2aycot(x — a 2 . 

22. Perpendicular straight lines are drawn through the fixed 
point (0, a) to meet the r-axis at A and B. An equilateral triangle 
ABC is described with AB as base, on either side of the .r-axis. 
Prove that the equation of tho locus of C is y 2 — 3 (x 2 -\-a 2 ). [W.] 

23. In a triangle ABC, AO is tho perpendicular to tho base. 
If BOC and AO bo taken as axes of coordinates, find the co¬ 
ordinates of (1) tho orthocentre, (2) the centroid, (3) the circum- 
centre of triangle ABC, and show that all three are collincar. 

24. Find the equations of the linos through a point (x' y y') per¬ 
pendicular to the lines ax 2 -\-2hxy-\-by 2 — 0. 

25. A parallelogram is formed by the lines ax 2 + 2h.ry -f by 2 -= 0 
and those through (x',y') parallel to them, Prove that the equa¬ 
tion of tho diagonal which docs not pass through the origin is 

(2a:— x')(ax'-\- %') + (2y— y')(hx' + by') = 0. [O. and C.] 

26. Show that the area of the parallelogram in the previous 

exampie is ax't + jhx'y'+by' 2 

2y(/l 2 — ah) 

27. Find the equation of the locus of the point the product of 
the perpendiculars from which to the lines 2a: 2 -j-4 xy — y 2 = 0 is 
equal to the product of the perpendiculars from it to the lines 
a; 2 —4 y 2 = 0. 

28. Prove that the equation x 3 + 6x 2 y — 3xy 2 — 2y 3 = 0 repre¬ 
sents three straight lines through the origin which make equal 
angles with each other. 

29. Find the coordinates of the reflection of the point (4, 3) in 
the line 5x —12 y — 153. 

30. The distance of a point (3, 2) from each of two straight 
lines which pass through the origin is 5; find their equation. 
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31. A straight line PAB is drawn through a point P to meet 
two perpendicular straight lines in A and B. A point C is taken 
on AB such that 

m+n m t n 

—p(T = PA + PB' 

Show that the locus of C is a straight line passing through the 
intersection of the two given lines. 

32. Find the polar equation of the line through the point (r v 0 t ) 
perpendicular to the lino whoso equation is rcos(0— a) = p. 


Formulae of Chapter II for reference 

A<^Forms of the equation of the straight line are 

Ax + By+C = 0, y — mx+c, 

1, lx f my = 1, 


a T b 


where 


xcosa+y sina = p. 

2: The equation of the lino joining two points (x l ,y l ) (r 2 ,y 2 ) is 

y-yi = m (x—Xj), 

m yi-y* „ 
x,-x 2 

The length of the perpendicular from (It, k) on ax J r by- ! r c = Ois 
ah+bk+c 
V( a '+b 2 ) • 

/h The area of a triangle whose vertices are the points (x lt yj), 
(x v y z ), (x 3 ,y 3 ) is 

^ ^(Xiya-x^i+Xjyj-XjysH-Xay^Xiya). 

/>. The angle between the lines y = m 3 x, y — m 2 x is 

tan - 1 . 

i. If the lines y — m x x = 0, y — m 2 x = 0 are perpondicular, 
m 1 m 2 = — 1. 

i. The angle between the two lines ax 2 -\-2hxy-\-by- = 0 is 

a + b 
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* The bisector of the two lines 

OiX+bjjf-f C! = 0, aiX+b 2 y+c 2 = 0 
in whicli the origin lies is, if Cj and c 2 are positive, 
a 1 x+b 1 y+c 1 a,x_+b 2 y+c 2 
V( a !+ b i) v'(aHbl) ' 

y^O^The equation of the bisectors of the lines 
ax 2 -j-2hxy-\-by 2 = 0 
x 2 —y 2 xy 

IS V - - • 

a—b h 


The general equation ax‘-\-2hxy-{-by 2 +2gx+2fy+c — 0 re¬ 
presents two straight lines if the discriminant 

abc-f 2fgh—af 2 —bg 2 —ch 2 = 0. 
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EQUATIONS. TRANSFERENCE OF AXES. 
TANGENTS 

Any equation involving two variable quantities x and y is 
really a statement of a relation existing between them. In 
other words, x and y, when connected by an equation, are not 
independent of each other, for when one is known the other 
can be determined and has a definite value or values. 

Take the case of a linear equation such as 3a;+4 y = 12. If 
x = 2, it follows that y must be 1|, and that this is the only 
value of y corresponding to the value 2 of x. 

Again, take an equation of the second degree in x and y 
such as 9a; 2 +25y 2 = 225. If x = 2, y has the two values 
+JV189 = ±2-75 approximately, and these are the only 
values y can have when x — 2. 

The diagram below represents the curve 9a; 2 +25 y 2 — 225 
and the two straight lines x — 2 and 3a;+4 y = 12. 



It will be observed from it that there is only one point where 
the line x = 2 cuts the line 3a;+4 y = 12, but two points 
where each of the lines cuts the curve. 
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In geometry the locus of a point is defined as the path 
which it must trace out when moving under some geometrical 
restriction. In analytical geometry we take the coordinates 
of the moving point as ( x,y) and express the geometrical 
restriction in the form of an equation in x and y. When 
required to find the locus of a point, this equation can be 
regarded as the answer, which it is not essential to interpret 
any further, unless specifically asked to do so. 

We know that the square of the distance of any point ( x , y) 
from the origin is c t 2 -\-y 2 . 

Suppose that the locus of the point was required, subject to 
the condition that it had always to be at a fixed distance a 
from the origin. 

Then clearly % 2 +y 2 = a 2 , 

and this is the locus of the point which satisfies the stipulated 
condition. 

Consider again the locus of a point which moves so that the 
square of its distance from one fixed line is always five times 
the cube of its distance from a line at right angles to the former 
line. 

Take the fixed lines as axes of coordinates. 

Let P be a point (x, y) on the locus. Draw PM, PN per¬ 
pendicular to the axes. 

The geometrical restriction here imposed upon the move¬ 
ment of P is expressed geometrically by saying that 
PN 2 = 5 PM 3 . 

But since PM = x and PN — y, we can say analytically 
that y 2 = ox 3 is the equation of the locus of P. 

We will now proceed to examine this equation y 2 = 5x 3 and 
see what facts can be gleaned from it. 

Firstly, we see that x — 0, y — 0 satisfies it. This means 
that the curve represented by the equation passes through the 
origin. Conversely, if we had any equation in x and y to deal 
with which x = 0, y = 0 did not satisfy, we should know that 
the curve it represented did not pass through the origin. Next 
we observe that for any negative value of x, y 2 becomes equal 



EQUATIONS 73 

to a negative quantity, i.e. y is imaginary. This means that 
no point on the curve can lie in the second or third quadrant 
where x would be negative. Hence we infer that no part of 
the curve represented by y 2 = 5x 3 can be situated on the left 
of the y- axis. 

We notice again that, for any positive value of x, there will 



be two equal and opposite values of y. For example, if x — 5, 
y — fir 25. And, generally, if two values of x and y such as 
x v y x satisfy the equation, then the values x x and —y x will 
also satisfy it. Thus the curve represented by this or any other 
equation in * and y, where —y can be substituted for y without 
altering the form of the equation, must be symmetrical about 
the x-axis. 

By similar reasoning, if we were dealing with the equation 
of a curve in which —x could be substituted for x without 
altering the form of the equation, this would signify that the 
curve was symmetrical about the y- axis. 

Again, in the equation y 2 = ox 3 , there is no limit to the 
positive value which x may have, and consequently none to 
the corresponding value of y. This signifies that the curve 
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travels off to infinity in two directions, as shown in the 
diagram. 

We will now consider the graph of such a curve as that 
represented by the equation 



The form of the equation is unaltered (1) when we put —y 
for y, keeping x unchanged, (2) when we put —x for x, keeping 
y unchanged. 

We infer, therefore, that the curve is symmetrical with re¬ 
gard to both of the axes. 

Suppose that (x, y) was a point on the curve whose co¬ 
ordinates satisfied its equation, then clearly, if we put simul¬ 
taneously — x for x and —y for y, the values — x and —y will 
satisfy it. 

We infer from this that if any point P (x, y) lies on the curve, 
there will be another point P' on it such that if POP' be drawn 
through the origin OP' = OP. This means that the curve is 
symmetrical about its centre. 

Observe, however, that the fact of a curve being symmetrical 
about its centre does not imply that it must be symmetrical 
about each of the axes of coordinates. For instance, if the 
two perpendicular lines UOU', VOV in the diagram had 
been taken as axes of coordinates, the curve would not be 



EQUATIONS 75 

symmetrical about either of them, though it would still be 
symmetrical about the origin O. 

Lastly, consider the curves represented by the equations 
y 2 = 4x, x 2 = 4y. 

From what has been already discussed we see that both 
curves pass through the origin since 
x = 0, y = 0 satisfies both their equa¬ 
tions. 

That the curve represented by 
y 2 = 4x is symmetrical with regard 
to the a’-axis, has no portion of it in 
the second or third quadrants where 
x is negative, and goes off to in¬ 
finity in two directions, one in the 
first and the other in the fourth 
quadrant. 

Also that the curve represented by x 2 — 4 y is symmetrical 
with regard to the y- axis, has no portion of it in the third or 
fourth quadrants where y is negative, and goes off to infinity 
in two directions, one in the first and the other in the second 
quadrant. 

But there is another fact to be observed, viz. that, in this 
case, either equation can be obtained from the other simply 
by interchanging x and y in its equation. This means that the 
situation of the curve represented by y 2 = 4x, relative to the 
a;-axis, will be the situation of the curve represented by x 2 = 4 y 
relative to the y-axis. This is equivalent to saying that if the 
curve y 2 = 4x were rotated through an angle of 90°, it would 
then occupy the position of the curve x 2 = 4 y, or vice versa. 
Or again, it implies that the figure formed by both curves lies 
symmetrically about a line bisecting the angles between the 
axes in the first and third quadrants. The equation of such 
a line is y = x because clearly the abscissa of any point on it 
is equal to the ordinate of that point. 

We may therefore infer that, in general, if the equations of 
two curves are so related that if x and y be interchanged in 
the one we get the equation of the other, the situation of one 
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curve with regard to one of the axes will be the same as the 
situation of the other with regard to the other axis, and that 
the figure formed by both curves will lie symmetrically about 
the line y = x which bisects the angle between the axes. 

By application of the foregoing principles we shall see, as we 
progress with this subject, that certain important geometrical 
facts about a curve whose equation is given can frequently be 
at once deduced from a simple inspection of that equation. 

Practically all the geometrical properties of the various conic 
sections can be proved by analytical methods depending upon 
the use of equations. Theoretically, every geometrical theorem 
relating to them is capable of an analytical proof. It will be 
found, however, that in some cases a purely geometrical 
method leads to the easiest solution, while in others analysis 
is preferable. Often a combination of the two methods is the 
most advantageous. The student should therefore always have 
in his mind the geometrical significance of what he is doing. 
Wherever possible, the drawing of a rough diagram is a decided 
help in solving problems, unless their treatment is of a purely 
algebraical character. 


TRANSFERENCE OF AXES 

Naturally it is an advantage in all analytical work to have 
the equations of curves in their simplest form. Now as the 
form of the equation of any curve will largely depend upon 
the origin and axes with regard to which the x and y co¬ 
ordinates of any point on it are referred, a proper choice of 
origin and axes of coordinates is of prime importance. 

Two very usual ways of making an equation simpler are 
(1) by transferring to a new origin but keeping the new axes 
through this in their original directions, (2) by keeping the 
origin fixed but turning the axes through a suitable angle. 

Here it may be observed that throughout this book, except 
in the chapter where the use of oblique axes is especially con¬ 
sidered, the axes of coordinates will always be assumed to be 
rectangular. 
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TRANSFERENCE TO PARALLEL AXES 
THROUGH A NEW ORIGIN 

Let the original origin be 0 and the new origin O'. 

Let the coordinates of O' be (h, k) referred to the original 
axes XOX', YOY’ through O. 

Let the coordinates of a point P be (,r, y) with regard to the 
original axes, and ( X , Y) with regard to parallel axes xO'x', 
yO'y' through O'. 

Draw PmM, PnN perpendicular to OY and OX respectively, 
and cutting O'y in rn and O'x in n. 

Let xO'x' cut OY in H and yO'y' cut OX in K. 

y 



x = ON = PM — Pm-\- mM = O'n YOK = X-\-h 
and y = OM = PN = Pn-\-OH — Y+fc. 

if in any equation we substitute x-\-h for x and yYk for 
y, we obtain another equation which represents the same curve 
as the former, but now with regard to parallel axes through 
the point (h, k). 

Sometimes the point to be taken for the new origin is im¬ 
mediately obvious. Consider, for example, a curve whose 
equation is a{x _ z] 2 +b{y+1)2 = 6 . 
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Here, by taking the point (3,-1) as the new origin and 
referring to parallel axes through it, we get immediately by 
putting x+3 for x and y— 1 for y 

ax 2 -\-by 2 = c, 

which is a simpler equation to deal with. 

Take now the curve whose equation is 

4x 2 — 5xy— 6y 2 +5x+y+7 = 0. 

Here we cannot see by mere inspection what is the best 
point to take as origin. We proceed, therefore, as follows: 

Substitute x-\-h for x and y-\-k for y. 

Then 

4(x+h) 2 -5(x+h)(y+k)—6(y-\-k) 2 +5(x+h)+y+k+7 = 0. 
As we aim probably at getting an equation which shall have 
no x term or y term in it, we choose h and 1: so that the coeffi¬ 
cients of x and y in the transformed equation shall both be zero. 

The coefficient ofxin the transformed equation is 8k—5k-\-5 
and that of y is — 5h— 12& + 1. 

Hence 8h—5k+5 = 0 and —5/2 —12/c+l = 0. 

And solving these equations wo have h = —and k = j 3 ,. 
Therefore we take the point (—jj,] 3 ) as our new origin and 
axes through it parallel to the original axes. 

The transformed equation then becomes 

4x 2 — 5xy—6y 2 -{-4:h 2 —5hk— 6fc 2 +57; + fc+7 = 0, 
which on the substitution of h — & = n gives 

4x 2 — 5xy— 6y 2 +6 = 0, 

a simpler form of equation than that with which we started. 

TRANSFERENCE TO AXES ROTATED THROUGH AN 
ANGLE 6 KEEPING THE ORIGIN UNCHANGED 

Let XOX', YOY' bo the original axes and, keeping the 
origin fixed, rotate them through an angle 9 into the positions 
xOx', yOy', where LXOx = 9. 

Let P be any point whose coordinates are (x, y) referred to 
the original axes and (X, Y) referred to the new ones. 
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Draw PN and Pn perpendicular to OX and Ox respectively, 
and also nH, nK perpendicular to OX and PN respectively. 
Then from the diagram 

YKPtf^ 90°- LKnP = LKnO = LXOx = 0. 


Y 



x = ON = OH—NH = On cos 0— Pn sin 0 
= X cos 0— Y sin 0. 


Also 

y — PN = A'rV+PA' = nH+PK = Owsinfl+Prccosfl 
= X sin 0+ T cos 0. 

if in any equation we substitute x cos 9 — y sin 0 for x and 
x sin Spy cos 6 for y, w-e obtain another equation which repre¬ 
sents the same curve as the former, but now with axes which 
have been rotated through an angle 0, the origin being the 
same as before. 

As an illustration of this transformation, suppose we desired 
by a suitable rotation of axes to transform the equation 
43x 2 +14 Pixy-\-&ly 2 = 4 into an equation with no xy term 
in it. 

Substituting x cosd—y sin 9 for x and a - sin 0+y cos0 for y, 
the equation becomes 

43(a; cos 0—y sin 0) 2 -f-14 V3(x cos 0— y sin 0)( x sin 0+y cos 0)+ 

+57(xsin 0-f «/cos0) 2 = 4, 
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of which the coefficient of xy is 

—86sin#cos#4-14V3(cos 2 #—sin 2 #) {-114.sin#cos#. 

Dividing throughout by cos 2 # and equating this expression 
to zero, we have 

-28 tan# = 14 V3(l-tan 2 #); 
whence V3 tan 2 #—2 tan #— V3 — 0, 

or (V3tan#+l)(tan#— V3) = 0, 

and # = 60° or -30°. 

The axes could be turned through either of these angles. 

Taking # as —30°, the equation becomes 

43(zV3+y) 2 +14V3(a;V3+y)(yV3-.r)+f>7(yV3—a-) 2 = 16; 
whence 144a 2 -(-256y 2 =16 

and 9a 2 -f-16?/ 2 = 1. 

TRANSFORMATION OF POLAR TO CARTESIAN 
COORDINATES 

This transformation depends entirely upon the use of the 
relations x — rcos#, y — rsin#. The following examples will 
illustrate the methods employed. 

(1) Transform the equation r 2 cos2# = a- into a cartesian 

equation having the pole as its origin and the initial line as 
its a:-axis. r 2 cos2# = r 2 (cos 2 #—sin 2 #) = a 2 . 

the required equation is x^—y 1 = a 2 . 

(2) Similarly, transform the polar equation 

r(cos3#+sin3#) = a sin 2#. 
cos 3#-f sin 3# = 4 cos 3 #—3cos#+3sin#—4 sin 3 # 

= (cos#—sin #)(4 cos 2 #+4 sin 2 #+4 sin # cos #—3) 
= (cos#—sin#)(cos 2 #+sin 2 #+4sin#cos#). 

(rcos#—rsin#)(r 2 cos 2 #-)-r 2 sin 2 #+4r 2 sin#cos#) 

= ^(cos 3#+sin 3#) = ar 2 sin2# = 2ar 2 sin # cos #. 
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(*— y)( x2J t-y 2j r&xy) = 2 axy 
is the equivalent cartesian equation. 

Conversely, 

(1) y = mx becomes in polar coordinates 

V 

m = - — tan 6 or 6 — tan _1 wi. 
x 

(2) xy — c 2 becomes 

r 2 cos 6 sin 6 — c 2 or r 2 sin 26 = 2c 2 . 

(3) y 2 — 4 ax becomes 

r sin 2 0 = 4a cos 6 or r — 4a cot 6 cosec 6. 

THE TANGENT 

Suppose that we take two points P and Q on a curve. 
Keeping P fixed, let Q move 
along the curve towards it. 

The chord PQ continually 
diminishes. When Q conies in¬ 
finitely close to P and is ulti¬ 
mately about to coalesce with 
P, Q and P are then called 
consecutive points on the curve, 
and the line joining them, i e. 
the ultimate position of PQ, is 
the tangent to the curve at P. 

A tangent to a curve may 
therefore be considered as the line joining two consecutive 
points on it. 

A line through any point of a curve, perpendicular to the 
tangent at that point, is a normal to the curve at the point. 

If two tangents are drawn from a point to a curve, the line 
joining their two points of contact with the curve is called 
the polar of the point with regard to the curve, and the point 
itself is the pole of such a line, with regard to the curve. 

4251 



o 
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We will conclude this chapter with two instructive examples. 

(1) Deduce some geometrical facts about the curve whose 
equation is ax 2j rby 2 -\-2gx = 0. 

Firstly, x — 0, y = 0 satisfies the equation, so that the curve 
passes through the origin. 

Next the substitution of —y for y leaves the form of the 
equation unchanged, so that the curve is symmetrical with 
regard to the z-axia. 



I qV b o 2 

Rewrite the equation * + - +-2/ s = ^. 

\ aj a a 2 

Transferring to parallel axes through the point 
becomes a 2 x 2 +aby 2 = g 2 , 


-,oj, this 


( 1 ) 


the form of which would be unaltered if we put —x for x 
keeping y unchanged, if we put —y for y keeping x unchanged, 
or if we put simultaneously — x for x and —y for y. 

Hence the curve is symmetrical about either axis or about the 

new origin, the point -,oj referred to the original axes. 
Lastly, if we put x = 0 in equation (1), we have y — ± 

ab 

and, if we put y = 0, x = ± -. 

a 
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The curve is therefore of the description shown in the 
diagram. 

(2) If the general equation of the second degree 
ax 2 -\-2hxy-\ r by l -\ r 2gx/2fy/c = 0 

represents two straight lines, find the coordinates of their point 
of intersection. 

Suppose that the lines intersect at the point ( x',y'). 
Transfer to parallel axes through ( x',y ') and we have 

a(x+x') 2 +2h(x+x’){y+y')+b(y-{-y') 2 + 

+2g(x+x')+2f(y/y')-\-c = 0. 

Now wc know that the equation of two straight lines through 
the origin must be of the form 

Ax 2 -\-2Hxy-\- By 2 == 0, 

i.e. it has no x or y terms and no absolute term. So, in the 
transformed equation above, equate the coefficients of x and y 
to zero; then 


whence 


ax'-\-hy'+g = 0 and hx'+by' -j-f — 0; 

= y' = _l 

hf—bg gh—of ab—h 2 


The absolute term in the transformed equation, viz. 
ax' 2 +2 hx'y'+by' 2 +2gx'-\-2fy'/c, 


( 1 ) 


must be zero, because (x\ y') must clearly satisfy the equation 
of the two straight lines. 

The student familiar with the calculus will note that the 
equations ax' -\-hy' -\~g = 0 and fix'-\-by'-i f = 0 are at once 
obtainable by partially differentiating the expression (1) suc¬ 
cessively with regard to x' and y'. 


EXAMPLES 7 

1. What is to be inferred about the curves whose equations are 
(l)x’- = 4y+16, (2)**-9y*=l, (3)^=4, 

(4) (z—2)(t/—3) = 6, (5) 3x°--^fcy+2y* = 1? 
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2. Show that the point (4,4) lies on the curve y 2 = 4t, that 
the point (4, 5) lies outside it, and that the point (4,3) lies within it. 

3. What can be deduced about tho curve whose equation is 
(y— 2) 2 — 3-r, from inspection? 

4. Show that if (x\ y') is the point of intersection of two straight 
lines whoso equation is ax 1 2hxy -f- by 1 2gx 2fy + c = 0, then 
gx'+fy'+c = o. 

5. Transfer tho following equations to parallel axes: 

(1) 9.r 2 + 4i/ 2 — 6r— 12»/ — 9 — 0, new origin (J, !!). 

(2) 24xy — 42x~20y — 20 -- 0, new origin 

(3) 5x 2 + 4xy — 3y 2 +14x — 4y + 3 — 9, new origin (-1,-1). 

(4) x 2 -j-y 2 -{- 6x — 4y~23 — 0, new origin ( — 3,2). 

6. Show that the curve represented by the equation 

ax 2 2hxy ay 2 — c 

is symmetrical with regard to the lines y = Ax- by turning tho 
axes through an angle of 45°. How might this symmetry have 
been deduced at once ? 

7. If by turning the axes through an angle 9 the equation 
x 2 + 2 V3.rj/ f 2y 2 — 6 becomes an equation of the second degree in 
x and y of tho form ax 2 -}-by 2 .-= c, what must 9 bo? 

8. What is the point of intersection of each pair of straight lines 
represented by the following equations ? 

(1) Ox 1 — 23xy — 4y 2 + 29x — 16?/ + 20 0. 

(2) 9x 2 + 39*1/ + 22y 2 -f 33x + II 2y-\-\Q = 0. 

(3) 6x 2 cos 2 0 — 5xy sin 9 cos 9 — 4y 2 sin 2 # — 1 Ox cos 0 +17i/ sin 0 — 4 

- 0. 

9. Transfer the equation x 2 —y 2 = a 2 to axes making 45° with 
the original axes, the origin remaining the same. 

10. A line whose, equation is y = mx + — touches the curve 

m 

whose equation is y 2 = 4 ax. Find the equation of a lino which 
will always touch the curve whose equation is y 2 = 4a(x-\-a). 

11. Prove that the four lines given by 

p[(.r + a) 2 -(^+/?) 2 ]-F ? (.r + a)(y-f/?) = 0, 
p[{x—a) 2 -(y-p) 2 ]+q(x-a)(y-P) = 0 
form a rectangle. Find also the equations of its diagonals. 



TRANSFERENCE OF AXES 85 

12. Show that if by turning axes through an angle 8, the origin 
remaining fixed, tho equation 

ax 2 -{-2hxy-{-by 2 -\ r 2gx-{-2fy-\ c — 0 
is transformed into one having no xy term, then 

2h 

tan 26 — — . 

a — b 

Formulae of Chapter III for reference 

1. Symmetry Results 

If the form of tho equation of a curve is unaltered when 

(а) —x is substituted for x in it, and y left unchanged: 

It is symmetrical with regard to the .i'-uxis. 

(б) — y is substituted for y m it. and x left unchanged: 

It is symmetrical with regard to the ,i/-axis. 

(e) —x is substituted m \t for x. ami — y for y. 

It is symmetrical with regard to the origin, and the origin is 
tho centre of tho curve. 

If two equations are so related that one can be derived from 
the other by an interchange of x and y in either, the curves repre¬ 
sented by them, taken as one figure, are symmetrical about the 
lino y — x. Also one curve will be the same as the other rotated 
through an angle of 90". 

2. Transference of Axes 

To transform an equation to parallel axes through a new origin 
(h,k). Substitute x |-h for x and y + k for y in tho original 
equation. 

To transform an equation to rectangular axes making each an 
angle of 8 with the original axes. Substitute x cos 0 — y sin 8 for x 
and xsin0-f-ycos6 for y in the original equation. 

3. Polar and Cartesian Equations 

To transform from one to another use the relations 

x = rcos0, y = rsinB. 



IV 

THE CIRCLE 


If a plane is drawn at right angles to the axis of a cone, its 
curve of intersection with the conical surface is a circle. 

A circle is defined as the locus of a point which moves so 
that its distance from a fixed point called the centre is always 
the same. 

1. The general equation of a circle 

Let (x,y) be the coordinates of any point P on the circum¬ 
ference of a circle whose centre is C, a point (h, k) referred to 
a pair of rectangular axes XOX', YOY'. 



Let the radius of the circle be a. 

The square of the distance between P the point (x,y) and 
C the point (h,k) is (x—h) 2 4-(y—k) 2 , which, by the definition 
of a circle, is always equal to a 2 , 
the equation of the circle is 

(x—h) 2 -Y(y—k) 3 = a 2 

or x t -\-y 2 —2hx—2ky-\-h 2 -\- k 2 —a 2 = 0. 
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Write this equation aa 

x 2 +y 2 +2gx+2fy+c — 0. (1) 

Then —g = h, —/ = k, and a 2 = h 2 +k 2 —c = g 2 +/ 2 —c. 

We see then that in equation (1): 

(a) the centre of the circle ia the point ( — g, —f); 

(b) the radiua of the circle ia ^/(g 2 +f 2 —c). 

Had the centre of the circle been taken as origin and two 
perpendicular diameters through it as axes of coordinates, then 
the square of the distance of any point (x,y) on the circum¬ 
ference from the origin being x 2 -j-y 2 , it follows that the equa¬ 
tion of the circle would be 

x 2_j_y2 _ a 2_ 

By inspection of the equation a; a -f-y 2 = a 2 we observe: 

(1) that if —x, —y be substituted for x, y in it, the form 
of the equation is unaltered. This shows that a circle is sym¬ 
metrical about its centre; 

(2) that if — x be substituted for x, keeping y unchanged, 
the form is also unaltered. This shows that the circle is sym¬ 
metrical about the y-axis, i.e. about any diameter. 

It should also bo observed that, in the most general form 
of the equation of a circle, viz. 

x 2 +>/+2gx+2Jy+c = 0, 

(1) the coefficients of x 2 and y 2 are equal, though they need 
not both be unity; 

(2) there is no xy term. 

Consider the equation 5a; 2 -f-5y 2 — 3:c+4y4-l — 0. 

The coefficients of x 2 and y 2 are equal and there is no xy 
term. the equation is that of a circle. 

Rewrite it x 2 +y 2 —fz+ly+g = 0. 

Then the coordinates of the centre are Ig , — f. 

And the radius is of length V{(ib) 2 +(1) 2 ~'6} = iW^- 

2. Parametric coordinates 

When the coordinates of any point on a curve can each be 
expressed in terms of a single variable, they are known as 
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Parametric Coordinates, and the variable is called a Para¬ 
meter. 

The coordinates of any point on the circle a- 2 -)-*/ 3 = a 2 may 
clearly be taken as a cos 6, a sin 6. For no matter what the 
value of the parameter 9 may be, it is always true that 
a 2 cos 2 0+a 2 sin 2 0 = a 2 , 

i.e. the coordinates a cos 9, a sin d always satisfy the equation 
of the circle. 

It is not essential that a parameter should always have a 
geometrical interpretation, but it is often quite easy to find one. 

In the case of a circle, let P be any point on it referred to 
a pair of perpendicular diameters as axes of coordinates. Draw 
PN perpendicular to OA. Join OP. Let A PON = 9. 



Then the coordinates of P, viz. ON and PN, are respectively 
OP cos 6 and OP sin 6, i.e. a cos 9, a sin 9. 

L PON is the geometrical representation of the para¬ 
meter 6. 

For brevity, the point on the circle x 2 -\-y 2 = a 2 whose co¬ 
ordinates are a cos 9, a sin 9 will often be subsequently referred 
to simply as ‘the point 9’ on the circle. 
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3. Equation of a circle with a given diameter 

Suppose A and B are two fixed points (h,k), ( h',k '). 
Suppose that P is a point (X, Y) which moves so that PA 
is always perpendicular to PB. 

The equation of PA, the line joining ( X , Y) and (h. Jc), is 
x—X _ y— Y 
X~h Y-k’ 

Y—k 

of which the gradient is-. 

X—h 

Y—k' 

Similarly, the gradient of PB is-. 

X—h' 

But, if PA and PB are at right angles, the product of the 
gradients of the two lines is — 1. 

. (Y-k)(Y-k')_ 

•' (X-h)(X-h') 

i.e. (X-/0(X-A') + (J r -A-)(7-/ l :') = 0. 

the locus of the point P is 

(x—h)(x—h') + {y-k)(y—k’) = 0, 

which is clearly the equation of a circle. 

We have accordingly proved by analysis that, if A and B 
are fixed points and the angle APB is right, P must be on 
a circle, and also have found a convenient form of the equation 
of that circle for writing down when the coordinates of A and 
B are given. 

4. Equations of the chord and the tangent 

Let P, Q be any two points {x',y'), (x", y") on the circle 

x 2 -\-y t = a 2 - 

Then x'*+y’ 2 = a 2 = x^+y” 2 . 

(x'-x")(x'+x") = -(y'-y')(y'+y"). (1) 

Again, the equation of the line PQ. joining (x',y') t (x", y") is 
x—x' _ y—y'S 
x'—x" y'—y"' 


(2) 
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Combining equations (1) and (2) we have 

(x-x’){x'+x") + {y—y')(y'+y") = 0, 
i.e. x(x' +x')+y(y'+y") = x' 2 +y' 2 +x'x”+y'y", 

= a 2 +x'x"+y'y", 

which is the equation of the chord PQ. 

If x' = x", y' — y”, P and Q become consecutive points and 
PQ is the tangent at the point (x',y'). 

So the equation of the tangent at the point (x' ,y') is 

2xx'-j-2 yy' = <x 2 +x' 2 +i/ 2 = a 2 +a 2 

or xx'+yy' = a 2 . 


Using parametric coordinates, suppose that P was the point 
0 and Q the point 0' on the circle x 2 -\-y 2 — a 2 . Then the equa¬ 
tion of PQ is 

x—a cos 8 y —a sin# 

a(cos 8 —cos O') a(sin0-sin 0')’ 

. . a • d + d ' ■ e ~ 6 ' 

and since cos 8 —cos 8 = ~2sin-sin-- 


■ vy .nH 

the equation becomes 


Q _ 

sin0 -sin 6' = 2cos——sin - — , 


0 + 0 ' , . 0+0 

sc cos-h 2 /sm—— 

2 2 


f B' J 

— = o i 

^ l 


. 0 + 0 ' . . 0 + 0 '\ 
cos 0 cos ———1- sin 0 sin —— J 
2i Z J 


a cos - 


0-0' 


Putting 0 = 0', we have for the equation of the tangent at 
the point 0 xcos g_[_ y s j n q _ a 

Either of the forms of the equation of the tangent to the 
circle x 2 -\-y 2 = a 2 , just obtained, could be derived from the 
other by the use of the relations x' = a cos 8, y' = osin0. 

Using the fact that xx'pyy' — a 2 is the tangent at the point 
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(x',y') to the circle x 2 -{-y 2 = a 2 , transfer to the point (g,f) as 
origin and to parallel axes through it. Then 

(x+g)(x'+g)+(y+f)(y'+f) = a 2 
is a tangent to the circle 

(x+g) 2 +(y-\-f ) 2 = « 2 , 

i.e. to the circle 

% 2 +y 2 +2gx+2fy+c = o, 

where c = g 2 j rf 2 —a 2 . 

Hence the tangent to the circle x 2 +y 2 +2gx+2fy+c = 0 at 
the point ( x',y') is 

xx'+yy'+g(x+x')+f(y+y') + c = 0. 

For the student acquainted with the calculus the following 
method of obtaining the equation of the tangent at a point 
( xy') is also available. 

The equation of any line through the point (x',y') is 

y—y' = m(x—x'). 


If this be the tangent at the point ( xy') of any curve whose 

dy 

equation is given, then m is the value of — when x->x' 


and y -> y'. 

Differentiating the equation x 2 -\-y 2 = a 2 , we have 


2x+2y^- = 0, 
ax 


whence 


dy _ x 
dx y 

the equation of the tangent at (x\ y') is 


, x , 

y—y = —~M~ X )> 

y 

i.e. xx'-\-yy' — x' 2 -\-y' 2 = a 2 . 

The radius of the circle x 2 +y 2 = a 2 through the point ( x', y') 

X U 

has — = — for its equation. 
x' y' 
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The gradient of this line is —, and the gradient of the 

x 

x' 

tangent at ( x',y') is-. 

y' 

the product of these gradients is — 1. 

Hence the radius and the tangent at the point (x\ y') of the 
circle are perpendicular to each other. 

5. The normal 

It has just been shown that the normal at any point of a 
circle is the radius through that point. VVe will, however, find 
its equation simply by assuming the definition that it is a line 
through (x',y') perpendicular to the tangent at this point. 
The equation of the tangent is xx'+yy' — a 2 . 

That of a line through ?/) perpendicular to it 

xy'—yx' — x'y'--y'x' = 0, 


The equation of the normal at the point 9 is, similarly, 
x sin 6—y cos 6 = a cos 9. sin 6— a sin 9. cos 9 
= 0 , 

i.e. y — x tan 9. 

6. Two tangents to a circle 

If a point lies outside a circle, it is obvious that two tangents 
can be drawn from it to the circle. To a person ignorant of 
mathematical ideas, it might seem ludicrous to speak of tan¬ 
gents to a circle from a point within it. The fact is that these 
are imaginary; but, in analysis, imaginary quantities can be 
taken into account and thereby a certain continuity in thought 
is attained as well as some very interesting results in certain 


Consider a point whose coordinates are (h, k). The square of 
its distance from the centre of the circle whose equation is 
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x 2 \y 2 = a 2 , i.e. from the origin, is h 2 -\-k 2 . Hence, if the point 
(h, k) lies outside the circle, 

h 2 +k, 2 > a 2 . 

If it lies on the circle, h 2 -\-k 2 — a 2 , so (h, k) must satisfy 
the equation x 2j \-y 2 = a 2 . 

If it lies inside the circle, then h 2 -\-k 2 < a s . 


The equation of the tangent to the circle x 2 + y- = a 2 at the 
point 6 is rcos0-f-?/sin0 — a. 

If this passes through a point (h,k), we have 
li cos 0-\ k sin 6 ~ a 

Q 

Put tan - t, then 

7 


1-M 2 


2 Id 
1-M 2 


= «, 


i.e. t 2 (a-\-h)—'2kt-\-a—h — 0. 

This is a quadratic equation in t and indicates that for any 
given point (Ji, Jr) there will be two values of t, i.e. two tangents 
can be drawn from (h,k) to the circle, which will be real, co¬ 
incident, or imaginary, according as the roots of the quadratic 
in l are real, equal, or imaginary, i.e. according as 

k 2 7 (a-\-h){a—h) 
or h 2 -\-k 2 a 2 , 

the geometrical interpretation of this last result being whether 
the point (h, k) is outside, on, or within the circle. 

In any given direction two real tangents can always be 
drawn to a circle. 

Suppose that the line y = vix -) c has its gradient, m fixed 
and that it touches the circle x 2 -\-y 2 = a 2 . 

Then mx—y-\-c = 0 must be identical with 
x cos 6\-y sin 0—a = 0. 
cos 6 — sin# a 

m 1 c 
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1 == cos 2 0-j-sin 2 0 


ahn 2 


a 2 


c 2 = a 2 (I +m 2 ). 

the lines y — mx-\-a^(\-\-m 2 ),y = mx--a A /(l -f m 2 ) are the 
only two parallel tangents of gradient m which can bo drawn 
to the circle. 


7. Tangential equation of a circle 

We shall define the tangential equation of any curve as the 
condition expressed in terms of l, m, and n that the line whose 
equation is lx-\-my-\-n — 0 should touch it. 

The equation of the tangent at the point 8 on the circle 
x 2 -\-y 2 = a 2 is xcos e +y sinfl-a = 0. 

Identifying xl-\-ym-\-n — 0 with this, we have 
cos 8 sin 9 _ a 

l m n 


1 — cos 2 0-)-sin 2 0 = 


0 2 (l 2 -f Ml 2 ) 

n 2 


n 2 = a 2 (l 2 -\-m 2 ) 

is the tangential equation of the circle x 2 -\-y 2 = a 2 . 


8. The polar of a point 

As defined in Chapter III, the polar of a point with regard 
to a circle is the line joining the points of contact of the 
tangents drawn from the point to the circle. 

These points of contact may be imaginary, but, as we shall 
see, no matter whether the point lies within or without the 
circle, its polar will always be real. 

The student will therefore recognize that though two points 
may be imaginary, the line joining them can be real. 

The point of intersection of the tangents to a circle 
x 2 -\-y 2 = a 2 at the points 6 lt 8 2 is clearly obtained by solving 
the equations 

x cos fli+y sin 8 X — a and x cos 0 2 +y sin 8 2 = a; 



whence 


THE CIRCLE 


95 


y 


sinflj—sin0 2 cos0 2 —cos0j cos0j sin0 2 —cos0 2 sin 6 l ’ 

from which 0 4^0 

„ a cos — -— 2 

_ a(sin0 x —am0 2 ) 2 

sin(0,— do) 0,-8, 

2 

• 01 + 02 

a sin -id—? 

2 


and 


V = 


cos 


01-02 


Using this result we can now find the equation of the polar 
of the point (h, k) with regard to the circle x 2 -\-y 2 = a 2 . 

Suppose the two tangents from ( h , k) to the circle touch at 
the points 8 V 0 2 which may be real or imaginary. 


0i+0 2 ■ 0i+02 

a cos -d-dI asm __ 2 

2 2 
Then h =---—- and k = 


01-02 


01 02 


Now the 
0j, 0 2 is 


equation of the chord of the circle joining the points 


0] + 0 2 , • 0i+0 2 0i-02 

a: cos --fwsm — — — a cos , 

2 J 2 2 


i.e. xh+yk = a 2 , 

which is the equation of the polar of the point (h, k) with regard 
to the circle no matter where this point may be situated. 
Further, so long as h and k are real, the equation of the polar 
xh-\-yk — a 2 must represent a real straight line. 

Geometrically, the polar of a point with regard to a circle 
may be constructed thus: 

The perpendicular from the origin, i.e. the centre of the 



THE CIRCLE 


96 


circle, on the polar of a fixed point (h, k) whose equation is 
xh-\-yk = a 2 , is of length 

a 2 

j(h 2 +k 2 )' 


And the length of the line joining the points (0,0) and (h, k) 
is *J(h 2 -j-k 2 ). 

the product of these lengths is a 2 . 

Hence, if T be a point whose polar is required to be con¬ 
structed with regard to a circle of centre O and radius a, 
join OT. 


Find a third proportional to OT and a, i.e. a length of 


Measure off on OT a distance OR — producing OT if 


_ necessary to do so. 

Through R draw a line perpendicular to OT; this line will 
clearly be the polar of the point T with regard to the circle. 




If the polar of a point ( h, k) with regard to a circle passes 
through another point (H, K), then the polar of (//, K) with 
regard to the circle will pass through the point (h, k). 

The proof of this is as follows: 

The polar of (h, k) with regard to the circle x 2 -\-y 2 = a 2 is 
xh-\-yk — a 2 . 
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If this passes through ( H , K), then 
Hh^-Kk = a 2 . 

The polar of (H, K) with regard to the circle is 
xH-\-yK = a 3 ; 
and since hH-\-lcK = a 2 , 

x — h, y = k clearly satisfies the equation of the polar of 
(H, K) with regard to the circle, i.e. the point (A, k) lies on the 
polar of (H, K). 

9. Properties of the circle 

Some well-known geometrical properties of the circle will 
now be proved by the methods of analysis. 

(1) The locus of the middle points of a system of parallel 
chords is the diameter perpendicular to them. 

Take the centre of the circle as origin and a diameter parallel 
to the chords of the system as 2 -axis. 

The equation of any one of these chords may be written as 

y = K. 

Where it cuts the circle x 2 -\-y 2 = a 2 we have 
x 2 = a 2 —K 2 , i.e. x = ±%/(a 2 —K 2 ). 

This means that the algebraic sum of the abscissae of the 
two points in which y = K cuts the circle is zero. 

the abscissa of the middle point of the line joining these 
two points is zero and consequently the middle point lies on 
the y-axis. 

Hence the middle points of all chords of the parallel system 
lie on the y-axis. 

In a circle, therefore, all chords parallel to a fixed diameter 
are bisected by the diameter perpendicular to it. 

(2) The tangents at the extremities of a system of parallel 
chords meet on the diameter which bisects them. 

As in the previous case, the tangents at the points 

{J{a 2 -K 2 ),K} and {—^(a 2 —K 2 ), K} 
are xj(a 2 —K 2 )-\-yK — a 2 

H \ 


4251 
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—x^(a 2 —K 2 )-\-yK — a 2 , 



which clearly intersect at the point x = 0, y — — which lies 

» A 

on the y-axis, i.e. the diameter bisecting all chords parallel to 
the fixed diameter taken as a%axis. 

(3) To prove that the angle in a semicircle is a right angle. 
Let P be any point 9 on the semicircle x 2 -\-y 2 = a 2 whose 

diameter is AB. 

The parameters of P and A being 9 and tt respectively, the 
p equation of PB is 

9 , . 0 9 

x cos - 4- y sin - = a cos - 
2 2 2 

and that of PA is 

7 T-\-0 . TT-\-d 77 —9 . 6 

a;cos — -j-ysin = a cos- - = asm-. 

2 2 2 2 

0 . 77 - 4-0 

The gradient of PB is —cot- and of PA is —cot . 

Z £ 

| n 0 

But as cot 77 = -tan-, the product of these gradients 
2 2 

is —1. 

PA and PB are perpendicular and /.APB — 

2 

(4) To prove the ‘rectangle’ property, viz. that if from any 
T point T outside a circle a line TPQ be 

drawn cutting the circle in P and Q, then 
TP. TQ — TH 2 , where TH is the tan¬ 
gent from T to the circle. 

Let the equation of the circle be 

x 2 +y 2 = a 2 
and T the point (h,k). 

The equation of any line through T can be written 
x—h _ y—k _ 
cos 6 sin 9 
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And the coordinates of any point on it can be taken as 
fc-J-rcos0, k+r sinfl. 

Substitute x = h-\-r cos, 6, y = fc+rsin# in the equation of 
the circle, then 

(7i+rcos0) 2 +(£+rsin0) 2 = a 2 , 
i.e. r 2J r'2r{hcosQ-\-ksm.8) J \-h 2 -\-k 2 —a 2 = 0. 

If rj, r 2 are the roots of this equation, 
fj r 2 — h 2 -\-k 2 —a 2 

= OT 2 —OH 2 = TIP. 

Hence, if TH be the tangent from the fixed point T to the 
circle, TP.TQ = TH 2 , 

which proves the theorem. 

v// 10. Typical examples 

/ 

^ Ex. I. F ind the coordinates of the centre and the length of 
the radius of the circle 


2a; 2 +2y 2 —10.r—14y—13 = 0. 

Rewrite the equation 

x 2 -\-y 2 — 5x —7 y —- 2 - = 0. 

By inspection the coordinates of the centre are (|, |) and 
the radius = *J{(l) 2 +(l) 2 +-i} = 5. 

Ex. 2. Find the equations of the tangents to the circle in 
the previous example which are parallel to the line 3x—4 y = 5. 
The equation of the circle can be rewritten 

(x-\) 2 +(y-l) 2 = 25. 

Transferring to parallel axes through the point (|,|) the 

equation becomes , , , 

x -\-y — zo. 

The equations of the tangents to this circle of gradient f are 

y = |#±5\/(1+ r )> 


i.e. 


V = f*±T> 
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which, referred back to the original axes, are 

y-l = 

i.e. 8y—6x = 63 and 8y— 6a;+37 = 0. 

Ex—3—,Find the equation of the circle circumscribing the 
triangle whose vertices are the points (1,—2), (3,4), (—5,2). 
Let the equation of the circle be x 2 -\-y 2j r 2gx J r 2fy+c = 0. 
Substituting the coordinates of the vertices in turn in this 
equation, we have 

2-7-4/+C = -5, 

= —25, 

— 10 !7+4/+c = -29; 

whence, on solving, g = ,”,/ = — f ’, c = —Yj. And the equa¬ 
tion of the circle is 

lla; 2 -f-ll»/ 2 +16:r—42y—155 = 0. 

Ex, 4, Find the equation of a circle which has the point 
■(3, —1) as its centre and touches the line 4x—3 y — 9. 

' Suppose the equation of the required circle is 

(x— 3) 2 -f («/+l) 2 = r 2 . 

Then r must equal the length of the perpendicular from (3,-1) 
on 4a;—3y—9 = 0, which is §. 
the equation is 

25(*-3) 2 +25(^+l) 2 = 36, 

i.e. 25x 2 -j-25y 2 — 150x4-50?/+214 = 0. 

■ /_ Ex. J >. Find the length of the chord in which the line 
y = 3x+ 4 cuts the circle x 2J r y' 2 = 36. 

If Y be the middle point of a chord AB of a circle whose 
^entre is C, then 

AB 2 = 4 4P = 4(C.4 2 —CF 2 ). 

The perpendicular from the centre of the circle on the line 
y = 3a;+4 is of length v * 0 . 
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the length of the chord = 2V(36—55) 


5 V215. 


Ex. 6. JT ind the pole of the line 6x—5y-}-5 = 0 with regard 
t!TfIie"circle x 2 +y 2 — 10x+12«/— 69 = 0. 

The polar of a point (aq, with regard to this circle is 

5(x+a:i)+6(y+y 1 )—G9 = 0, 
i.e. *(•»!—5)+2/(2/ 1 +6)—(5a: 1 ~6y 1 +69) = 0. 

Identifying this equation with 6x—5y-\-5 = 0, we have 
x,~5 _ y x + 6 _ 5aq—6^+69. 


whence aq = — 7, y x = 4. 

/. the point (—7,4) is the pole of the line. 

J Ex. 7. T he polar of the point (x',y') with respect to the 
circle x 2 4- y 2 = 16 touches the circle whose equation is 
x 2 -j-y 2 —8x = 0. Show that y ' 2 -f 8a;' — 16. 

The equation of the polar of (x’,y') with regard to the circle 
x 2 -\-y 2 — 16 is xx'-\-yy' = 16. 

If this touches the circle x 2 -\-y 2 — 8x = 0, then the equation 



must have equal roots. 



i.e. 16(*' 2 +y' 2 ) = y'*+8y' 2 x'+16x’ 2 

or y' 2J r 8a;' = 16. 

Ex. 8. Find the equations of the two circles which touch 
the circles x 2 -\-y 2 = a 2 and x 2 -\-y 2 —4ax = 0 externally and 
whose radius is the arithmetic mean of their radii. [L.] 
Equation x 2 -j-y 2 —4ax = 0 can be written 

(x—2a) 2 -\-y 2 = 4 a 2 , 

of which the centre is the point (2a, 0) and radius 2a. 
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Let (x,y) be the coordinates of the centre of the required 
circle. Then, as in the diagram, 

* 2+2/2 = (y) 2 ’ (*~ 2a ) 2 +y 2 = fffi- 

Solving, — 2a(2a:—2a) = 6a 2 , 

whence x = — -, y = i V6a. 

2 

the equations of the two touching circles are 

(* + |) +(y± V6 «) 2 = 

or * 2 +2 / 2 +i 2 V6a?y 4- 4a 2 = 0. 

Ex. 9. Prove that the equation of any circle which passes 
through the points (h, k) and (h 1 , k') can be put in the form 

(*-»)(*-»■+A^+ftr-i):(»-*-A_) = 0. 
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Show also that A = 0 gives the smallest circle through the 
two given points. [B.] 

Consider the equation 

It is of the second degree, the coefficients of x 2 and y 2 are both 
unity, and there is no xy term, 
it is the equation of a circle. 
x = h, y = k obviously satisfy the equation. 

Substitute x = h', y = k' and we get 

(h'-h )-= -A+A = 0. 
h—h k—k 

the equation is that of a circle passing through the points 
(h, k), (h' t k') no matter what A may be. 

The smallest circle going through the two points will clearly 
be that which has the line joining the points (h, k), (h', k’) as 
its diameter. 

Now the equation of a circle on the line joining (h, k), {h', k') 
as diameter is 


(x—h)(x—h') + {y—k)(y—k') = 0, 

which is what the given equation will reduce to if A = 0. 

A = 0 gives the smallest circle through the two given 
points. 

v Ex. 10, Prove that the equation of the circle through the 
points (p,0), (g,0), (0,r) is 


r(x 2 +y 2 ) —r(p+q)x—(r 2 +pq)y+pqr = 0. 

If a circle passes through a fixed point, and the chord cut 
off from it by a fixed line is of constant length, find the locus 
of its centre. [O. and C.] 

As in Ex. 3, let the equation of the circle through the three 
points be x 2 +y 2 +2gx+2fy+c = 0. 
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Substituting in turn x—p, y = 0; x = q, y — 0; x = 0, 
y = r, we have the equations 

p^+Zgp+c = 0 , 

g 2 +2gg+c = o, 

r 2 +2fr+c = 0. 

Solving which, we get g = c = pq, / = — r -^M, 

2 2 r 

Hence the equation of the circle is 

r(x 2 +y 2 )—r(p+q)x—(r 2 +pq)y-\-pqr — 0 . 

Suppose the circle in the second part of the question cuts 
the x-axis, taken as the fixed line, in the points (p, 0 ), (q, 0 ). 
Then p and q are variable, but by data p~q — A, a constant. 

Suppose the circle also goes through the fixed point (0,r). 
Then its equation is as above. Let (X, Y) be its centre. 

We have accordingly 

2 Xx=p+q, 2 y = r+^. 

r 

Hence 

A 2 = (p—q) 2 — (p-Yq) 2 —4cpq = 4X 2 —4r(2F— r), 
i.e. the locus of the centre is the curve whose equation is 
4X 2 -8rF+4r 2 -A 2 = 0. 


E x. II._ Find the equation of the two lines joining the origin 

cc w 

to the points of intersection of the lino - + f = 1 with the 

a b 

circle * 2 +y 2 = c 2 , and prove that if the line is a tangent to 

the circle, then + — = —. 

a 2 b 2 c 2 

The equation of the lines joining the origin to the points of 
X w 

intersection of - + 7 = 1 and x 2 +y 2 = e 2 is 
a 0 
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If the line is a tangent to the circle, then the two lines repre¬ 
sented by equation (1) would be coincident. In that case 



must be a perfect square. 


a 2 b- 




i 

c»■ 


Ex. 12,- Show that the locus of the points of intersection of 
perpendicular tangents to two concentric circles 


x 2 -\-y 2 = a 2 and x 2 -\-y 2 = b 2 


is x 2 -\-y 2 = a 2 -\-b 2 . 

Suppose the tangent at the point 6 on the circle x 2 -\-y 2 = a 2 
and the point </> on the circle x 2 -\-y 2 = b 2 are perpendicular, i.e. 

izcosfl-fysin# = a and xcos<f>-\-ysnuj> = 6 
are perpendicular. 

cot#cot$£ = — 1 . cos(#— tj>) = 0 . 

/. = #—90°. 

We therefore want the locus of the point of intersection of 
a:eos#-f-ysin 6 — a and a:sin#—ycos# = b. Square and add 
these two equations. Then 

x 2 -\-y 2 = a 2 ~\-b 2 

is the required locus. 


EXAMPLES 8 

1. Find the equations of tho circles in which 

(1) the radius is 5 and coordinates of the centre ( — 3, 2), 

(2) the radius is 3V2 and coordinates of the centre (1, —4), 

(3) the radius is r and coordinates of the centre (a, b). 

2. Write down the coordinates of the centres of the following 
circles and calculate their radii: 

(1) x 2 +y 2 -8x+7 = 0. 

(2) x 2j r y i — 3x+5y— 1 = 0. 
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(3) x 2 +y 2 -]-ax-]-by-\-c = 0. 

(4) x t -\-y l —2ax-\-2by-\-a? = 0. 


3. Find the equations of the circles which pass through the 
following points: 

(i) (0,0), (-6,2), (3,1). (ii) (3,0), (0,-2), (-3,4). 

(iii) (a — b,a + b), (a+b,a—b), (a,b ). (iv) (o,0), (6,0), (0,c). 

4. Show that the four points (3, 4), (3, —6), (—1, 2), (—1, —4) 
are concyclic and find the equation of the circle on which they he. 

fi. Prove that the point (5, — 7J) lies outside the circle whose 
equation is x 2 -\-y 2 — 4x-\-2y — 44 = 0. 

6. *The point (1, —3) lies on the circle x 2 +y 2 — 6x + \2y-\-32 = 0. 
Fincrthe coordinates of the other extremity of the diameter of 
the circle through this point. 


Find the equation of the diameter of the circle 
(x-2) 2 +(y+4) 2 = 36 


which passes through the point (6, —6). 


8 j Find the equation of the circle which passes through the 
point (— 4, — 2) and has the same centre as the circle whose equa¬ 
tion is x 2 +y 2 — 4x — 6y — 23 = 0. 


9.j Find the equation of the circle whose centre is at the point 
(4, -^3) and which passes through the origin. 


10. Write down the equation of the circle of which the line 
joining the points (-4,-3), ( — 6, —2) is a diameter. 


11. Prove analytically that a line can cut a circle in two points 
only, and that these may be imaginary. 


12. What angle does the chord whose equation is 
a:cos37i°-)-i/sin374 Q = 16cos22£° 
subtend at the centre of the circle x 2 -\-y 2 = 256 ? 


13. Find the equations of the tangent and norgjal of the fob 
lowing circles at the point on them specified: 

(1) x 2 +y 1 = 25 at ( — 4,3). 

(2) x 2 +y 2 = 16 at (2.2V3). 

(3) x 2 +y 2 = 49 at (7 cos ct, 7 sin a). 

(4) x 2 +y 2 -6x-4y-12 = 0 at (-1,5). 
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(5) :r 2 + y 2 -8a;-6y-|-20 = 0 at (2,4). 

(6) 2a; 2 + 2y 2 -5a:-|-3y-35 = 0 at (-3, -2). 

14. Show that the lines x = 5, y — 7 both touch the circle 
a . 2 _|_^ 2 _ 4 2 .— 8y+ll = 0. 

15. If the 1 me y = nix touches the circle x 1 + y 2 -+- 2x — 3y + 2 = 0, 
what values can m have ? 

16. Prove that the line y = 3x -(- 2 v'l 0 touches the circle 
a; 2 + 2/ 2 = 4. 

17. Find the condition that the line 3a;— 4y + e — 0 may touch 
the circle a; 2 + y 2 — 9. 

18. Find the condition that the line 5 x-y-\-c = 0 may touch 
the circle a; 2 + y 2 — 4x — 6y — 51 = 0 by transferring both equations 
to parallel axes through the centre of the circle. 

19. Show that the line lx— my — 0 touches the circle whose 
equation is a: 2 + y 2 — lx -j- my — 0. 

20. Find the equations of the circles which touch both axes of 
coordinates and pass through the point (— 4, — 2). 

21. Find the equations of the three circles which have their 
centres at the origin and touch respectively the lines 

(1) 3a- — 4y = 10, (2) x cos60°-fysin60° = 6 , (3) lx-\-my — 1. 

22. Find the equation of the circles which pass through the point 
(-3,-5) and touch the line 4a;+ 3 y — 30. 

23. Find the equation of a circle which touches the y-axis at 
tho point (0,5) and passes through the point (3,5). 

24. Prove that the line x( 1 — m 2 ) + 2my = a( 1 +m 2 ) is a tangent 
to the circle a; 2 -f y 2 = a 2 . 

25. Prove that the line y = mx is a tangent to both the circles 
x ‘ 2 + y i — 2aa\/(l + m 2 ) + a 2 =0, x 2 + y 2 — 2by s J(l +m 2 ) + 6 2 ni 2 = 0; and 
deduce that the circles themselves will touch if a = ±mb. 

[O. and C.] 

26. Prove that if the line a: cos a+y sin a — p touches the circle 
(*—A) 2 + (y—fc) 2 = r 2 , then Ticosa+fcsina = p±r. Explain the 
reason for the double sign. 

27. Find the equation of the tangent to the circle 

(x—h) i -\-(y — k) i = a 2 
at the point (A+ 0 cos a, fc + asina). 
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28. Find the equations of the two tangents to the circle 
x iJ ry~ — 6x— 10i/—30 = 0 which make an angle of 60° with the 
x-axis. 

29. Prove that the two circles which touch the x-axis and cut 
the i/-axis at distances of a and b from the origin have as their 
equations x 1 + y i ±2,j(ab)x—(a + b)ypab = 0. 

30. Show that the circle x 2 -f-i/ 2 — 2ax— 2 ay-]-a 2 — 0 touches 
both axes of coordinates and find the coordinates of the points 
of contact. 

31. Prove that the equations of the tangents to the circle whose 
, equation is x i -\-y 2 -\-2gx-\-2fy-\-c = 0 parallel to the line joining 

the origin and its centre are 

fx-gy = ±J{(g 2 +P)(g 2 +P-c)}. 

32. Find the coordinates of the points of intersection of the 
circle x i + y 2 — 25 and the line, y = 2(x— 1). 

33. Prove that the product of the abscissae of the points in 
which the line y — mx cuts the circle x i + y 1 + 2gx + 2fy+c ~ 0 

18 1+m 2 ' 

34. Prove that if the line y — rnx + c cuts the circle x° + y~ = a 2 , 
and if the circle intercepts a length of 2b on it, then 

c 2 = (1 -\-vi-)(a- — b' 1 ). 

35. Write down the equation of the chord of a circle x 2 +i/ 2 = a 2 
joining two points whose radii make angles of 15° and 45° with 
the x-axis. 

36. Find the equation of the chord of the circle a; 2 + i/ 2 = 25 
which is bisected at the point (3,-2). 

37. PQ is a chord of the circle whose centre is at the origin O 
and radius 3. A is a fixed point on it. If LPOA — 120° and 
Z.POQ = 45°, what is the equation of PQ if OA is the ir-axis? 

38. If the tangents at (x lf yj, (x s , y 2 ) on the circle 

x* + y*+2gx + 2fy+c = 0 
are perpendicular, show that 

xi*t+yiyi+g(xi+Xi)+f(yi+y%)+g 2 +f 2 = °- 

39. Find the equation of the circle which passes through the 
points (4, 3), ( — 2, — 1) and has its centre on the line 3x—5 y = 8. 
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40. Find the equation of the two lines joining the origin to the 
points of intersection of the line 3 x—y — 2 and the circle 

£ a + 2/ 2 — 5x+8i/-|-8 = 0. 

41. Find the equation of the two lines joining the origin to the 

X 1/ 

points of intersection of the line - + ? = 1 with the circle 

a b 

x 2 -fy 2 = c 2 . 

42. A circle cuts off lengths 2a, 26 from the axes. Find the 
equation of the locus of its centre. 

43. If a circle passes through a fixed point and cuts off a con¬ 
stant length on a fixed straight line, find the locus of its centre. 

44. Find the angles at which the circle 

(x-3) 2 +<y-4) 2 = 36 

cuts the x-axis. 

45. The tangent to a given circle at any point P cuts the axes 
in L and M. Find the equation of tho locus of the middle point 
of LM. 

46. Find the equation of the tangent to tho circle x 2 +y 2 = a 2 
which intercepts a distanco l between the axes, in the positive 
quadrant. 

47. Prove that the lines y = ±xtana touch the circle 

y 2 cos 2 a — x 2 sin 2 a+(x —a) 2 = 0 
for all values of a. 

48. Show that tho locus of the point of intersection of perpendi¬ 
cular tangents to the circle x 2 + 1 / 2 = a 2 is the circle x 2 -\-y 2 — 2a 2 . 

49. Find the locus of the point of intersection of two perpendi¬ 
cular straight lines of which one touches the circle (x— a) 2 + ?/ 2 — 6 2 
and the other touches the circlo (x-\-a) 2 -\-y 2 = c 2 . 

50. Show that the polar of a point (h, k) with regard to any 
circle such as x 2 -\-y 2 — 2gx = 0, where g may vary, always passes 
through a fixed point. 

61. By transferring to parallel axes through the point (<?,/), find 
the equation of the polar of the point (h, k) with regard to the 
circle x 2 -\-y 2 -\-2gx + 2fy-\-c = 0. 

52. Write down the equation of the polar of the origin with 
regard to the circle x 2 +y 2 +2gx+2fy+c = 0. 
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53. Find the pole of the line 5x— 12y = 20 with regard to the 
circle (x—2 ) a + (2/—l) s = 13. 

64. Find the equation of the polar of the point (a + 6, a—b) with 
regard to the circle x l +y 2 -2ax—2by-\-c = 0. 

55. Prove that the area of the triangle formed by the two 
tangents to the circle x 2 + y 2 = a 2 from the point (h,k), and their 


chord of contact, is 


a(h 2 + k 2 -a 2 )l 
h 2 +k 2 


56. The ends of the base BC of a triangle ABC are the points 
(a, 0), (— a, 0); show that the locus of the orthocentre of the 
triangle is the circle whose equation is 

x i -\-y' i -\-2aycotA = a 1 . 

57. What is the locus of a point which moves so that its polar 
with regard to tho circle z 2 -f-y 2 = a 2 always passes through a fixed 
point (h , k) ? 

58. P is any point on the diameter AA ' of a circle of radius a 
and BB' is the diameter perpendicular to A A'. If the perpendi¬ 
cular from A to BP cuts the polar of P with regard to the circlo 
in Q, show that, referred to AOA', BOB’ as axes, tho locus of 
Q is xy — ax+a 2 = 0. 

59. The polar of a point P with regard to the circle x--\-y 2 = a 2 
is the line p, and the polar of Q is the line q. Show that the per¬ 
pendiculars from P to q and from Q to p are in the same ratio 
as the distances of P and Q from the centre of the circle. 

60. P and Q are two points on a diameter of a circle whose 
centre is O, such that OP = OQ. Find the locus of the points of 
intersection of the tangents to the circle from P and the polar 
of Q. 

61. A point moves so that the rectangle of its distances from 
the two sides of a right-angled isosceles triangle exceeds the square 
of its distance from the hypotenuse by one-eighth the square of 
the hypotenuse. Find its locus. 

62. Tangents are drawn from points on the circle x 2 + y 2 = 4a 2 
to the concentric circle a; 2 + y 2 = a 2 . Prove that their chords of 
contact touch the circle x 2 -f y 2 = {a 2 . 
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63. Find the equation of the circle which touches the circle 
x- 4 y 2 = 36 at the point (4, — 2-v'5) and is of radius 2. 

64. Two circles touch each other, and one touches the a-axis 
at the point (o, 0), the other touches the y-axis at the point (0,6). 
Find the locus of the point where they touch each other. 

65. Prove that the locus of the poles of the line lx-(-my = 0 

with regard to'circles of the system y 2 cos 2 a —a: 2 sin 2 a+(a; — a) 2 = 0 
is mxsm 2 ac-\-lycos 2 cc = 0. [O. and C.] 

66. Show that a circle can be inscribed in the quadrilateral 
whose sidos are 

x — 0, y — 0, x cos a.-\-y sin ot — p, xcosa' + ysina' = p', 
if p(l-fsina' + cosa') = p'(l-fsina+cosa). 

67. A circle is drawn through the three pomts (at 2 , 2 al x ), 
(a/®, 2a< 2 ), (at\, 2 at % ). Show that it passes through the origin if 

= 0. 

and in this ease find the coordinates of its centre. 

68. Find the equation of the circle which always touches the 
line whose equation is 

(x—a)cos6+(y—b)sin6 = r. 

11. Orthogonal circles 

Two circles are said to cut each other orthogonally, or to be 
orthogonal, when the tangents at their points of intersection 
are at right angles to each other. 



Suppose that A and B are the centres of two orthogonal 
circles and that C is one of their points of intersection. As 
the tangents at C to the two circles are perpendicular, so must 
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be their radii AC, BC, since each radius is perpendicular to 
its corresponding tangent. LA CB is a right angle. Hence 
AB 2 — AC 2 +CB 2 . 

To find the condition that two circles whose equations are 
x 2 +y 2 +2gx+2fy-{-c = 0 and x 2 +y 2 +2Gx-\-2Fy+C = 0 
should be orthogonal. 

If A and B are the centres of the circles and C a point where 
they intersect, we have AB 2 = AC 2 +BC 2 . 

Now A is the point (~g, —/) and B the point (-(?, —F). 
Also AC 2 = g 2 +/ 2 -c and BC 2 = G 2 -\-F 2 -C. 

( -g+G) 2 +(~f+F) 2 = g 2 +f 2 -c+G 2 +F 2 -C; 

whence 2Gg+2Ff—C—c = 0, 

which is the requisite condition for the two circles to be 
orthogonal. 

Note, as a particular case, that circles whose equations are 
of the form x 2 +t/ 2 + 2 ax+c = 0 and x 2 +y 2 +26y—c = 0 must 
always be orthogonal since the condition just proved is ob¬ 
viously satisfied by them. 


12. The length of a tangent from a point to a circle 

Let T be a point (h, k) and let the equation of the circle be 

t x 2 +y 2 +2gx J t- 2/y+c = 0. 

Draw a tangent TP to the circle. Let 
C be its centre and join CP, CT. 

Then TC 2 = CP 2 +TP 2 . 

The coordinates of C are (— g, —/). 

/. {h+g) 2 +{b+f ) 2 = g 2 +f 2 -c+TP 2 ; 
whence 

TP 2 = h 2 +k 2 +2gh+2fk+c. ^ ' 

We get, therefore, this very simple rule 
for calculating the square of the length 
of a tangent from a point to a circle, viz. (1) Arrange the 
equation with all its terms on the left-hand side; (2) substitute 
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in the terms of the expression on the left-hand side of the 
equation so arranged the coordinates of the point for x and y. 

The square of the length of either tangent from a point to 
a circle is sometimes referred to as the ‘ power of the point’ with 
regard to the circle. 

13. The radical axis 

The Radical Axis of two circles may be defined as the line 
joining their two points of intersection, real or imaginary. 
Consider two circles whose equations are 

x t +yH2g 1 x+2f 1 y+c l = 0 
and x 2 +y 2 +2g 2 x+2f 2 y+c 2 = 0. 

The coordinates of a point common to both, i.e. of a point 
where they intersect, must satisfy both of these equations. 

these coordinates must satisfy the equation obtained by 
subtracting, i.e. 

2(gi-g i )x+2(f 1 -f s ,)y+c 1 -c i = 0. 

This is the equation of a line going through the two points 
of intersection of the circles which, by definition, is their radical 
axis, for it is a linear equation and it is satisfied by the co¬ 
ordinates of each of the two points of intersection. 

Let (X, Y) be any point on the radical axis of the two circles. 

Then 2X(g 1 -g i )+2Y(f 1 —f 2 )+c 1 —c I = 0. (1) 

The square of the tangent from (X, Y) to the first circle is 
X*+Y*+2g 1 X+2f l Y+c 1 , 
and to the second circle 

X*+Y*+2g a X+2f a Y+c r 
The difference of these two expressions is 

2(s^i— g 2 )X J r 2(f 1 —f i )Y-\-c 1 — c 2 . 

But equation (1) states that this is zero. 

Hence the lengths of the tangents to two circles from any point 
on their radical axis are equal. 

4251 


I 
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The equation of the radical axis of the two circles is 
2(i7i / 2 )i/-)-c 1 —c 2 = 0 

and that of the line joining their centres is 

g+ft = y +Si 

-01+02 Sl+fi 

Also, the product of the gradients of these two lines being 
1 » it follows therefore that the radical axis of any two circles 
is always perpendicular to the line joining their centres. 

14. Coaxal circles 

Coaxal circles are those of which any pair have the same 
radical axis. 



Such a system of circles must therefore cut one another in 
the same two points, which may be real or may be imaginary. 
In the former case the system is called an intersecting one and, 
in the latter, a non-intersecting one. 
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The diagram above illustrates the two systems. In either, 
the line of centres of the circles must be perpendicular to the 
radical axis. That the centres all do lie on a line is clear from 
the fact that the line joining any two of them has been proved 
to be perpendicular to the radical axis. Thus, if A, B, and C 
are the centres of three coaxal circles, AB and AC are both 
perpendicular to the same line, the common radical axis. 

A, B, C are collinear. 

In dealing with coaxal circles the line of their centres is 
usually taken as the x-axis, and their common radical axis as 
the y-axis. The origin, where these two axes intersect, is some¬ 
times called the foot of the radical axis. 

The equation of any circle whose centre is on the z-axis can 
have no coefficient of the y term in it, because the ordinate of 
the centre is zero. 

Hence the equation of any circle of a coaxal system can be 
written x 2 +y 2 -2xx+8 2 = 0, 

where the axes of coordinates are the line of their centres and 
their common radical axis. In this equation k is the abscissa 
of the centre and will be different for each circle of the system. 

The tangent from the origin to any circle of this system is 
clearly of length VS 2 , as is seen when zero is substituted for x 
and y in the expression on the left-hand side of the equation 

x 2 +y z —2i<x+h 2 — 0. 

But, we know that the length of the tangent from any point 
on the radical axis to any circle of the coaxal system must be 
the same. 

Hence 8 2 will be a constant. 

If 8 2 is positive, the length of the tangent from the foot of 
the radical axis to any circle of the coaxal system is real. Thus 
the foot of the radical axis must be outside all the circles 
and the system is a non-intersecting one. . 

On the other hand, if S 2 is negative, the length of the tangent 
from the foot of the radical axis to any circle of the coaxal 
system is imaginary. In this case the foot of the radical axis 
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must lie within each of the circles of the system, which is 
accordingly an intersecting one. 

Consider S 2 as positive. Then, from what has just been said, 
the equation x 2 -)-y 2 —2 kx-\-& 2 = 0 represents for different 
values of k different circles of a non-intersecting coaxal 
system. 

The radius of any circle of the system is ^(k 2 — 8 2 ). So long 
as k does not lie between S and —8, this expression is real 
whether k be positive or negative. 

The circles become smaller as «■ approaches 8. When k = 4 8 
we get two circles of zero radius. These are point circles of the 
system and are known as the Limiting Points of it. 

They get this name because no circle of the coaxal system 
can have its centre between the limiting points (8,0) and 
(—8,0), and they are usually denoted as L and L‘. They are, 
we observe, the same distance from the origin as the length of 
the tangent drawn from the origin to any circle of the system. 

Interesting properties of the limiting points are the fol¬ 
lowing: 

(1) The polar of one limiting point (8,0) with regard to any 
circle of the coaxal system passes through the other limiting 
point (—8,0), and is perpendicular to the line of centres of the 
coaxal circles. 

The equation of any circle of the system being 
x 2 -f y 2 —2 kx+8 2 = 0, 

the equation of the polar of (8,0) with regard to this circle is 
xS-k(x-{- S)-j-8 2 = 0, 
i.e. (ar+S)(8— k) = 0. 

But k 8. x+S = 0 

is the equation of the polar of (8,0), and this is clearly a line 
through (—8,0) perpendicular t o the .r-axis, the line of centres 
of the coaxal circles. 

(2) If a system of coaxal circles be drawn through the two 
limiting points of a non-intersecting coaxal system, any circle 
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of the former system will cut all the circles of the latter system 
orthogonally. 

Let the equation of any circle of the non-intersecting coaxal 
system be x 2 +y 2 -2KX+h 2 = 0 . 

The equation of any circle passing through the limiting 
points and therefore having its centre on the y-axis will be 

x 2 -\-y 2 —2Xy—h 2 = 0, 

which is clearly satisfied by x = ± 8 , y = 0 , and also has the 
abscissa of its centre zero. 

The squares of the radii of these two circles are respectively 
k 3 —S 2 and A 2 +S 2 , of which the sum is k 2 +A 2 , i.e. the square 
of the distance between their centres, 
the two circles are orthogonal. 

(3) If PQ be a common tangent to a pair of circles of a non¬ 
intersecting coaxal system, then it will subtend a right angle 
at either of the limiting points of the system. 

Let two circles of the coaxal system have as their equations 

x 2 -\-y 2 — 2k 1 .-c-{-S 2 = 0 and x 2 +y 2 —2/c a a:+ 8 2 = 0. 

Let a common tangent to the two circles cut the radical axis 
in the point (0, y). 

The length of the tangents from the point (0, y) to either 
circle is -J(y 2 - f 8 2 ). This is also the distance between the two 
points ( 8 , 0 ), ( 0 , 7 }), or (- 8 , 0 ), ( 0 , y). 

a circle with centre at the point ( 0 , y) and radius V( 7 1 2 +^ 2 ) 
goes through the limiting points and the points P, Q. As PQ 
is a diameter of this circle, it follows that PQ subtends a right 
angle at either of the limiting points. 

15. The radical centre of three circles 

We shall prove that the radical axes of any three circles, 
taken in pairs, arc concurrent. The point where they meet is 
known as their Radical Centre. 

For convenience we may take the centre of one of the circles 
as origin and a pair of perpendicular diameters through it as 
axes of coordinates. 
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The equations of the three circles may then be taken as 


x 2 -\-y 2 = a 2 , 

(1) 

x 2 +y 2 +2g 1 x+2f 1 y+c 1 = 0, 

(2) 

x iJ ry 2 +2g 2 x+2f t y+c 2 = 0. 

(3) 


The radical axis of (1) and (2) found by subtraction is 
2g 1 x+2f 1 y+c x +a 2 = 0, 
and that of (1) and (3) is 

2g t x+2f. 1 y+c 2 +a 2 = 0. 

Where these two lines intersect we have by subtraction 

2(?i-fl' 2 ) a; + 2 (/i-/2)2/H- c i- c 2 = 0, 
which is the equation of the radical axis of the circles (2) 
and (3). 

Hence the radical axis of circles (2) and (3) passes through 
the point of intersection of the radical axes of circles (1) and 
(2) and of circles (1) and (3). 

Hence the three radical axes are concurrent. 

16. Centres of similitude 

Points on the line joining the centres of two circles which 
divide it internally and externally in the ratio of their radii 
are called the Centres of Similitude of the two circles. 

If T and T' be the centres of similitude of two circles, the 
circle on TT’ as diameter is called their Circle of Similitude. 
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Let a common tangent PQ to two circles whose centres are 
A and B meet the line AB or AB produced if necessary in T. 
Then it is clear from the diagram that 

TA : TB — AP : BQ = r x : r 2 , 

where r, and r 2 are the radii of the two circles. 

T is a centre of similitude. 

The centres of similitude of two circles are therefore the two 
points on the line of centres of the circles where common 
tangents to them meet. 


Let two circles, referred to their line of centres and radical 
axis as axes of coordinates, have as their equations 

a; 2-l_2 / 2_2/c 1 a;4-8 2 = 0 and a; 2 +y 2 —2K' 2 a:-|'S 2 = 0. 

Then the centres of the circles being the points (k v 0), (k 2 , 0), 
the coordinates of the centres of similitude are, by definition, 

!J^±^ 2 ,o\ and ( r »*i- r i*i )0 \, 

r 2+ r l I \ r 2 r l I 

r 1 and r 2 being the radii of the circles. 

The equation of the circle on the line joining the two centres 
of similitude as diameter is (Art. 3) 

(*-aicaaW = o, 

\ ’Vf-r, /\ r i ~r 1 / 

9 0 9 0 

= 0, 


i.e. 


x 2 -\-y 2 —2 


To ?*T Kn 




r \—rf r l—r\ 

But as 8 2 = k\—t\ = kS— r|, we have 

/ejr|—»c|rf = (rf+S 2 )r|—(»|+8 2 )rj = 8 2 (r|—rf). 

.'. the equation of the circle of similitude can be written 


x 2 +y 2 -2 


j — r\ K i 


a;+S 2 = 0, 


the form of which shows that it is coaxal with tie two given 
circles. 
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17. Equation of tangents to a circle 

Let (h, k) be any point outside the circle a: 2 + y 2 = a 2 . 

Also let (X , Y) be any other point. 

The coordinates of the point dividing the line joining (h, k), 
(X, Y) in the ratio p : q are 

pX+qh pY+qlc 

P+9 ’ P+9 

Substituting these coordinates in the equation of the circle, 
we S et (pX+qh) 2 +(pY+qk) 2 = (p+q) 2 a 2 , 
which may be written 

['^\{X 2 Y-Y 2 -a 2 )+2{ 1 ^\(Xh+Yk~a 2 )+li 2 +k 2 -a 2 = 0. 

\q) \q) 

(v\ 

The two values of I - obtained from this equation give the 

\q) 

two points at which the line joining the points (A’’, Y), (li, k) 
cuts the circle. 

V 

But if the two values of - are equal, this line becomes 

9 

a tangent to the circle. In this case 

(Xh+Yk-a 2 ) 2 = (X 2 +Y 2 -a 2 )(h 2 +k 2 -a 2 ) 

becomes the locus of the point (A, Y) when it lies on a tangent 
from the point (h, k) to the circle. Hence the equation of the 
tangents from (h, k) to the circle x 2 -\ y 2 = a 2 is 

(xh-fyk—a 2 ) 2 = (x 2 -fy 2 —a 2 )(h 2 -(-k 2 —a 2 ). 


The form of this equation should be noticed. 

(1) The left-hand side of it corresponds to the form of the 
equation of the polar of a point (h, k) with regard to the circle. 

(2) The first factor on the right-hand side of the equation 
corresponds to the form of the equation of the circle itself. 

(3) The second factor on the right-hand side of the equation 
corresponds to the form of the equation of the circle itself when 
h and k are substituted for x and y in it. 
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18. Equation of common tangents 

The method of obtaining equations of common tangents of 
two circles is: 

(1) Find the coordinates of the centres of similitude. 

(2) Find the equations of the tangents from these points to 
either of the circles. 

This method is illustrated by the following example. 

_ Take the two circles whose equations are 

x 2 -\-y 2 = 1 and x 2 -> r y 2 —2x—6y- s r 6 — 0. 

The radii of the circles are 1 and 2. 

The coordinates of their centres the points (0,0), (1,3). 

The coordinates of their centres of similitude the points 
(i,l), (-1,-3). 

The equation of the tangents from the point (J, 1) to the 
circle x 2 j-y 2 = 1 is 

i e. 4y 2 -j-3xy—3.v— 9y-f 5 = 0, 

or (4y+3x-5)(y— 1) = 0. 

Similarly, the equation of the tangents from the point 
(-1, -3) is (_ a ._ 3y _ I)2 = (**+y*-l)9, 

i.e. 4x 2 -3xy—z—3y—5 = 0, 

or (4r—3y—5)(.r+l) = 0. 

Hence the equation of the four common tangents of the 
two circles are x-\-l = 0, y— 1=0, 3.r+4y—5 = 0, and 
4x-3y-5 = 0. 

19. Polar equation of the circle 

Let O be the origin and OX the initial line. 

Let P be a point on a circle whose centre is C and radius a. 
Let LG OX = a and LPOX — 9. Also let OC = d. Then 

CP 2 = 0C 2 -\-0P 2 —20C.OPcos LPOC, * 
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a s d?-\-r 2 —2dr coa(0—a), 

which is the polar equation of a circle, and may be rewritten 
r 2 —2r.dcos(0—a)+d 2 —a 2 = 0. 



Special cases arise 

(1) When OC is taken as the initial line and a = 0. The 
equation then becomes 

r 2 — 2rdcos9 +d 2 —a 2 = 0. 

(2) If O is on the circumference of the circle, a = d, and the 

equation becomes _ rn<5 B 


When two points P and P' on a straight line through a fixed 
point 0 are so related that OP' = kOP, it is clear that P' will 
trace out a curve similar to that traced out by P. 

t' 

For instance, if r' = xr and we put — for r in the equation 

K 

of the circle r 2 — 2dr cos(0—<x)+d 2 — a 2 — 0, we get 
r' 2 —2/cdr' cos(0—a)+a 2 (d 2 — a 2 ) ~ 0, 

which is clearly the equation of a concentric circle whose centre 
is Kd distant from the origin and whose radius is xa. 

Again, if two points P and P' on a straight line through 
a fixed point O are so related that OP .OP' = /c 2 , where k is 
a constant, the curve traced out by P' is called the inverse of 
that traced out by P. 

To find the inverse of a circle whose centre is O and radius 
a with regard to a fixed point O, where OC — d. 
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Take 0 as the pole and OC as the initial line. 
The equation of the circle is then 

r 2 — 2rdcos0-f-d 2 — a- = 0. 


• • K m 

Putting in this r = — t , where r = OP and r' = OP ', we 
r 

have ** = r' 2 (a 2 -d 2 )+2*W cos 6, 

which, transferred to cartesian coordinates and taking O as 
origin, the initial line OC as a:-axis, and a line through 0 per¬ 
pendicular to OC as y- axis, becomes 


z 2 +!/ 2 - 


2 kH _ K 4 


0 . 


This is the equation of a circle whose centre lies on OC, the 

K-d 

a-axis, and at a distance along it of ~—- from O. The radius 


of the inverse circle is also 
* 4 d 2 


d 2 —a 2 


II k\1 2 k 4 \_ K 2 a 

V ((d 2 -« 2 ) 2 d 2 -a 2 ) ~ d 2 —a 2 


Had the point O been taken on the circumference of the 
given circle, so that d — a, the equation of the inverse would 
become 2ax ~ k 2 . 

That is to say, the inverse of a circle, with regard to a given 
point on its circumference, is the straight line perpendicular to 
the diameter through that point and passing through the point 
on that diameter which is the inverse of its other extremity 
with regard to the given point. 


20. Typical examples 

Ex. 1. Find the equation of the circle which cuts ortho¬ 
gonally the circle x 2 -\-y 2 — 6a;-f4y—3 = 0, passes through 
(3,0), and touches the axis of y. [0. and C.] 

Let the equation of the circle be x 2 +i/ 2 -f2gr£+2/j/+c = 0. 
The orthogonal condition gives —6^+4/+3—c = 0. 

Since x = 0 touches the circle, y 2 -\-2fy-\-c = 0 has equal 
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roots. / 2 = c. Again, (3,0) satisfies the equation of the 
circle. 9+6g+c = 0; whence / = g — —3 and c = 9. 
Hence the required equation is .r 2 ~f y 2 — 6.r—6y-|-9 = 0. 

Ex. 2. Prove that the lengths of the tangents from any 
point on the circle 15a: 2 +15y 2 —48.r+64J/ = 0 to the two 
cirdes 5z 2 +5y 2 -24a;+32?/+75 = 0 

and 5:c 2 -j-5y 2 —48.r+64y-t-300 — 0 

are in the ratio of the radii of the circles. [C.] 

The squares of the radii of the circles are 12 2 +16 2 —75 = 325 
and 24 2 +32 2 —300 = 1300. 

If (h,k) be a point on the first circle, the squares of the 
lengths of the tangents to the other two are in the ratio 

5(A 2 +fc 2 )-24A+32£+75 48A-64A-72A+96A+225 

5(h 2 +k 2 )— 48A+64y+300 — 48 h - (54/;-144 A + 192 k f 900 

since 15(A 2 +A 2 ) = 48A—64A. 

And this ratio becomes 

—24A+ 32A+225 _ 

-96A + 128A+900 ~ 

Hence the ratio of the tangents and of the radii is J. 

Ex. 3. Prove that the circles whose equations are given as 
z 2 +y 2 +8 = 2 K (x+y— 1) 

for various values of k form a coaxal system, and find the 
coordinates of the limiting points of the system, f J.] 

Transform to axes x-\-y— 1 = 0 and x—y = 0, i.e. put 
X = x-\-y— 1 and Y = x—y. 

Then X-\-Y = 2x— 1, X—Y = 2y —1, and the equation 

KppfiTYl pa 

(X+y+l) 2 +(A-r+l) 2 +32 = 8kX, 
i.e. (X+l) 2 +r 2 +16 = 4kX 

or Z 2 +F 2 -2A(2 k-1) + 17 = 0, 

which is of the form 


X 2 +Y 2 -2XX+n = 0 , 
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and therefore the system is a coaxal one with X = 0, i.e. 
x-\-y— 1 = 0, for its radical axis and Y — 0, i.e. x—y = 0, 
for its line of centres. 

The coordinates of the limiting points will be X = ±Vl7, 


Y = 0 . 


±Vl7+l 

x = -= y, 

2 J 


i.e. the coordinates of the limiting points referred to the 
original axes and origin are 

1-L-V17 1 i VI7 

9 ’ 9 

Ex. 4. Show that in the case of coaxal circles the lengths 
of the tangents from a point on one of them to any two others 
are in a constant ratio. 

Let the three coaxal circles be r 2 -f-y 2 —2/qr+S 2 = 0, 
a" s +y s —2 k 2 x+8 2 = 0, and x 2 -\-y 2 — 2/f 3 x+8 2 = 0, and let 
(a, /9) be a point on the first. 

Then * 2 +j9 2 -~2*- 1 * |5 2 = 0. 

The square of the length of the tangent from (a, jS) to the 
second circle is a 2 4-/3 2 — 2k 2 cx+8 2 = 2/c, a— 2k 2 <x — 2a(/c 1 — k 2 ). 

Similarly, the square of the length of the tangent from (a, ft) 
to the third circle is 2cc(k 1 —k 3 ). 

the lengths of the tangents are in the ratio 

V(*i — **) : V(* i—^s). 

which is independent of (a, f}) and therefore a constant ratio. 

Ex. 5. Show that if S stands for x*-\-y 2 -{-2gx-\-2fy-{-c and 
S' stands for x’ iJ r y-+2g'x- i r 2j'y-\-c', then S—XS' — 0 is the 
equation of a circle passing through the points common to 
S = 0 and S' = 0. 

S—XS' is the equation of a circle because the coefficients of 
x 2 and y 2 are both equal to 1—A and there is no xy term. 

Further, if the coordinates of any point satisfy $ = 0 and 
S' = 0, it is a point common to these circles, i.e. a point of 
their intersection. 

.'. the same coordinates must satisfy S—XS 1 = 0, i.e. the 
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circle S—XS' = 0 passes through the points of intersection of 
S = 0 and S' = 0. 

Ex. 6. If Q is a point on the polar of P with regard to a 
given circle, prove that the circle on PQ as diameter cuts the 
given circle orthogonally. 

Let the equation of the circle be x 2 +y 2 = a 2 . 

Let P be a point (h, k) and let Q be the point (H, K) on the 
polar of P. 

Then ( H,K ) satisfies the equation xh-\-yk = a 2 . 

Hh+Kk = a 2 . 

The equation of the circle on PQ as diameter is 
(x-h)(x-H)+(y—k)(y—K) = 0, 
i.e. x 2 -\-y 2 —x(h+H)—y(k-\-K)-\-Hli-\-Kk — 0, 

which is clearly orthogonal to x 2 +y 2 = a 2 , since this last equa¬ 
tion has no coefficients of the x and y terms and 

Hh + Kk-a 2 = 0. 

Ex. 7. Find the equation of the inscribed circle of the tri¬ 
angle whose sides have the equations 

4*+3 y = 1, —4x+3 y = 1, y = 3. [J.] 

Solving the equations, the three vertices arc the points 
(0, J), (2,3), (—2,3), the triangle is therefore isosceles, and the 
bisector of the angle at the vertex (0, J) is the y-axis x = 0. 
The bisector of the angle between the two lines —y -f 3 = 0, 
4x— 3y+l = 0 is the line 

5 

the minus sign being taken because the origin lies outside the 
angle. 

Where x — 0 and this line intersect we have y — 2. 

the inscribed centre is the point (0,2), and the radius of 
the circle is clearly 3—2 = 1. 

its equation is x 2 -\-(y— 2)* = 1, 

i.e. x 2 -\-y 2 — 4y+3 = 0. 
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Ex. 8. Two circles have their centres at the points (a, 0), 
(— a, 0) and the equations of their two external common tan¬ 
gents are x cos <x±y sin a = acos/J; prove that the equations 
of their internal common tangents are x cos f3±y sin ft — a cos a. 

[0. and C.] 


Let r x and r 2 be the radii of the circles. 

The perpendicular from the origin on the external tangent 



T ' 1 - r i + r 2 = 2a cos p. 


Let xcos0-f </sin0 = 



be the equation of an internal 


tangent. Then 2a cos 0 = r 2 +r 2 = 2o cos ft. 6 — 
And 2a cos a = r 2 — r v 

the equation of an internal tangent is 


x cos £+ 2 /sin/3 = a cos a 
and that of the other internal tangent must bo 


J 


x cos fi—y sin /3 = a cos a. 

Ex. 9. Prove that the tangent at the point 6 to the circle 


whose polar equation is r — dcos(0—a), where a < 


9< - + - 
4 2 


cuts the initial line at a distance of 


dcos 2 (0—a) 
cos(20—a) 


from the 


origin. [B,] 

In the diagram L POX = 6, OX being the initial line. The 
tangent at P cuts OX in T. C is the centre of the circle. 
OC, CP are joined. 
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LOPT = Z.CPT+ACPO = 90°-)-fl —a since 

ACPO = LOOP. 

LOTP = 180° -LOPT-LPOT = 9O°-(20-a). 
OT _ BinZ-OPT _ sin(9O°+0—<*) cos (9—a) 

OP sin /.OTP sin(90°—20+a) cos(2 8—a)' 



But OP = d cos(0—a), where d is the diameter of the circle. 

• OT = dcOH ' { - d ~ a ) 
cos(2 9—a) 


it 


For the tangent at P to be between H and K in the figure 
is clear that a < 0 < 

2\2 ' ) 


Ex. 10. Circles are drawn with their centres on the positive 
part of the x-axis, so as to touch the circle x 2 -\-y 2 = a 2 ex¬ 
ternally. Prove that the locus of the point of contact of such 
a circle with a common tangent to it and the circle = a 3 

is the cubic curve whose equation is 


y 2 (3a— x) = (x—a) 3 . [0.] 

Let the common tangent touch one circle of the system in 
P and the circle x 2 -\-y 2 = a 2 in Q. Let C be the centre of the 
variable circle. Join CP and OQ. From C draw CR parallel 
to the common tangent to meet OQ in R. 

Let P be the point (X, Y), and suppose that 


xcosfl+ysin# = a 


is a tangent also to the variable circle, of radius r suppose. 
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Then X = a+r+r cos 0, Y — rain 9. 
Also (a-\-r)coa6 = OR = a—r. 

. (X-af (1 +cos BY ^0 

- =COt 2' 

and (X — a) = r(l-|-cos5) = a(l — cos#) = 2asin 2 


B 

2 * 


• (*- a ) 2 
Y 2 


cosec 2 — 1 
2 


2 a j _ 3 a—X 
X-a~ ~ X-a ’ 


(X-a) 3 - F 2 (3a-X) 

is the equation of the locus of the point of contact required. 

Ex. 11. A triangle is formed by the axis of x and two per¬ 
pendicular tangents to the circle x 2 -\-y 2 = a 2 . Find the equa¬ 
tion to the locus of its nine-point centre. [L.] 


T 



As in the diagram, let TL, TM be two perpendicular tan¬ 
gents to the circle x 2 -\-y 2 — a 2 whose equations are 

x cos 6 -f- y sin 9 = a, — xsin0 + ycoa9 = a, 

and let them cut the x-axis in L and M. Let C be the middle 
point of LM. 

Then the nine-point centre is N, the middle point of CT, 
the line joining the circum- and ortho-centres of the triangle 

TLM. 

Now 2 OC = OL—OM — a sec 9—a cosec 9. 

And the coordinates of T are a(cos sin 6), a(eos#+sin 9). 

4251 


K 
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Hence, if ( X, 7) be the coordinates of N, 

X = Jc os 8-sin 8 + ^±r. cosec6 ) 

\ 2 j 

= Ja(cos 8 — sin 8)1 1 


Y — £a(cos0 + sin$). 
4 7 2 

-= (cos 6 + sin 8) 2 = 

a 2 

1 


1- 


sin20 


l+sin20. 

_ 2(a 2 —2J’ 2 ) 
a 2 -4P ‘ 


1 


sin 2 8 ’ 


■ x a2 ~ 4Y2 

" a 2 -27 2 


a(cos 8 — sin 8) 


and 

Squaring and adding 

X 2 (a 2 -47 2 ) 2 
(a 2 —27 2 ) 2 


27 = a(cos 8 -f sin 8). 


+ 47 2 = 2a 2 . 


the equation of the required locus is 

X 2 (a 2 —47 2 ) 2 = 2(a 2 —27 2 ) 3 . 

s/ Ex. 12. Show that the common chord of two equal circles, 
one from the system x 2 -\-y 2 — 2kz+S 2 = 0 and the other from 
the system x 2 -\-y 2 —2Xy— S 2 = 0, touches the curve whose 
equation is 2 (x 2 —y 2 ) = S 2 . 

The circles are equal. k 2 —S 2 = A 2 +8 2 . 

The equation of their radical axis, found by subtraction of 
the terms of the two equations, is 

Kx—Xy = S 2 . 

.'. (kx—8 2 ) 2 = A 2 y 2 = (K 2 -28 2 )y 2 . 

K 2 (x 2 -y 2 )—2Kx8 2 -\-8 iJ t-28 2 y 2 = 0 . 

We now have to express the condition that this equation in 
k should have equal roots, which is that 

a; 2 8 4 = (x 2 -y 2 ){8*+28 2 y 2 ), 
which reduces to 2 (x 2 —y 2 ) = 8 2 . 
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And this is the equation of a curve which will always be 
touched by the common chord of the two circles, one from 
each system. 


EXAMPLES 9 

1. Find the equations of the tangents to the following circles 
and also their lengths: 

(1) x 2 + y 2 = 9 from the point ( — 6, —7). 

(2) x 2 -\-y 2 — 2 kx -\-& 2 = 0 from the point (0,A). 

(3) x 2 -\-y 2 — 4x — 6y + 3 = 0 from the point ( — 5,8). 

(4) x 2 y 2 4x — 6y — 51 = 0 from the point (9,11). 

2. If the circle x 2 -\-y 2 +\x-\-3y — 5 = 0 cuts the circle 

x 2 +y 2 +Sx+\y + 7 = 0 

orthogonally, find A. 

3. Show that tho circles x 2 -\- y 2 — 2ax — 2by + c 2 = 0 and 
x 2 + y 2 — c 2 cut orthogonally. 

4. If the circles x 2 + y 2 +2 ax -f 2by = 0 and x 2 +y 2 + 2 cx -\-2dy = 0 
arc orthogonal, show that ac + bd = 0. Also that if a — 0, then 
d = 0. 

5. Find the equation of the circle which cuts the circles 
x 2 + y 2 = a 2 and (x~b) 2 + y- = a 2 orthogonally and passes through 
the point ( b, b). 

6. Find the locus of the centre of the circle which cuts two 
given circles orthogonally. 

7. Find the equation of the circle through the point (1, —2) 
which cuts orthogonally tho circles x 2 +y 2 — 5x— 3y+6 = 0 and 
x 2j ry 2 + 7x—y — 3 = 0. 

8. Find the radius of the circle whose centre is the point 
( — 4, —3) which cuts orthogonally the circle (x— 3) 2 +(y — 7) 2 = 5. 

9. Show that the two circles which pass through the points 
(0,3), (0,-3) and touch the line y -- V7a:+9 cut each other 
orthogonally. 

10. Find the equation of the circle which cuts orthogonally 
the three circles whose equations are x 2 -\-y 3 —7x+8y + 3 = 0, 
x 2 +y 2 —4x—3y—S — 0, and x 2 -\-y 2 —x—2y J r ll = 0. 
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11. Show that any circle with its centre on the y-axis will cut 
orthogonally the circles 

x*+y* + Zgx+c = 0, x*+y* + 2g'x + c =f= 0. 

12. Show that the circles 

x i +y z +ax+by J ri = 0 and x 2 +y 2 +^x + £y + £ = 0 
are orthogonal for any values of a and b. 

13. Show that the lengths of the tangents from the point (6,4) 
to the circles x 2 +y 2 —4x —7 y 4-6 = 0 and x 2 4-y 2 4-3x — 14y — 1 = 0 
are equal. What do you infer as to the position of the point ? 

14. What is the equation of the radical axis of the circles 
2x 2 +2y 2 -4x-7y+ll = 0 and 3x 2 +3y 2 — 7x-9y+7£ = 0? Also 
find the coordinates of the foot of the radical axis. 

15. Show that the circles x 2 4-y 2 — if(x + y) + S 2 = 0 represent a 
coaxal system for various values of k. 

16. Find the equation of the circle which passes through the 
point (16,18) and through the points of intersection of the circles 
x*+y 2 ~5x— 2y+8 — 0, x ! +y*—3x— y+6 = 0. 

17. What are the limiting points of the circles whose equations 
are (x+4) 2 +y 2 = 7, (x-8) 2 +y 2 = 55T 

18. Find the equations of the circles coaxal with the circles 
x 2 -fy 2 — 6x— 1 = 0 and x 2 + y 2 —9x—1 = 0 which touch the 
line x+ V3 y — 2 = 0. 

19. What is the equation of the circle through the origin coaxal 
with the two circles 

**+y 2 —7x~5y—44 — 0 and x 2 -(-y 2 +4aT—9y—11 = Of 

20. Find the equations of the circles coaxal with the system 
x t +y t ~ 2kx+B 2 = 0 which touch the line 3x+4 y = 58. 

21. If a system of circles are such that a given point has the 
same polar with regard to any one of them, show that they are 
coaxal and find the equation of their radical axis. 

22. Show that the point of intersection of the polars of a point 
on the radical axis of the circles x 2 +y 2 — 2xa:+S 2 = 0 and 
x t +y t —2KX-\- 8' 2 = 0 lies on their radical axis. 
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23. Find the locus of the middle points of chords through the 
foot of the radical axis of a coaxal system of circles which intercept 
a constant length l on linos drawn through this point. 

24. Find the locus of the points of contact of parallel tangents 
to circles of a coaxal system. 

25. Show that the polar of a point (h, k) with regard to any one 
of a coaxal system of circles whose equation is a ; 2 + y 2 — 2 kx + 8 2 = 0 

( / i 2_ §2\ 

— ^— j- 


26. Two circles intersect in points A and B. A line through A 
meets one circle at P, and a parallel line through B meets the 
other circle at Q. Show that the locus of the middle point of PQ 
is a circle. 


27. Find the oquation of the circle through the points of inter¬ 
section of the circles 

x 2 -f-y 2 — 2/cx+ 8 2 = 0 and x 2 -)-y 2 —2Xy — S 2 = 0 
which has its centre on the line y — x. 

28. Show that the circle through the points of intersection of 
the circles a; 2 + y 2 — 2kx' + S 2 = 0 and x 2 -\-y 2 — 2\y— 8 2 = 0 and the 
origm passes through the centres of the two circles. 

29. Find the coordinates of the centres of similitude of the 
circles whose equations are: (1) (x — 3) 2 -|-(i/ + 4) 2 = 25 and 
x 2 +y 2 = 16; (2) x 2 -f- y 2 — 2kx + 8 2 = 0 and x 2 + y 2 — 2\y — S 2 = 0. 

30. Find the equations of the common tangents to the circles 
x 2 +y 2 = 16 and (*—6) 2 +(y—6) 2 = 1. 

31. Show that the circle of similitude of the two circles 
x 2 -\-y 2 = 16 and (x— 5) 2 -f (y— 6) 2 = 1 is coaxal with them. 

32. Prove that the equation of the real common tangents to 
the circles x 2 -\-y 2 - - 2ax and x 2 -\-y 2 = 2by is 

2ah(x 2 -\-y 2 — 2ax) — (by-ax-\-ab) 2 . 

33. Find the locus of a point such that the tangents from it to 
x' z +y 2 = 3 and x 2 +y 2 = 3a:+6 are of lengths whose ratio is 2 : 3. 

34. Show that the equation of the tangents from the origin to 
the circle (x— 3) 2 -f (y+4) 2 = 36 is (3y+4a;) 2 = 36 (x 2 +y 2 ). 

36. Show that the tangents from the origin to the circle 
(x—a) ! + (y—/3) 2 = r s touch the circle (x— Aa) 2 +(y—A/S) 2 = AV*. 
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36. Tangents drawn from the point (h,k) to the circle = a a 

make angles of a and with the r-axis. Prove that 

Vhb w _ r ,2 

(1) tana+tan/J = (2) tanatan/J = 

37. A variable circle cuts two given circles at constant angles 
a and /8. If r t and r a are their radii and d the distance between 
their centres, prove that the circle cuts the radical axis of the two 
given circles at an angle 9, where d cos 6 — iq cos a—r 2 cos /?. 

Deduce that the length of the perpendicular from the centre of 
the variable circle on the radical axis of the given circles varies 
as it® radius. 

38. Find the equation of the chord joining the points 

(2acosa,a), (2acosj9,/j) 
on the circle whose polar equation is r = 2a cos 9. 

39. Show that, for all values of oc, the straight line 

rcos(9—<x) = pcosa+a 

is a tangent to the circle r 2 ~~2rpcos9+p*—a- — 0. 

40. Find the polar coordinates of the points of intersection of 
the line r cos 6 = a and the circle r — 2a cos 9. 

41. Show that the equation r = 2a cos 0+26 sm 9 represents a 
circle and find the length of its radius. 

42. Find the condition that the line - = a cos 9 + 6 sin 9 may 
touch the circle r = 2c cos 9. 

43. Show that the circles r = 2acos(#— a) and r — 26cos(0—/?) 
intersect at an angle of a— ft. 

44. Prove that the diameter of the circle passing through the 
pole and the pomts (r,, 0 X ), (r s , 9 t ) is of length 

V(»i + r? i -2r 1 r 2 cos{9 1 —9 i )}lsm(9 x —9 i ). 

45. Two circles intersect in a point 0, and a line through 0 cuts 
them in P and Q respectively. Find (1) the locus of the middle 
point of PQ, (2) the locus of a point which divides PQ in the 
ratio A:l. 

46. O is a fixed point and P moves on a fixed circle. Find the 
locus of a point Q which divides OP in the ratio k : l. 
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47. Find the radical axis of the circles whose equations are 
(x—a) 2 +(y—b) 2 = c 2 and (x—b) 1 +(y— a) 2 = c 2 , and determine c, 
if the circles touch each other. 

48. The polars of a point P with respect to two circles meet 
in C. Prove that their radical axis bisects PC. 

49. If tangents TP, TQ be drawn to two circles from a point 
T, and TM be drawn perpendicular to the radical axis, show that 
TP 2 — TQ 2 = kTM, where k is a constant. 

50. One vertex of a rectangle is a fixed point ( h , k), two other 
vertices he on a fixed circle a; 2 -|-i/ 2 = a-; show that the locus of 
the other vertex is the circlo x 2 -\-y 2 — 2a- — h 2 — k 2 . 

51. Two points A and Bon a circle subtend a right angle at 
a fixed point O. Find (1) the locus of the middle pomt of AB, 
(2) the locus of the pole of AB with regard to tho fixed circle. 

52. Find the coordinates of the polo of the radical axis with 
regard to any one of the system of circles whose equation is 
x 2 +y i —2KX+S' 2 — 0 . 

53. Find the equation of the tangents from the origin to the 
circle whose equation is x 2 -\-y 2 +2gx + 2fy-\-c = 0. Hence show 
that if these tangents are perpendicular to each other the locus 
of the centres of tho circles obtained by varying g and / would 
be x 2 -\-y 2 = 2c. 

54. Show that the points of contact of the external common 
tangents of the two circles (x—a^ + y 1 — r\ and (x-\-a) 2 -{-y 2 = r% 
lie on the circle whose equation is x--\-y 2 = o*+f 1 r s . [O. and C.] 

55. Show that the locus of the point of intersection of two 
tangents to a circle which contain a constant angle is a concentric 
circle. 

56. The radii of two circles are a and b, and the distance between 
their centres is ^{2(a 2 + 6 2 )}; prove that a common tangent to the 
circles subtends a right angle at the point which bisects the dis¬ 
tance between their centres. 

67. If two circles of a coaxal system touch each other, prove 
that the product of their radii is constant. 
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58. From any point on a given circle tangents are drawn to 
another giVen circle. Prove that the locus of the middle points 
of the chords of contact is a circle. 

59. ABC is a triangle whose orthocentre is H; prove that the 
circles on AH and BC as diameters cut orthogonally. 

60. Prove that the nine-point circle of the triangle whose ver¬ 
tices are the points ( 2 b,(2c,~j passes through the 

origin. 


Formulae of Chapter IV for reference 

1. In the general equation of the circle x 2 -> r y 2 -\2gx \-2fy-\-c = 0: 

Coordinates of centre ( — g, — f). 

Radius V(6 2 +f 2— c). 

2. Equation of circle on the line joining (x v y^, (x s , y,) as dia¬ 

meter: (x-*i)(x-x*)+ (y- yi )(y-y 2 ) = o. 

3. Equation of chord joining points 6, <f>: 

6+cp , 0 + <p 0—q> 

xcos- - 4-ysin—= acos~. 
« 2 2 


4. 




Forms of the tangent equations: xx'+yy' = a 2 . 

xcosO+ysinO = a. 
, y = mxiaVCl+m 1 ). 

; xx'+yy'-f g(x+x')+f(y+y')+c = 0. 

.* XV 

Equations of the normal: y = xtanO; —, = — 


6. Equations of the polar of (h,k): xh-f-yk = a 2 . 

xk+yk+g(x+h)+f(y+k)+c = 0. 


7. Orthogonal condition: 2Gg+2Ff—C—c = 0. 

8. Length of tangent from (h, k): ^/(h 2 -f k 2 —-a 2 ). 

V(h 2 +k 2 +2gh+2fk+c). 

9. Standard equation of coaxal circles: x 2 +y 2 —2xx4-& 2 = 0. 

10. Coordinates of limiting points: ±8,0. 

11. Equation of tangents from (h,k): 

(xh-fyk—a 2 ) 2 = (x 2 +y 2 —a*)(h*+k*—a*). 
^32. Polar equation of a circle: r = 2a cos0. 
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THE PARABOLA 
1. Equation of the parabola 

As pointed out in the Introduction, if a plane is drawn parallel 
to a generator of a cone, the curve of its intersection with the 
conical surface is a Parabola. 

A Parabola is defined as the locus of a point which moves 
so that its distance from a fixed point, called the Focus, is 
equal to its perpendicular distance from a fixed straight line 
called the Directrix. 

To find the equation of a parabola. 



Let S he the focus of a parabola and HK its directrix. From 
S draw SX perpendicular to the directrix HK. Bisect SX at 
A. Let SA = AX = a. 

Then, since the point A satisfies the condition of the locus, 
it is a point on the parabola* 

Take any other point P which satisfies the condition of the 
locus. Draw PM perpendicular to the directrix HK and PN 
perpendicular to XS or XS produced. 
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Take the line XASN as x-axis and a line through A per¬ 
pendicular to it as y-axis. 

Let the coordinates of P with regard to these axes be (x, y). 

Then by definition SP = PM 
and PM = NX. SP 2 = NX 2 . 

PN 2 = SP 2 ~SN 2 = NX 2 —SN 2 = (NX-SN)(NX+SN) 
= SX.2AN = 4AX. AN. 

y 2 — 4ax. 

And this is the equation of the parabola referred to the axes 
selected. 

In writing out work, for brevity, the symbol (, is often 
written for ‘parabola’, just as O is for circle. 

The point A midway between the focus and the directrix is 
called the Vertex of the parabola. 

The line through the vertex and focus of the parabola, which 
is perpendicular to the directrix, is called the Axis of the 
parabola. 

We observe that, if in the equation y 2 = 4ax, — y is sub¬ 
stituted for y, the form of the equation is unchanged. Hence 
the parabola is symmetrical with regard to the x-axis which 
is the axis of the curve. 

Further, unless x be positive, there can be no real value of 
y. This indicates that no part of the curve lies to the left of 
the y-axis. 

Lastly, there is no limit to the positive value of x, and there¬ 
fore none to that of y. Hence the curve goes off to infinity 
in two directions, one branch of it being above and the other 
below its axis. 

If through the focus 8 a line LSL' be drawn perpendicular 
to the axis and meeting the parabola in L and L', this line 
LSL' is called the Latus Rectum of the parabola and LS or 
SL' the semi-latus rectum. 

Draw LR perpendicular to the directrix. 
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Then, by definition, SL = LR 

= SX 

— 2a. 

4 a is the length of the latus rectum of the parabola whose 
equation is y 2 = 4 ax. 

•' 2. The general equation of a parabola 

Suppose that (x,y) are the coordinates of any point on a 
parabola whose focus is the point ( h , k) and directrix the line 
whose equation is x cos a+y sin a = p. 

Then the square of the distance of ( x , y) from the focus 

(x-h) 2 +(y-k) 2 . 

And the square of the length of the perpendicular from (x, y) 
on the directrix whose equation is zcosa+ysina = p is 

(a: cos a -f- y sin a—p) 2 . 

But, by definition, these are equal. 

(x—h) 2 -{-(y—k) 2 — (xcosa-j- ysina—p) 2 , 
i.e. 

a: 2 sin 2 a—2a - ysinacosa+y 2 cos 2 a— 2xh—2yk+h 2 -{-k 2 — p 2 = 0, 
which, as h, k, and p are constants, can also be written 
(xsina — y cosa) 2 d-2gx-f 2/y+c = 0. 

From which the following characteristics should be noted: 

(1) The. terms of second degree in x and y form a perfect square. 

(2) The second-degree terms in x and y are the square of 
a linear expression which, equated to zero, represents a line 
through the origin perpendicular to the directrix 

x cos a. + ysina—p = 0, 

and therefore parallel to the axis of the parabola. 

Conversely, if in the general equation the terms of the second 
degree in x and y form a perfect square, we know that the 
equation represents a parabola. 
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The general equation of a parabola is usually written 
(ax+by) 2 +2gx+2fy+c = 0. 

3. Parametric coordinates 

The values x = at 2 , y = 2 at clearly satisfy the equation of 
the parabola y 2 = 4ax, no matter what value t may have. 

These are, then. Parametric Coordinates of any point on this 
parabola, t is the Parameter, i.e. the single variable in terms 
of which the coordinates can be both expressed. For brevity, 
we shall speak of ‘a point t on a parabola’ to indicate that 
point on it whose coordinates are (at 2 ,2at). 

4. Equations of a chord and tangent 

Let P, Q be two points t and V on a parabola whose equation 
is y 2 = 4 ax. 

The equation of the chord PQ is 

x—at 2 _ y—2at 
at 2 —at' 2 2at—2at' 

As t ^ t', this becomes 

2 (x—at 2 ) = (t-\-t')(y—2at), 
which can be written 

x — itly-fatt' = 0. v 7 

To obtain the equation of the tangent at P, we imagine Q 
to move up to P, i.e. algebraically we put t' = t, and get the 
equation x-ty+at 2 = 0, 

which is the equation of the tangent at the point t. 

The vertex A of the parabola is the point (0,0), i.e. at A 
t = 0. the equation of the tangent at the vertex is x = 0, i.e. 
it is the y-axis and perpendicular to the axis of the parabola. 

Suppose that the coordinates of P and Q instead of being 
parametrical were ( x’, y'), (x", y"). 
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Then the equation of PQ is 

y—y' _ x—x’ _ x—x' 

y'-y" ~ x'-x" ~ VTIyH' 
4 a 4 a 


nee y" 1 — 4 ax' and y" 2 = 4ax". 

So the equation becomes, as y' -j- >/, 


4 a 


x—x = x — - 


. v ?jW + vY = o. 

J 4a 4a 


The tangent at the point ( x', y'), obtained by putting y' = y" 
in this equation, is 

yy' = -a 

or yy' = 2a(x+x'). 

The equation of the tangent at the point (x’ ,y) to the para¬ 
bola y 2 = 4aa; may also be obtained very simply by the use 
of the calculus, if the student is familiar with this. Thus, 
differentiating the equation y 2 = 4ax with regard to x, we have 

2y— = 4a, whence ^ = 
dx dx y 

The equation of the tangent at (x',y‘) is accordingly 

, 2a. 

y-y = — (*-*). 

y 

i.e. yy' = 2ax+y' 2 —2ax' = 2ax-\-2ax' 

= 2a(*+a:'). 

Both forms of the equation of the tangent, parametric and 
cartesian, are useful. Nevertheless parametric coordinates are 
ordinarily to be preferred, involving, as they do, only a single 
variable as against two in the case of cartesians. More especi¬ 
ally is this the case where, in finding the equation of a locus, 
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the process involves the elimination of only one variable when 
parametric coordinates are employed. 

5. Equation of the normal 

To find the equation of the normal to a parabola whose 
equation is y 2 = 4 ax at the point t, all that is necessary is 
to find the equation of the line through the point whose 
coordinates are (at 2 , 2 at) perpendicular to the tangent whose 
equation is x—ty-\-at 2 = 0. 

The required equation is clearly 

tx-\-y = t(at 2 )-\-2at, 

i.e. tx+y = at s +2at. 

Similarly, the equation of a line through (x' t y') perpendicu¬ 
lar to the tangent whose equation is yy' = 2 a(x-\-x') is 

xy'+2ay = x'y'+2ay' 

or y'(x—x')+2a(y—y') = 0. 

6. Two tangents to a parabola 

The equation of the tangent at any point t on the parahola 
y 2 - 4ax can be written at 2 —ty+x = 0. 

Suppose that this passes through a fixed point (h, k), then 

at 2 — tk-\-h = 0, 

which is a quadratic in t. Suppose that its roots are t t and t 2 . 
Then it follows that for any fixed point ( h, k) there will be two 
tangents passing through it which wall touch the parabola at 
the points t 1 and t 2 . These tangents will be real if and t 2 
are, i.e. if k 2 > 4 ah. In this case (h,k) must lie outside the 
parabola. 

They will be coincident if k 2 = 4 ah, i.e. if (h, k) lies on the 
parabola. 

They will be imaginary if k 2 < 4 ah, i.e. if (h, k) lies within 
the parabola. 
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Here it may also be observed that ~ and t x t t = -. 

a cl 

Hence the point where the tangents at two points t ± and t 2 
meet has for its coordinates at 1 t 2 and a(t 1 -j-t 2 ). 


7. The tangential equation of a parabola 

To find the tangential equation is equivalent to finding the 
condition that the line lx-\-my-\-n = 0 should touch the para¬ 
bola whose equation is y 2 = 4 ax. 

Identify lx\my~-n = 0 with the equation of the tangent 
at any point t, viz. with x—ty^-afi = 0. We then have 

1 t at 2 

l m n 


i.e. 


w . 2 _ w 
~¥~ ~ la 

art■? = In. 


Identifying the fine whose equation is y = mx-\-c with the 
equation of the tangent at any point t, viz. with x—ty-^af — 0 

X 

or y — - + at, we have 

m = - and c = at = —. 
t m 


the line y = mx + — is a tangent to the parabola y l = 4mx 

> m 

for any vfc^ue of m. 

• f 

8. and polar with regard to a parabola 

The point bf intersection of two tangents to a parabola is 
called the Pole of the line which joins their points of contact, 
and this chord is called the Polar of the point, with regard to 
the parabola. 

As explained in the case of the circle, if the point be within 
the parabola the tangents are imaginary and so accordingly 



144 


THE PARABOLA 

are their points of contact; nevertheless the polar of the 
point is always a real line. Its equation can be obtained as 
follows: 

It has been proved that the tangents to a parabola at two 
points t v t 2 meet in a point whose coordinates are at l t v 

Suppose this is the point (h, k), where 

h = a<i< 4 and k = a{t t -\-t 2 ). 

The polar of the point is, by definition, the chord joining 
the points t v t 2 whose equation is 

x ~ tl Y ? y+ at i h = o, 
k 

i.e. x——y-\-h = 0 

2a ______ 

or ^ yk — 2a(x-\-h). y 

This equation, we note, is the same in form as that of the 
tangent to the parabola, and if (h, k) were on the parabola it 
would be the equation of the tangent at this point on it. 

Hence the polar of a point (h,k) is always a real line, since 
its equation contains only real quantities, and the polar of 
a point on the parabola is the tangent at that point. 

As in the case of the circle, it can be proved that if the 
polar of a point ( h , k) with regard to a parabola whose equation 
is y 2 — 4aa; passes through another fixed point (//, K), then 
the polar of (H, K ) will pass through (h, k). 

The proof is briefly as follows: 

The polar of (h, k) with regard to the parabola is 

yk = 2 a(x-\-h). 

If this passes through the point ( H,K ), then Kk = 2 a(H-{-h). 
But the polar of (H, K) is yK = 2a(x-\-H). 

The last two equations show that x = h, y — k satisfies the 
equation of the polar of ( H, K), i.e. the polar of ( H,K) passes 
through the point (h, k). 
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In the above diagram S is the focus of a parabola, XS is 
its axis, and XM its directrix. 

P is any point t on the parabola. Through P is drawn PN 
perpendicular to the axis and PM perpendicular to the 
directrix. MP is produced to M'■ 

LSL' is the latus rectum. PSQ is a focal chord. The 
tangents at P and Q meet in R. 

The tangent and normal at P meet the axis in T and 0 
respectively. The tangent at the vertex A meets PT in Y. 

Qm is drawn perpendicular to the directrix. 

Join SY, YM. 

We shall now proceed to prove several important theorems 
connected with the parabola whose equation is y 2 = 4ax re¬ 
ferred to its axis and the tangent at its vertex as axes of 
coordinates. They will be numbered in brackets as we proceed. 
(1) AT = AN. 

The tangent at P, the point t, is x—ty+at 2 = 0. 

4281 T 
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Where this cuts y = 0, we have x = —at 2 . 

A T and AN are both of length at 2 and so equal. 

NT is often called the Subtangent of the point P, and its 
length, as just proved, is 2 at 2 . 

(2) SP = ST and ASPT = ASTP. 

From the diagram 

SP = PM = NX = AX+AN = a+at 2 
and ST = SA-\-AT = a-f-at 2 ; 
whence SP = ST and ASPT = ASTP. 


(3) PT bisects ASPM and PG bisects ASPM’. 

From the diagram 

AMPT = alternate ASTP 
— ASPT from (2). 

PT bisects AS PM. 

Also the normal PG, being perpendicular to PT, must bisect 
the exterior ASPM’. 


(4) The tangents at the extremities of a focal chord meet 
at right angles on the directrix. 

Let PQ be the focal chord, P the point t, Q the point f. 
The equation of PQ is x—\(t-\-t')y-{-att' — 0. 

Since this passes through S the point (a, 0), we have 

a-f-aW' = 0. t' --. 

t 


Now the tangents at the points t and t' meet at a point 
whose abscissa is att' = — a. 

R the point where the tangents at P and Q meet is on 
the directrix. 

Also, the gradients of the tangents at t and l' having their 


product -. equal to — 1 are perpendicular. 
t t 


Hence the tan¬ 


gents at P and Q meet at right angles at a point R on the 
directrix of the parabola. 
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(5) To prove that RS is perpendicular to PQ. 

As in (4), R is the point — a,a(t — and S the point (a,0). 


the equation of RS is 


x+a 


_^H) 


-a-a / 1\ ’ 

T~) 

of which line the gradient is — — j j. 

But the gradient of PQ, the line x——a = 0, i 


t- 1 - 

t 


the product of the gradients of RS and PQ is — 1. 
RS is perpendicular to PQ. 


(6) To show that S, F, and M are collinear, that PY — YT, 
that SY = YM, and that SY is perpendicular to PT. 

Where the tangent at P, x—ty+at 2 = 0, cuts the tangent 
at the vertex x = 0, we have y = at. 


AY = \PN and 


AY 

AS 


PN _ M X 
2AS _ XS' 


S, Y, and M are colhnear. 

Again, as AY — \PX and AY and PN are parallel, 


/. PY = YT. 


In the triangles SPY, MPY, SP = PM, PY is common, 
and L SPY = LMPY. SY = YM. 

Also, YSYP — LNYP and each is a right angle. 

SY is perpendicular to PT. 

Hence, the foot of the perpendicular from the focus on any 
tangent always lies on the tangent at the vertex. 
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(7) To show that SY 2 = SA. SP. 


SY 

SP 


= sin ASPT = sin A STY = cos AASY = 


SA 

SY' 


SY 2 = SA. SP. 


(8) If the normal at a point P cuts the axis in 0 , then 
SO = SP-, also NO (the subnormal of the point P) — 2 a. 

The equation of the normal at P (at 2 , 2 at) is 
tx-\-y = at 3 -\-2at. 

Where PO cuts the axis y = 0, x = al 2 -\-2a. 

SO = AG-AS = at 2 +2a-a = o(l+« 2 ) = SP 
and NO = AO—AN = at 2 -\-2a—at 2 = 2a. 


10. Polar equation of a parabola 



Take S as the pole and XAS as the initial line. 

Let P be any point (r, 6) on the parabola, 6 being reckoned 
in an anti-clockwise direction. 

Draw PN perpendicular to the axis XAS, produced if neces¬ 
sary. Produce PS to cut the curve again in P' ■ Draw PM 
perpendicular to the directrix XM. 
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Then 

r — SP = PM = NX = XS+SN = 2a+SPcos9 
= Z+rcos$, 

where l is the semi-latua rectum of the parabola. 

f 

Hence - = 1— cos 8 is the polar equation of the parabola. 

r 

Sometimes 6 is reckoned in a clockwise direction from SX. 
In this case , 

- = 1 -f- cos 9 
r 

would be the polar equation of the parabola. 

The polar equation of the directrix is clearly — r cos 9 = SX, 

i e. r cos 0+1 = 0. 


(1) To prove that + = j- 

From the polar equation of the parabola - = 1 — cos 9, 

r 

1 i a 

- = 1—COS0, 

SP 


also 


i.e. 


I 

SP' 


= 1 —C08(jr-fy) — 1 + COS 9. 
■ 

SP SP' 


SP SP' 


2 

V 


To find the polar equation of the tangent at a point on the 

parabola - = 1—cosy. 
r 

Let P be a point whose coordinates are (-, a .) on the 

\I — cos a / 

parabola whose equation is - = 1 —cosy. 

r 
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Let Q be a point on the tangent at P whose coordinates 
are ( r, 9). 



Then from the diagram Z.QSX = 9, iLPSX — a, and 
XQSY = XPSY-XPSQ = *(*-«)-(*-«)= j, 

also 

SQcos Z-QSY - - SY = asec /.ASY — acosec LSTP. 



which is the required equation. 

(2) If TP, TQ be two tangents to a parabola, to prove 
that (1) LTSP = LTSQ, (2) SP.SQ = ST 2 . 

Let P and Q be the points (---(--- 

\1 —cosa / \1— cosjS } 
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The polar equations of the tangents at P and Q are 

- = cos(#—a)—cos 8 and - = cos(0—/})—cos#. 
r r 



Where these tangents intersect, we have 
cos {8—a) = cos (0-/3), 
and since 8 is not zero, 8—a = — (0—/?). 




Z.TSP 


a-\-B ft—a 

- — — a =- 

2 2 


and ATSQ = 

Hence Z.TSP = LTSQ. 

Again, at the point T we have 
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jS —a <*+£ 

= cos ——-cos —-~ 


ty . a . j8 

= 2am-nnC, 

l OL l 8 

but -— = 1 — cosa = 2sin 2 - and — = 2sin 2 -. 

SP 2 SQ 2 


SP.SQ 


l 2 


A ■ ■> a ■ oft 

4sm‘ : -sin-- 
2 2 


ST 2 . 


Prom these results it follows that the triangles SPT, SQT 
are similar. 

The polar equation of the normal to a parabola at the point 

( —— -,aA can be found thus: 

1—cos a / 

The equation of the tangent at P is 

-= cos(0—a)—cos0. 


The equation of any line perpendicular to this is 


k ( 

- = cos 


o+l 


- a )- cos (*+i)- 


If this passes through the point (—— -, a), we have 

\1 — cos a ) 


k( 1 — COS a) 

l 


= sin a. 


the equation of the normal is 


Zsina 1 

. - = smW—sm(a—a). 


1 — cos a r 


(3) To prove that, if the tangents at three points P, Q, R 
of a parabola intersect to form the triangle pqr, the circum- 
circle of the triangle pqr passes through the focus. 
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Let SP, SQ, SR make the angles a, p, y with the axis of 

the parabola - = 1—cos 5 whose focus is S. 

In the previous example it has been proved that the co¬ 
ordinates of the points p, q, r will then be 


l 


P y 

2 sin - sin - 
2 2 


and 


P+Y. 

2 ’ 

1 

q . « . p’ 
2 sin - sin - 

2 2 


„ - y ■ a 
2 sin - sin - 
2 2 


cc+P 


y+“. 


Consider the equation 


l 


a . p . y 
2 sin sin ^ sin - 


sin 


<x+P+y 


-*)' 


It is one of a circle which goes through the pole, and the 
diameter of it through the pole makes an angle 


with the central line, the axis of the parabola. 

The coordinates of each of the points p, q, r clearly satisfy 
this equation on substitution of them in it. 

the equation is that of a circle circumscribing the triangle 

pq f . 

And the focus of the parabola, taken as pole, lies on it. 


The following examples further illustrate the use of polar 

coordinates in the case of a parabola. 

Ex. 1. Prove that the polar equation of a parabola with 

regard to the vertex as pole and the axis of the parabola as 

initial line is . „ a . Q 

r sin 2 0 = 4 a cos a. 


Let P be any point on the parabola whose coordinates are 
( r, 9) with regard to the vertex A as pole and the axis A S as 
initial line. 



THE PABABOLA 


154 

Join AP, SP; through P draw PR perpendicular to ^4P 
to cut the axis in R. Also draw PN perpendicular to the 
axis. 

Then, as in the diagram, PR — APtanPAN = rtan 6. 
Also r tan 6 .And = PR sin 6 — PR sin RPN = RN. 

But as Z APR is right, PN 2 = AN.NR. 


PN 2 

RN = = 4a - 
AN 



the required equation is 

r sin 2 # = 4 a cos 9. 

Ex. 2. The tangents at P and Q to a parabola meet at T. 
Prove that TP 2 : TQ 2 = SP : SQ. 

In the diagram (see p. 151) P is the point (--—, a |, 

\1 — cos a / 

Gis (t— 

\1—cos)3 / 

We know that AT PS = ^ and that 

LTSP = ATSQ=P—. 


LSTQ = LSPT = “ 

z 
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Hence 


and 


TP 

TS 


TQ 

TS 


TP 1 
TQ 1 


P —“ 

sin Z.TSP _ Sm 2 

sin Z.TPS . a 
sin- 
2 


. j8— a 

sin Z.TSQ Sm ~2~ 

sin Z TQS . 8 
sin- 
2 



1— cos/9 
1—cos a 


l 

SQ 

l 

JP 


_SP 
~ 8Q' 

Ex. 3. Find the locus of middle points of focal chords of 
a parabola. 

Let PSQ be a focal chord and H its middle point. 

Then SP—SQ = (SH+HP)-(QH-SH) 


= 2 SH, 

since HP = QH. 

Hence, if PSQ make an angle 8 with the axis, 
l 1 2 1 cos 8 


2 SH 

1 -coso 1-fcos 0 

The required locus is therefore 

r sin 2 0 = 2a cos 8, 


sin 2 8 


viz. that of a parabola w r ith S as vertex and latus rectum half 
that of the original parabola. 

Ex. 4. Show that the locus of the foot of the focal per¬ 
pendicular on the normal at any point of a parabola is another 
parabola. 

Let the perpendicular from S to the normal PG of a para¬ 
bola cut it in Y. 
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Let SY = r, Z.YSG = 9. 

Then, since SP = SO, SY bisects LPSG. LPSG — 2 6. 



r sin 2 # = - cos 9 — a cos 9. 

2 

Hence the locus of Y is a parabola with S as vertex and its 
latus rectum a quarter that of the original parabola. 


11. Typical examples 

Ex. 1. To find the coordinates of the vertex and focus and 
also the length of the latus rectum of the parabola whose 
equation is y 2 -)-aa;+6y+c = 0. 

Rewrite the equation 



, 62 

—ax—cH— 
4 



Transfer to parallel axes through the point 
The equation then becomes y t = —ax. 


, b i —4c 
4a ’ 


1 } 
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Its latus rectum is a and the coordinates of its vertex and 
focus (0,0), ^,oj. 

the coordinates of the vertex and focus referred to the 

. . , /6 2 —4e b\ lb 2 —4c—a 2 6\ 

original axes are-,-and - - - ,-respec- 

\t< « 2/ \ 4a 2) 

tively. 


Ex. 2. If the extremities of a focal chord PSQ be joined to 
the vertex A of a parabola, show that AP, AQ cut its latus 
rectum in two points whose distances from the focus are 
equal to the ordinates of the extremities of the chord. 

PSQ is a focal chord. if P be the point t, Q will be the 

point — j. 


The equation of A P is x 


— and of AQ is x = — —. Where 
9 9t 


these cut x = a we have y = — and y = —2 at. And the 

t 


distances of these are the same in length as the ordinates of 
P and Q. 


Ex. 3. Prove that if t x = Xt 2 the locus of the point of inter¬ 
section of the tangents at the points t v t 2 of the parabola 
y 2 — 4ax is another parabola. 

Let (X, Y) be a point on the locus. 

Then X = at^t^ = a\t\ an ^ Y = a(<!+< 2 ) = a/ 2 (A+l). 
Eliminating < 2 , the required locus is 


Y 2 X 
a 2 (A+l) 2 «A’ 


i.e. the parabola Y 1 = “tt+i 1 X. 

V A 

Ex. 4. Find the locus of the point of intersection of the 
tangents at the extremities of any chord of a parabola y 2 = 4 ax 
which subtends a right angle at the vertex. 
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Let (X, F) be a point on the locus. 

The equation of the chord, i.e. the polar of (X, Y), is 

yY = 2 a{x+X), 


i.e. 


X 2 aX 


* 

The equation of the lines joining the vertex (0,0) to the 
intersection of this line and the parabola y 2 — 4 ax is 


9 ’ = te (-x + ls)' 

As these lines are perpendicular, the sum of the coefficients 
of their x 2 and y 2 terms is zero. 


i + J-O, 


i.e. the locus is the line x = —4a. 


Ex. 5. Find the coordinates of the pole of the line lx-\-my = 1 
with regard to the parabola y 2 — 4 ax. 

The polar of ( h , k) with regard to the parabola is 

yk = 2a(x-\-h). 


Identifying this equation with lx~\-my — 1, we have 




and 


2a 

"T‘ 

k = 


2 am 

nr 


Ex. 6. The orthocentre of the triangle formed by three 
tangents to a parabola lies on the directrix. 

Let the equation of the parabola be y 2 = 4 ax and t ly t 2 j t 3 
the points of contact of the three tangents. 

The vertices of the triangle formed by the three tangents 
are the points whose coordinates are 

atja(< 2 -(-<3); ai 1 i 2 ,a(i 1 -|-^). 
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The equation of the line through the first of these perpen¬ 
dicular to the tangent at t v i.e. to x-t x y-\-al\ = 0 , is 

h x +V = h(at 2 t 3 )+a{t 2 +t 3 ). 

Where this line cuts the directrix x = —a we have 
y = at 1 t 2 t 3 -\-a(t 1 -\-t 2 -\-t 3 ). 

The symmetry of this result shows that had we taken either 
of the other two vertices and formed the equations of the per¬ 
pendiculars to the opposite sides and then found the points 
where they cut the directrix x = —a, we should have had the 
same point. 

Hence the orthocentre lies on the directrix and is the point 

(— a, a/j / 3 +a< x +) • 

Ex. 7. The chord PQ of the parabola y 2 = 4 ax passes 
through the foot of the directrix, the point (— a, 0). Find the 
locus of the intersection of the normals at P and Q. 

Let P and Q be the points t v t 2 . 

The equation of the chord PQ is x— t ‘ z y-\-at l t 2 = 0. As 

this goes through the point (— a, 0), we have t t t 2 — 1. The 
normals at P and Q are 

(i x +l) = cUl+2at v 
t 2 x+y = al 2 +2at r 

Solving these equations we get x — and 

y = — 0 (^+ 4 ). 

|/ 2 

x— 3a = = a(t l -\-t 2 ) 2 — 2 a =- -2a. 

CL 

the equation of the locus is y 2 = a(x—a). 

''Ex. 8 . Find the locus of the pole of normal chords of the 
parabola y 2 = 4ax. 

Let (X, Y ) be a point on the locus. 

The polar of (X, Y) is yY = 2 a(x+A’'). 

Identifying this with the equation of the normal at any 
point t, i.e. with tx+y = at3+2atj 
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we have 
whence 


i.e. 


2a _ y _ _ 2X 

t aP-\-2at t 3 -f- 2 <’ 



y 2 (X+2a)+4o 3 = 0, 


which is the equation of the required locus. 


Ex. 9. Prove that the middle point of the intercept made 
on a tangent to a parabola by the tangents at two points P 
and Q lies on the tangent which is parallel to PQ. [0. and C.] 

Let the points of contact of two fixed tangents be the points 
m 1 , m 2 , and let the point t be the point of contact of a variable 
tangent. 

The coordinates of the points at which the variable tangent 
cuts the fixed tangents are atm i ,a(t+m 1 ) and atm 2 ,a(t+m 2 ). 

If ( X, Y) be the middle point of the line joining these two 
points, X £a<(mj+wi 2 ), Y = \a{m 1 -\-m 2 -\-2t). 

The equation of the tangent parallel to the chord joining 
the two points rn v m 2 is 




+TO,,j 


0 . 


And if the values of X and Y obtained above are substituted 
for x and y in the left-hand side of this equation, the result is 


— ±a(m l -\-m 2 )(m 1 -\-m 2 -\-2t)-\-la(m 1 -}-m 2 ) 2 , 


which is clearly zero. 

the middle point of the intercept does he on the tangent 
parallel to the chord joining the points of contact of the two 
fixed tangents. 

Ex. 10. If the normal at the point P of a parabola makes 
an angle if> with the a;-axis and meets the parabola again at 
the point Q, show that PQ = 4a sec 0 cosec 2 </<. [O. and C.] 

Let P be the point ion the parabola y 2 = 4ax and Q the point t L . 

The equation of the chord PQ is x—^ r ^y-\-at 1 t 2 = 0 and 
of the normal at P is tx-\-y = at? J r 2at. 
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If these are one and the same,- = —t— tan \ji. 


k = 


2+P 


< t — t 


2 (l+< 2 ) 


= 2 sec 2 i/r cot ip, 


and 


== — - = 2 cot tfi. 


PQ 2 = a 2 (t 2 -t 2 ) 2 +4a 2 {t 1 -t) 2 
= a 2 (t 1 -t)H(t 1 +t 2 ) 2 +4}. 

.'. PQ = 2asec 2 i/icoti/i v ; (4cot 2 i//+4) 
= sec i/.- cosec 2 i p. 


Ex. 11. Prove that the locus of the feet of perpendiculars 
drawn from the origin to the tangents of the parabola y 2 = 4a* 
is the curve x(x 2j r y 2 )-\-ay 2 = 0. [W.] 

The equation of the tangent at any point t is 

x-—ty-\-at 2 = 0 . 

The perpendicular through (0,0) to this line is tx-\-y — 0. 
Where these intersect we have 



i.e. x(x 2 -\-y 2 )-\-ay 2 — 0 . 

Ex. 12. A parabola is drawn through four points t v t v t 3 , t x 
of the parabola y 2 — 4 ax. Show that the axis of the second 
parabola makes with the axis of the first an angle #, where 
4 COt0 = [J-] 

Let the equation of the second parabola be 

(px+qy) 2 +2gx+2fy+c = 0 . 

Its axis is parallel to px-\-qy = 0. .". cot# --. 

In the equation of the second parabola substitute x — at 2 , 
V = 2at. Then 


(pat 2 -\-2qat) 2 -\-2gat 2 -\-<tfat-}- c = 0 . 

M 


mi 
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This is an equation of the fourth degree in t, and its roots 
must be £ 1 +< 2 +i 3 +£ 4 . 




coefficient of the f 3 term 
coefficient of the t x term 


4a 2 pq 

p 2 a 2 


= — — = 4 cot 9. 
P 


EXAMPLES 10 


1. What are the coordinates of the vertex and focus, the length 
of the latus rectum, and the equation of the directrix of the 


following parabolas ? 

(1) y 2 = 12(35-4). 

(3) x 2 = 4 a(y+c). 

(6) y 2 + 3®-21 = 0. 

(7) y 2 — 4«/ + 2® — 0. 
(9) y 2 + 3^ + 42/ = 27. 

(11) 4y 2 +2x+8y = 16. 


(2) y 2 = 4a(x-l-c). 

(4) (*+3)« = 2y—5. 

(6) ( y-b ) 2 - 3a(® + 2c). 

(8) y 2 -iy + 6x-10 = 0. 

(10) x 2 +6x-1y = 23. 

(12) (3x+4y—2) 2 = 25 (x 2 +y 2 ). 


2. Using only the definition of a parabola, find the equations 
of the parabolas whoso focus and directrix are the following: 

(1) (a, —a), y = 0. (2) (1, — 1), 3x—4 y = 8. 

(3) (2,3), 6a;—12 y = 26. (4) (p,q), Ix+my = 1. 


3. Find the equation of the parabola which has the point 
(2,3) for its focus and the line 3x—4y = 2 as the tangent at its 
vertex. 


4. Taking the equation of a parabola as y 2 = 4aa;, what will 
be the parameters of the points (0,0), (a, 2a), (a, —2a), (4a, —4a), 



? 


6. Show that the points whose coordinates are 
(1) x = <tf*+l, y - ct+1, (2) x - at+bt 2 , y — ct+at 2 , 

will in both cases lie on parabolas. Find their equations, t being 
a variable. 

6. Find the coordinates of the points in which the parabola 
(2 x+y) 2 = 12®—6y—8 cuts the axes of coordinates. 
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7. Find the equation of the parabola the coordinates of any 
point on which are given by 

x = ucoBa.t, y = wsina.f— \gt 2 > 
t being a variable. 

[N.B. This result is a useful one in dynamics for determining 
the path of a projectile.] 

8. A point moves so that its distance from the x-axis is equal 
to the length of the tangent drawn from it to the circle 

* a +y* + 0* — Sy— 19 = 0. 

Show that it traces out a parabola. 

9. Find the equation of the parabola whose vertex is the point 
(h, k), whose latus rectum is 4c, and whose axis is parallel to that 
of the parabola y 2 — 4 ax. 

10. Find the equations of the tangent and normal 

(1) at the point (16, —4) on the parabola y 2 = x. 

(2) at the point (3, —6) on the parabola y 2 = 12*. 

(3) at the point (6, 3) on the parabola x 2 = 12 y. 

(4) at the point (7,6) on the parabola (y — 2) 2 = 4(x — 3). 

(5) at the point (10,4) on the parabola (*-—4) 2 = 6(y-4- 2). 

(6) at the point {x',y') on the parabola y 2 +ax+by = 0. 

11. Find the equations of the tangents and normals at the 
extremities of the latus rectum of the parabola y 2 = 4 ax. 

12. For what values of c will the lines 

(1) 3 y = 2* + c, (2) x—y = c 

be tangents to the parabola y 2 = 4a* ? 

13. Show that the line y — 3*+ 9^ is a tangent to the parabola 
y 2 = 5*+15. 

14. Prove that the straight line lx -(-my + n = 0 is a tangent to 
the parabola y 2 = 4a(x—c), if l 2 c +In —am 2 — 0. 

15. Prove that the tangent and normal at any point of a para¬ 
bola meet the axis at points which are equidistant from its focus. 

16. Prove that only one tangent can be drawn to a parabola 
in a specified direction. 

17. Find the coordinates of the point of contact of the tangent 
to the parabola y 2 = 4a* which makes an angle of d with its axis. 
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S 18. Find the equation of the normal to the parabola y 2 = 4ax 
which makes an angle of 60° with the axis in an anti-clockwise 
direction. 


19. Prove that the normal to the parabola y 2 = Aax which cuts 
its axis at a point distant c from the vertex, is inclined to the 


axis at an angle tan -1 



20. Find the equations of the tangents to the parabola x 2 — Ay 
which are parallel and perpendicular to the lino y — 2x 5. 

21. The tangent at a point P on a parabola cuts the axis in T. 
PN is drawn perpendicular to the axis. Show that PN 2 = 2 aTN, 
where 4a is the latus rectum. 


22. The tangent and normal at a point P of a parabola whose 
focus is S meet the directrix in H and K. PN is drawn perpendi¬ 
cular to the axis. Prove that HK. PN = 2.SP 2 . 

23. Find the coordinates of the point on the parabola y 2 — 2Cte 
at which the tangent makes an intercept of length 125 on the 
x-axis. 


24. If Pj, F 2 are points on the axis of a parabola equidistant 
from its focus, prove that the difference of the squares of the 
perpendiculars from F l and F 2 on any tangent to the parabola 
= 2aF 1 F t . 

25. Find the coordinates of the points of intersection of the 
normals to the parabola y z — 4ax = 0 at the points t v t 2 . 

20. Show that the chord joining any two points t 1 and t 2 on the 
parabola y 2 = Aax meets the tangent at the vertex in a point 
whose ordinate is a times the harmonic mean of t 1 and t t . 

27. Find the condition that the chord joining two points t x and 
t % on the parabola y 2 = Aax should touch the parabola y 2 — Abx, 
where b < a. 

28. Prove that the straight lme joining the focus of a parabola 
whose vertex is A to the point at which any chord AP meets the 
directrix is parallel to the tangent at P. 

29. If (Xj, y x ), (x 2 , y 2 ) are the coordinates of the extremities of 
a focal chord of the parabola y 2 = Aax, prove that x x x 2 = a 2 and 
VxVx - —4a 2 
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30. Find the coordinates, in terms of d, of the extremities of 
a focal chord of the parabola y 2 = 4 ax which makes an angle of 
8 with the axis. 

31. PSQ is a focal chord of a parabola and PM, QM' are per¬ 
pendicular to the directrix. Show that SM is perpendicular to 
SM\ 

32. Prove that the normals at the extremities of a focal chord 
of a parabola intersect at right angles. 

33. Find the locus of the intersection of the tangents to the 

parabola at two variable points t, and t 2 , when (1) (2) l 1 t 2 , 

(3) tj + ti, (4) i + — are each in turn taken as being constant. 

34. The tangents to the parabola y~ — 4 ax at the points l 1 and 
t 2 include an angle of 45°. Show that + —1 2 +1 = 0. 

35. Find the locus of the point of mtersection of two tangents 
to the parabola y 2 = iax which include a fixed angle a. 

36. Two tangents to a parabola are inclined to its axis at angles 
which are complementary. Prove that their chord of contact cuts 
the axis in a fixed point. 

37. TP, TQ are tangents to the parabola y 2 = 4 ax. TK is 
perpendicular to the axis and the perpendicular from T to PQ 
meets the axis m M. Show that KM = 2a. 

38. Show that the locus of the points of intersection of two 
tangents to the parabola y- = 4 ax which, with the tangent at its 
vertex, form a trianglo of constant area S is x 2 (y 2 — 4ax) = 4<S 2 . 

39. Prove that the area of a triangle inscribed in a parabola is 
twice that of the triangle formed by the tangents at its vertices. 

40. The tangents at two points on a parabola meet at the point 
(.Ti, y,) and the normals at these points meet at the point (x 2 , y 2 ). 
Show that ay t -\-x 1 y 1 = 0. 

41. Prove that the length of the chord of contact of tangents 
to the parabola y 2 — 4 ax from the point (h,k) is 

i N /{(* 8 + 4a s )(A 2 -4aft)}. 

42. PQ is a normal chord of a parabola and the tangent at 
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the point P on it makes an angle of 0 with the axis. Show that 
the angle between the tangents at P and Q is tan _1 (2 tan 0). 

43. What are the coordinates of the polo of the line 

xcosa + ysina = p 
with regard to the parabola y 2 = 4aa:t 

44. Prove that the area of a triangle formed by two tangents 
from an external point (h, k ) to the parabola y 2 = iax and its 

chord of contact is — (k 2 — 4ah)l. 

id 

46. Prove that the polar of the point whose coordinates are 

— + 4 +4).--°-l bisects perpendicularly the chord joining 

Z t\~T ^2 J 

the points t 1 and t 2 of the parabola y- — 4a.c. 

46. From the vertex of a parabola any chord AP is drawn and 
the perpendicular through P to AP meets the axis at R. PN is 
drawn perpendicular to the axis. Show that NR = 4a. 

47. AZ is the perpendicular from the vertex of a parabola 
y 2 ~ 4ax to a tangent and meets the curve in Q. Show that 
AZ.AQ = 4a 2 . 

48. Two perpendicular chords AP, AQ through the vertex of 
a parabola y 2 = 4 ax meet the curve in P and Q. PN, QM are 
drawn perpendicular to the axis. Show that PN .QM = 16a 2 . 

49. Prove that tho chord of a parabola y 2 = 4 ax which is a 
normal at the point (2a, 2 V2a) subtends a right angle at the 
vertex. 

50. A chord of a parabola moves so as to subtend a right angle 
at its vertex. Prove that it always intersects the axis at a fixed 
point. 

51. TP, TQ are two tangents to a parabola y 2 = 4<m\ If the 
coordinates of T are ( h,k), show that the equation of the lines 
AP, AQ is hy 2 = 2x(ky—2ax), A being the vertex of the parabola. 

52. AP, AQ are any two perpendicular chords through the 
vertex A of a parabola. Prove that the tangents to the parabola 
at P and Q intersect on a fixed straight line perpendicular to 
the axis. 
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53. Show that every chord of the parabola y 2 = 4ax which sub¬ 
tends a right angle at the point (at 1 , 2 at) on the' curve, passes 
through the fixed point a(t 2 + 4), —2 at. 

54. Prove that, if the lengths of two normals from a point to 
a parabola are equal, that point must be on the axis. 

55. A tangent to a parabola y 2 = 4 ax makes an angle 6 with 
its axis. Show' that its distance from the parallel normal to the 
parabola is a sec 2 # cosec 6. 

56. Find tho locus of the point of intersection of two tangents 
to a parabola which cut off an intercept of constant length on the 
tangent at its vertex. 

57. The normal to a parabola cuts the axis in O. Show that a 
line through Q perpendicular to PQ always touches an equal 
parabola. 

58. PQ is a normal chord to a parabola. The tangents to it at 
P and Q meet in T. Prove that P and T are equidistant from 
the directrix. 

59. TP and TQ are two tangents to a parabola and the per¬ 
pendicular from T to PQ passes through a fixed point. Find the 
locus of T. 

60. If t x — rt 2 = r 2 f 3 , show that the tangents to the parabola 
y 1 = 4ox at the points t L and t 3 meet on the lino x = at 2 . 

12. Diameters of a parabola 

It will first be proved that the locus of the middle points of 
a system of parallel chords of a parabola is a straight line. 

Take any two points t v t 2 on the parabola y 2 = 4 ax. 

Let QQ' be the chord joining them whose equation is 

x—Wi+ t 2)y+ at ih = o. 

2 

The gradient of QQ' is . Provided that the chord is 
^ 1+^2 

always in the same direction, this gradient remains the same. 
Hence t l 4-t 2 — c, where c is a constant. 

Let Y be the ordinate of V, the middle point of the chord. 
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Then Y — ^(2a< 1 +2ai 2 ) = a(^+< 2 ) = ac. 

Thus the locus of V is a line parallel to the z-axis, i.e. the 
axis of the parabola. 



The tangents at Q and Q', the points t lt t 2 , meet at a point 
whose ordinate is a(< 1 +t 2 ) = ac. 

this point where they meet is on the locus of the middle 
points of the parallel chords. 

We can now, therefore, define as a Diameter of a parabola 
the line which bisects each one of a system of parallel chords. 
As already shown, a diameter 

(1) is parallel to the axis of the parabola; 

(2) goes through the point where the tangents at the extremities 
of any one of the chords intersect. 

Where the diameter y = ac of the parabola cuts the curve, 

(LC?‘ 

we have x — —, y = ac. The tangent at this point, whose 
4 


parameter is has for its equation 
2 


x--y+a- = 0. 
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2 

The gradient of this line is which is the same as that of 

c 

the chords of the parallel system. 

Hence a diameter of a parabola 

(3) cuts the curve in a point where the tangent is parallel to 
the chords which the diameter bisects. 

j 13. Properties of diameters 

If a diameter through any point P on a parabola bisects a 
chord QQ' in V, then QV 2 = 4SP. PV. 

With the figure of the previous article, let P be any point t 
on the parabola whose equation is y 2 = 4 ax. 

Let the tangent at P cut the axis of the parabola in T and 
make an angle 8 with it. 

Let the diameter PV of the system of chords parallel to QQ' 
cut the directrix in 31, and produce 31 PV to cut the ordinate 
of Q, QK, in H. 

Draw PN perpendicular to the axis and join SP. 

Then the equation of the tangent at P, the point t, being 
x-ty-\-at 2 = 0, 

tan 0 = - and t = cot 9. 

t 

.'. PN — 2 at = 2a cot 6 and AN = at- — a cot-8. 

Now SP = P3I = NX = XA+AN = a+aeot 2 # 

— acosec 2 0. 

Also QK = QH+HK = QH+PN = QVsm8+2acot8. 

And QK 2 = 4AS.AK — 4AS(AN+PV+VH) 

— 4a(acot 2 0-j-jPF+QFcos0). 

(<?Fsin0+2acot #) 2 = 4a 2 cot 2 0+4aPF-J-4a^Fcos0; 
whence (JF 2 sin 2 0 = 4aPF. 

= 4a cosec 2 # = 4SP. 

PV 

QV 2 = 4SP. PV. 
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14. Conormal points of a parabola 

As shown in Art. 5, the equation of the normal to a parabola 
y 2 = 4ax at the point t may be written 

at 3 -\-t(2a— x) —y = 0. 

If this normal passes through a fixed point (h,k), we have 

at 3 +t{2a-h)-k = 0. (1) 


This is a cubic equation in t, and if its three roots are t 2 , t 3 , 
then the equation implies that three normals will pass through 
the fixed point (h, k) and that the points t v t 2 , t 3 will he the 
three points on the parabola at which they are the normals. 

Three points on a paraVinla the.. .normala.. at athiflh in 

a point, are called Con/irmaJ. Points —. 


. a point, ; 
Certaii 


ertain relations exist between such points. We observe, 
for instance, that there is no coefficient of the t 2 term in the 
equation (1). . t 1+ t 2 +t 3 = 0. 


Hence 2at l -\-2at 2 +2at 3 = 0, 

i.e. the algebraic sum of the ordinates of three conormal points 
on a parabola is zero. 


Note that if we were given that the normals at three points 
on a parabola were concurrent, i.e. that they were conormal 
points, then the coordinates of the point where they meet are 
given by the relations 

2 a —h k 

= V2+M3+M1 anrl - = li1 2 t 3 . 
a a 

The following are typical theorems connected with conormal 
points of a parabola. 

(1) The normals drawn from the extremities of a system of 
parallel chords of a parabola meet on a fixed normal. 

Suppose the extremities of one parallel chord of the system 
are the points t l and t 2 . 

The equation of the chord is x-^^-f-tfiyf-at^ = 0. 



THE PABABOLA 171 

Its gradient is fixed. q+< 2 = A, say, where A is some 
constant. 

Let t 3 be the point conormal with t 1 and i 2 . 

Then t 3 -\-t 2 +*3 = 0, i e. < 3 = —(<!+< 2 ) = —A. 

< 3 is a fixed point, and the normals at t 1 and t 2 accordingly 
meet on a fixed normal at this point. 

(2) If the normals at two points of a parabola meet on the 
curve itself, the chord joining them will always pass through 
a fixed point on the axis. 

Suppose the two points are t l and t 2 . 

Where the chord x— ( 2 )y-\-at y t 2 — 0 cuts y = 0, we 
have x = —at i t 2 . 

From the equation at z -\-(2a—h)t—k = 0 we have 


But in this case k — 2at 3 . .'. ( } ( 2 = 2. 

the chord cuts the axis at the point ( —2a,0). 

(3) If two of the normals passing through a fixed point are 
perpendicular, the point will he on the parabola whose equa¬ 
tion is y 2 — a(x—3a). 

The gradients of the normals to the parabola y 2 = iax at 
the points t 1 and t 2 are — 1 1 and — 1 2 respectively. If these 
normals are perpendicular, t 1 t 2 — —1. 

If t 3 be the third conormal point, we have, as in the last 

k 

example, - = t 1 t 2 t i = —t 3 . 
a 

_7i 

And “ = fif 2 +< 3 (fi + f 2 ) = —1 —tl = —1- -■ 

CL CL 

y 2 x . 

the locus of (h, k) is — = —3+-, i.e. 

a 2 a 

y 2 = a(x— 3a). 

N.B. The normals at the ends of a focal chord are perpen¬ 
dicular. This locus is therefore that of the points of inter¬ 
section of normals at the extremities of focal chords. 
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(4) If <j< 2 = —2, find the locus of the point of intersection 
of the normals at t x and t s . 

Proceeding as in the last example, we should have 

2 a-h _ k 2 

* n i 

a a 2 

whence the required locus is y 2 = a(x— 4a), which always 
passes through the fixed point (4a, 0) on the axis. 

-/15. The intersection of a circle and a parabola 

The general equation of a circle being 

x 2 +y 2 -\-2gx+2fy-\-c = 0 , 

if we substitute in this x — at 2 , y — 2 at, we obtain the four 
points t v t 2 , t 3 , t i in which the circle and the parabola y 2 = 4 ax 
intersect, for 

a 2 t i -\-2at 2 (g-\-2a)-\-Aafl- i rC — 0 

is a quartic and therefore gives four points of intersection 
between the circle and the parabola. 

Using the relations between the roots and the coefficients 
of the equation, we have 

j+fg+f* — 0 an d 2a(ij4-^ 2 +^3+^4) = 0. 

Hence the four points of intersection of a circle and a para¬ 
bola y 2 = 4 ax are such that the algebraical sum of the ordinates 
of the four points of intersection is zero. 

The chord joining two points t v t 2 is 

x ~ Wi+h)y+ at xh = 0 . 

And that joining t 3 and < 4 is 

x \{t 3 -{-tf)y-\-ut 3 1^ = 0. 

But fx-Hg — — (h'rh)- 

the gradients of the chords are the same except in sign. 
This implies that the chorda are equally inclined to the axis. 
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Suppose that three of the points of intersection of the circle 
and the parabola, say t v < 2 , and i 3 , were conormal points. Then, 
as shown in the previous article, 

*l + **+*8 = 0 - 

But if f i be the fourth point of intersection, 

t l + t 2+ t 3+ t i = 0 . 

in this case < 4 = 0, i e. / 4 is the vertex. 

Hence, if a circle passes through three conormal points of 
a parabola, it must also pass through the vertex. 

16. Equation of two tangents to a parabola 

Let (h, k) be a fixed point not on the parabola y l = 4 ax. 

The method of finding the equation of the tangents from 
( h , k) to the parabola is the same as that employed in the case 
of the circle. 

Let (X, T) be any point on a tangent from ( h , k) to the 
parabola y 2 — 4 asr 

The coordinates of a point dividing the line joining (h, k) and 
(X, Y) in the ratio p • q are 

pX+qh and pY ± qk . 

p+q p+q 

Substitute these coordinates in the equation y 2 = 4 ax. 



whence 

— 2 (T 2 —4aX) -f — (Yk—2aX—2ah)+k 2 —4ah = 0. 

q 2 q 

Now if the line joining ( h , k) and (X, Y) is a tangent to the 
parabola, the roots of this equation must be equal. 

(Yk-2aX-2ah) 2 = (F 2 -4aX)(F-4oA), 

which is the equation of the two tangents from the point (h, k) 
to the parabola y 2 = 4ax. 
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As an aid to memory we notice that the left-hand side is 
the terms of the equation of the tangent at (h, k) and the right- 
hand side the product of the terms of the equation of the 
parabola and the terms of the same equation with (h, k) sub¬ 
stituted in it. 


If the tangents were at right angles, then the coefficients of 
X 2 and Y 2 in the equation just obtained would have their 
sum zero, i.e. k*+4a 2 -k 2 +4ah = 0; 


whence h = —a; 

i.e. the point must lie on the directrix, and we have a proof 
of the theorem that if two tangents to a parabola are per¬ 
pendicular, their point of intersection lies on the directrix. 


17. Envelopes 

When the coefficients of a line whose equation is lx-{-my = 1 
are connected by a relation which enables us to express this 
equation in terms of a single variable parameter, the condition 
that two roots of this equation should be equal will give the 
envelope of the line , i.e. a curve u'hich it will always touch. 

Consider the equation x—ty-\-al 2 — 0. 

This is an equation of the second degree in t, and the con¬ 
dition that its roots should be equal is 

y 2 = 4ax, 

as we should expect. 

Again, suppose that we were given the line lx-\-m.y = 1 
and am 2 = l, then am^+my—l — 0 and the condition for 
equal roots is y z -{-4ax — 0, which means that the parabola 
y 2 -{-4ax = 0 is always enveloped, or touched, by the line 
lx+my = 1 so long as am 2 = l. 

A few typical examples will further illustrate the process 
involved. 

(1) P is a point on the parabola y 2 — 4 ax and PL, PM are 
drawn perpendicular to the tangent at the vertex and the axis. 
Find the envelope of LM. 
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X V 

The equation of LM is clearly-j- — = 1 if P is the point t. 

at 2 2 at 

This equation may he rewritten 2ai 2 —iy—2x = 0. And the 
condition for equal roots gives 

i/ 2 +16ax = 0, 

which is the equation of the envelope of LM. 

(2) The middle point of a chord of a circle is alwayB on 
a fixed straight line; show that it envelops a parabola. 

Take a diameter XOX' perpendicular to the fixed line as 
x-axis and YOY' parallel to it as y-axis. 

Let the equation of the fixed line be 
x == k. 

Let the equation of the chord PQ be 
lx-\-my = 1. 

At V, where it cuts x = k, we have 

1 -14 

y — —• 

m 

The line joining the centre to this 
point, whose equation is 

x my 

l = i-llc’ 

is perpendicular to lx-\-my = 1. 

I—Ik l _ 

mk m 



Jc Jc 

.*. (1— lx) 2 — m z y 2 = 

t ) +1 = 0 ' 

The condition for equal roots gives 

2x + |-j =4 (x 2 +y 2 ), 


l 2 {x 2 +y-)—l 2x + 


(2x- 
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which reduces to — A -= 4, 

k z k 

i.e. y 2 = —4 k(x—k), 

which is the required envelope and it is a parabola whose latus 
rectum is 4 k and which passes through the point (k, 0) which 
is its vertex. 

(3) The normals at three points of a parabola meet at a point 
on a fixed diameter. Show that the triangle formed by the 
points envelops a parabola. 

With the usual notation let y — k be the fixed diameter on 

k 

which the three normals meet, then - = t 1 t 2 t 3 (Art. 14). 

a 

The equation of the line joining t 2 , t 3 , say, is 

x ~~^y+ at ih = 0 . 
k 

But as tx+*i +*3 = 0 and t l t 2 t 3 = - , this may be written 

a 

x+¥iy+j- = o, 

h 

i.e. t‘\y-\-2xt l -\-2k — 0, 

from which the condition for equal roots gives x 2 = 2ky. 

the chord joining the two points t 2 and t 3 envelops the 
parabola x 2 = 2 ky. 

The symmetry of the work shows that we should get the 
same envelope had we taken either the chord joining the points 
t x and t 2 or that joining the points l 3 and < 4 . 

Hence the theorem is established. 

(4) PNP' is a double ordinate of a parabola. Find the 
envelope of all chords of the parabola which are bisected by it. 

Let the equation of the parabola be y 2 == 4ax and that of 
the double ordinate x — c. 

Then, if x—\{ti+t 2 )yA r at 1 t 2 — 0 be the equation of the 
chord of the parabola which is bisected by the ordinate x — c, 
c = \{at\-\-atl). 
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Let p = < x +< 2 and q = t l t 2 . 

Then x—^py+aq = 0 

and 2c = <f) = a(p 2 —2q). 

••• *“f»+T“ c = °* 


of which the envelope is 


i.e. 


= 4-(a:—c), 
4 2' 


y* = 8 a(x—c). 


(5) If P lies on the parabola y 2 -\-ax = 0, find the envelope 
of its polar with regard to the circle x‘ 2 + y 2 = 4ax. 

Let P be the point — ~t 2 , ^ t. 

4 2 

The equation of the polar of P with regard to the circle is 

— 2a^x— = 0, 

i.e. t 2 (2a—x)-\-2yt—8x = 0, 

from which we get the equation of the envelope to be 
y 2 -\~8x(2a—x) = 0. 

(6) Circles are drawn on chords of the parabola y 2 = 4aa: as 
diameters, the chords being parallel to y = nix. Prove that 
the envelope of these circles is 

(my—2a) 2 = 4a(l+m 2 )(.r+a). [B.] 

The equation of a chord of the parabola is 

x— Wi+^y+atih = 0 . 

„ 2 
Then U-\-L=—. 

m 

Let — A. 


4251 
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The equation of a circle on the line joining t y and t t as 
diameter is 

(x—at 2 1 ){x—atl)+{y—2at 1 )(y—2at i ) = 0, 
i.e. x 2 +y 2 -ax(t\-\-t\)—2ay(t 1 +t^-\-a 2 t\t\-\- / La 2 t 1 t i = 0, 
i.e. (x 2 -\-y 2 )m 2 — aa:(4—2Am 2 ) —4amy+a 2 m 2 A 2 +4a 2 Am 2 = 0, 
i.e. X i a 2 m 2 -{-2am 2 \(x-{-2a)-{-m 2 (x 2 -\-y 2 )—4ax—4amy — 0, 
whose envelope is 

m 2 (x-\-2a) 2 = m 2 (x 2 -\-y 2 )— 4ax—4 <imy, 
which reduces to 

(my—2a) 2 — 4a(l-fw* 2 )(:c+a). 

18. Typical examples 

Ex. 1. From any point on the line x-\-y = 0 tangents are 
drawn to the parabola y 2 — 4ax; prove that the locus of the 
middle point of their chord of contact is the parabola 

y 2 - 2 a(x-y). [D.] 

Let (—h,h) be any point on the line x-\-y — 0; its polar 
with regard to the parabola y 2 — 4 ax is 

yh — 2a(x—h). (1) 

Since the Line joining the point ( —h, h) to the middle point 
(X, Y) of the chord of contact is parallel to the axis ,Y = h. 

Since (X, Y) satisfies equation (1), 

Yh = 2 a(X-h). 

Putting h — Y, this becomes 

Y 2 = 2a(X — Y), 
which is the required locus. 

Ex. 2. If two of the normals from the point P(x v y x ) to the 
parabola y 2 —4ax = 0 are perpendicular to each other, prove 
that the foot of the third normal through P has coordinates 
(aij-Sa, — 2yj). [C.] 

The conormal points t v t 2 , t 3 are given by the equation 
at s -)-t(2a—x 1 )—y 1 — 0 and t x t t = —1. 
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O/T_T 

- * = M 2 +M 3 + M 1 — —1—^3- 

a 

at\ = £j—3 a. 

Again, — = = — < 3 - 

a 

2at 3 = —2 \y v 

Ex. 3. P 3 , P 2 , P 3 are the vertices of any one of a series of 
triangles inscribed within a given parabola, such that their 
centroids lie on the curve’s axis. Prove that the middle points 
of the sides of the triangle formed by the tangents to the para¬ 
bola at P v P 2 , P 3 lie on a fixed parabola whose vertex and axis 
(produced backwards) coincide with those of the given para¬ 
bola. [O.] 

Let Pj, P 2 , P 3 be the points t v t 2 , and t 3 . 

The ordinate of the centroid of the triangle P l P 2 P 3 is 

2a(f 1 + t 2 +t 3 ) 

3 

^and as this lies on the axis, t 1 -\~t i -\-t 3 = 0. 

The tangents at P { and P 2 intersect in the point at 1 t t , a{t 3 pt 2 ). 
The tangents at P y and P 3 similarly intersect in the point 
atit 3 ,a(<i+t 3 ). 

The coordinates of the middle point of the line joining these 
two are £a(< x I a (2<ii~t2-|-t3). But as t 3 -\-t 3 — —<j, 

these may be written , 2 

a ‘i- 

So the other pair of points are ( — (—%at 3 ,at 3 ). And 

all three clearly lie on the parabola y 2J r 2ax = 0 which has 
the same vertex and axis (produced backwards) as the para¬ 
bola y 2 = 4 ax. 

Ex. 4. Prove that the normals at the points where the 
straight line pxpqy — 1 meets the parabola y 2 = 4 ax intersect 

on the normal at the point [D.] 

\ P % P } 
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If the two points are and t 2 , then t x and t 2 are the roots 
of the equation pat 2 -\-2qat— 1 = 0 . 



h t 2 — 


1 

pa 


If < 3 be the foot of the third normal, ^+^+<3 = 0. 

2(7 , Q 

t 3 = —, and the point is (air, 2 ai 3 ), i.e. 

P 

Ex. 5. A circle is drawn on a chord A B of the parabola 
y 2 = 4ax as diameter. It meets the parabola again at P, Q\ 




P', Q' are the reflections of P, Q in the axis. P'F and Q'E 
are drawn parallel to the axis and meet AB at F and E. Prove 
that P'F = Q'E = 4a. [0. and C.] 

Let A, B, P, Q be the points f v t 2 , t 3 , t A . 

Then P' is the point —t 3 and Q' is the point —t t . 

The equation of the circle on A B as diameter is 

(x—atl)(x—atl)-\-(y—2at 1 )(y—2at 2 ) = 0 . 

In this put x — aT 2 , y = 2 aT; then t v t 2 , t 3 , t 4 are the roots 
of T i +T 2 {4~t\-ll)-4T{t 1 +t 2 )+4t 1 t 2 +t\tl = 0. 

+ + = 0 . 

• • Vi V2 = 


and 
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Where P'F cuts AB, i.e. where y = —2 at 3 cuts 

x ~ Uh+^V+^ih = 0 , 

we have x — —at^t^t^—at^. 

P'F = a<3-t-at 3 (i 1 -|-< 2 )+a< 1 < 2 
= at 2 at 2 (t 2 -\-t^)-\-at^t 2 
= a(M 2 -M 4 ) = 4a. 

Similarly, Q'E — all J r at i (t 1 -\-t 2 )-\-al 1 t 2 

^ ai^tz-tzfi) = 4a. 

P'F = Q'E = 4a. 

Ex. 6. Find the locus of the point of intersection of two 
tangents to a parabola which cut off an intercept of constant 
length on its axis. 

The equation of the tangents from a point (h, k) to the 
parabola if- = 4ax is 

[yk—2a(x+h)] 2 = (y 2 —4ax)(k 2 —4ah). 

Where this cuts y = 0 we have 

4a 2 (x+h) 2 p4ax(k 2 ~4ah) = 0, 


i.e. ax 2 -\-x(k 2 —2ah)~\-ah 2 = 0 

If x t , x 2 be the roots of this equation, 

2 ah-k 2 
a 

(2 ah—k 2 ) 2 
a, 2 


x l - l rX. i = — -- ' and x r x 2 = h 2 . 

i 

. , x 2 (2 ah—k 2 ) 2 


Hence, if the intercept x 1 —x 2 on the axis is equal to c, 
a constant, c s a 2 = (2ah~k 2 ) 2 -4h 2 a 2 , 

and the required locus is 

c 2 a 2 = y i —4axy 2 = y 2 (y 2 —4ax). 

Ex. 7. The normals at three conormal points on a parabola 
meet the axis in points G v G 2 , G 3 , and AG 2 is the arithmetic 
mean of AG X and AG Z , where A is the vertex of the parabola. 
Find the locus of the point where the three normals meet. 
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Let the normals at the points t v « a , t 3 meet in (h, k). 
Then t v t 2 , and t 3 are the roots of the equation 

at 3 +t(2a—h)—k = 0. 

By data, = 2atf. 

Also —{- 1 3 — — 1 2 . 

2 t 2 = <?+<! = (t 1 +t s ) 2 -2t 1 < 3 = t\—2t x t 3 . 
i\ = -2M*. 

Now h = t y ( s ,+t 2 (t l +t 3 ) = l 1 t 3 -tl = 

k t 3 

and - = / 4 < a =_* 

a 2 



whence the required locus is 

27at/ 2 +2(2a—a;) 3 = 0. 

Ex. 8. Two parabolas have a common vertex A and axis 
and an ordinate NPQ meets them in P and Q. The tangent 
at P meets the outer parabola in U and V and AU, AV meet 
the ordinate NPQ in H and K. Prove that 


(1) NQ 2 = NH.NK, 



1 

NH + 


1 

NK' 


Let the two parabolas be y 2 = 4ax and y 2 — 4<xx and P be 
a point t on the former. 

The tangent at P is x—ty+at 2 — 0. 

The lines joining the vertex (0,0) to the intersection of this 
line with y 2 = 4ax have as their equation 



Where these lines cut x = at 2 , we have 
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NH, NK are the roots of this equation. 

/. NH .NK — 4aa< 2 . 

But where x = at 2 cuts y 2 — 4 ax we have NQ 2 — 4 aat 2 . 
NH .NK — NQ 2 . 



1 1 NH+NK 4at _ 1 _ 2 

NH + A T A ~ NH.NK ~ 4 «a( z ~ at ~ NP' 


Ex. 9. A right-angled triangle whose hypotenuse is always 
in a fixed direction is inscribed in a parabola. Prove that the 
locus of its centroid is another parabola. 

Let the parabola be y 2 — 4 ax. q and t 2 the extremities of 
the hypotenuse of the inscribed triangle, and t its third vertex. 

The gradient of x— = 0 is fixed. 

.’. ti+t 2 = a constant = c, say. 

Let (X, Y ) be the coordinates of the centroid. Then 

o y qv 

— = and —- — = c-\-t. 

a 
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But since the lines joining t and t v t and t 2 , are perpendicular, 


Now 


i 2 -|-4 — 0. 
<, l 2 = ~(t 2 +ct+ 4). 

o X 

— = (t J +l 2 ) 2 -2t 1 t 2 +t‘ i 
a 


= c 2 +8+2ct4-3< 2 


= c 2 +8+2c 



which is clearly of the form y 2 -\-px-\-qy-\-r — 0 and therefore 
represents a parabola. 

Ex. 10. Find the locus of the centres of circles which touch 
a given line and a given circle. 

Let the centre of any circle which touches the circle 
a; 2 4 -y 2 — a 2 and the line x = k be the point X, Y Then the 
radius of the circle is k—X. 


a+k-X = V(A r2 +F 2 ), 
as the circle touches x 2 -~y 2 = a 2 . 

the locus is (a-\-k) 2 -—2(a J rk)X = Y 2 , 


i.e. 


i x v 


Y 2 = -2(o + i)^ 

which is clearly a parabola of latus rectum 2(a-\-k) whose 
vertex is the point 


EXAMPLES 11 

1. The sides of a quadrilateral inscribed in a parabola make 
angles of a, /?, y, 8 with its axis. Show that 

cota + coty = cot/8 + cotS. 

2. Find the locus of the middle points of chords of a parabola 
which pass through the focus. 
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3. Find the locus of the middle points of chords of a parabola 
which are of given length c. 

4. Find the locus of the middle points of normal chords of a 
parabola. 

5. Find the locus of the middle points of chords of a parabola 
which pass through a fixed point ( h , k). 

6. Prove that two parabolas having the same focus and their 
axes in opposite directions intersect at right angles. 

7. A line is drawn through tho fixed point ( h, k) at right angles 
to the tangent at a point P on the parabola y 2 = 4 ax. It meets 
the diameter through P in Q. Show that the locus of Q is 

y(x-\- 2a — h) = 2 ak. 

8. If the diameter bisectmg a focal chord of a parabola cuts 
tho parabola in P, prove that the length of tho chord is 4,S'P, 
S being the focus. 

9. The line Ix+my+n — 0 meets tho parabola y 2 = 4 ax at P 
and Q, and the lines joining (c, 0) to P and Q meet the curve again 
at H and K. Show that the equation of HK is nx—mxy+lc 2 = 0. 
Provo also that, if PQ passes through a fixed point, HK will also 
pass through another fixed point. [O. and C.] 

10. Find an expression for the rectangle contained by the seg¬ 
ments of a chord of the parabola y 2 = iax made by tho point 
(h, k), if the chord mukes an angle of a with the axis. 

11. The tangents at two points P and Q of a parabola meet at 
T, The diameter through T cuts the parabola in U and the chord 
in V. Show that TU — UV. 

12. The diameter through a point R on a parabola cuts a chord 
PQ in V. PH, QK are drawn parallel to the tangent at R to cut 
the diameter in H and K. Prove that RH .RK = RV 2 . 

13. A chord PP’ of a parabola y 2 = 4ax makes a constant angle 
a with its axis. A point Q is taken on PP’ such that PQ. QP' = k 2 , 
where k is a constant. Provo that the locus of Q is a parabola. 

14. Obtain the equations of the tangents from the point (2, —6) 
to the parabolas j/ 2 = 8x and (y—2) 2 = 8(x—3). 



186 THE PARABOLA 

15. Find the locus of the pole of a straight line with regard to 
the parabola y 1 = 4ax which is parallel to Ix+my — 1. 

16. From a fixed point 0 on a parabola y % = 4 ax chords OH, 
OK are drawn at right angles to each other. Find the locus of 
the pole of HK. 

17. A chord of the parabola y 2 — 4a(x+c) subtends a right 
angle at the origin. Show that the locus of its pole is 

ax 1 —cy i -\-4a(x-\-c)(a-\-c) — 0. 

18. Prove that the polar of any point on the circle x 1 -{-y 1 = a 2 
with regard to the circle x 1 + y 1 — 2ax always touches the para¬ 
bola y 1 — 4 ax. 

19. Show that the locus of the poles with regard to the parabola 
y 1 = 4ax of tangents to the parabola x 1 = 4 ay is the curve 
xy-\- 2a 1 = 0. 

20. B is a point on the axis of a parabola whose focus is S 
through which any chord is drawn. Show that the locus of the 
foot of the perpendicular from the pole of any such chord to the 
chord is a circle whose centre is S and radius SB. 

21. Show that the polar of a fixed point with regard to a family 
of parabolas having a common focus and axis envelops another 
parabola. 

22. PSP' is a focal chord of a parabola and PQ the normal 
chord through P. The tangents at P and Q meet in T. Prove 
that TP’ is parallel to the axis of the parabola. 

23. Find the locus of the middle points of all tangents drawn 
from points on the directrix of a parabola. 

24. If the diameters at two points P and Q on a parabola meet 
the lines PR, QR joining P and Q to a third point R on the 
parabola, in D and E respectively, prove that the pole of PQ is 
the middle point of DE, 

26. If the normals at two points P and Q on a parabola meet 
on the curve, show that the pole of PQ with regard to the para¬ 
bola lies on a fixed straight line. 

28. TP, TQ are tangents to the parabola y 1 = 4 ax and the 
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normals at P and Q meet on the curve at R. Find the locus of 
the centre of the circle circumscribing the triangle TPQ. 

27. PQ is a normal chord of a parabola; prove that the tangent 
at P is divided by the directrix and the diameter through Q in 
the ratio 1:3. 

28. Find the locus of a point from which two normals can be 
drawn to a parabola making complementary angles with the 
axis. 

29. P is a point on a parabola whose focus is S. On SP as 
diameter a circle is described cutting the normal chord PQ in 
H. Find the length of PH. 

30. Prove that the common tangents of the parabola y 2 = 4 ax 
and the circle x 2 -)-y 2 -f 2ax = 0 intersect in the point ( —3a, 0). 

31. The middle point of a chord of a circle is on a fixed straight 
line. Show that the chord always touches a fixed parabola. 

32. Show that the normals at two points ( at\, 2 at±), (at|, 2at. t ) 
on the parabola y 2 — iax meet at a point whose coordinates are 
a(fi + ^ + <i<j) + 2a and ~at J t l (t 1 + t i ). 

33. Show that the normal at a point (at 2 , 2 at) on the parabola 
y 2 = 4 ax meets the curve again at a point whose parameter is 

2 

— t -. 

t 

34. Show that if the normals at two pomts (at 2 , 2 otj), (at%, 2 al t ) 
meet on the curve, then t l t t — 2. 

35. The chord PQ of the parabola y 2 = 4ax passes through the 
foot of the directrix, the point (—a, 0). The tangents at P and Q 
meet at T and the normals at O. Show that TO is bisected by 
the axis. 

36. A chord PQ of a parabola y 2 = 4a.r is drawn through the 
point (— 2a, 0); show that the normals at P and Q meet at a point 
on the parabola. 

37. Give a reason why at least one real normal can be drawn 
to a parabola from any point. 

38. The point R on the normal chord PQ of a parabola y 2 = 4 ax 
divides it in the ratio 1 : 3. Show that the locus of if is the 
parabola y 2 = ax — 3a 2 . 
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39. PQ is a normal chord of a parabola and the tangents at 
P and Q meet at T. pq is the tangent parallel to PQ. If S be 
the focus, show that Sq is perpendicular to ST. 

40. Normals are drawn at the extremities of any chord of a 
parabola passing through a fixed point on its axis. Find the locus 
of their point of intersection. 

41. From the vertex of a parabola y 2 — 4 ax a chord is drawn 
making an angle of 30° with the axis and cutting the parabola 
in H. The normals at two points V and V on tho parabola meet at 
H. Prove that VV = 8a. 

42. Find the locus of the point of intersection of tho normals 
at two points on a parabola when the chord joining them always 
subtends a right angle at the vertex. 

43. P is a point (at 2 , 2 at) on the parabola y 2 = iax, and the 
normal at P cuts tho curve again in Q. QH, QK are the other 
two normals from Q to the parabola. If H and K be the points 

2 

(at%, 2at ± ), (a4, 2at 2 ) respectively, show that i t +< 2 = t + -. 

t 

\.(X7Y\P‘ 4am 

44. Show that the point whose coordinates are -, -j- is 

conormal with the two points in which the line Ix+my = 1 cuts 
the parabola y 2 — 4ax. 

45. Prove that the leet ol all normals to the parabola y 2 = 4 ax 
which pass through the point (4a, a) lie on the curve 

xy = 2 a(y+a). 

46. Find the locus of the point where three normals to a para¬ 
bola meet when one of them is the bisector of the angle between 
the other two. 

47. If P, Q, R are three conormal points on a parabola y 2 — 4ax 
whose focus is S, and O the point of concurrence of the normals, 
prove that SP.SQ.SR — a.SO 2 . 

48. The three normals from a point 0 to a parabola make angles 
of 9 V 6 t , 9 a respectively with its axis. Show that 

SO cos cos 9 a cos 9 t = a, 

where S is the focus of the parabola and 4a its latus rectum. 

49. If P, Q, R are three conormal points of a parabola, show 
that the centroid of the triangle PQR lies on its axis. 
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60. The three normals at points P, Q, R on a parabola meet at 
O; show that the difference between the sum of their intercepts 
on the axis and the semi latus rectum is equal to twice the distance 
of 0 from the tangent at the vertex. 

61. The normals at three conormal points on the parabola 
y 1 — 4 ax meet at a point 0. If the polar of O with regard to the 
circle passing through the three points always passes through a 
fixed point, find the locus of O. 

62. Find the equations of the circles which touch the parabola 
y 1 = 4 ax at two points and pass through its focus. 

63. Show that a circle described on a focal chord of a parabola 
as diameter touches its directrix. 

54. Show that a circle described on a focal radius of a parabola 
as diameter touches the tangent at the vertox. 

55. Two circles whose centres are on the axis of a parabola 
touch each other and also touch the parabola. Prove that the 
difference of their radii is equal to the latus rectum. 

66. If the axes of two parabolas are perpendicular, show that 
their four points of intersection lie on a circle. 

57. A circle is drawn through the points where the line 
lx-\-my-\-n = 0 cuts the parabola y 2 = 4ax, and it touches the 
parabola at the point P. Find the coordinates of P and also those 
of the centre of the circle. 

58. If PQ is a chord of the parabola y 2 = 4 ax which touches 
the parabola y 2 = 4a(x—4a), show that the circle on PQ as dia¬ 
meter touches the first parabola. 

59. If a circle touches the latus rectum of a parabola and has 

a chord of the parabola for its diameter, prove that this chord 
must touch the circle whose equation is — 6 ax+a 2 = 0. 

60. Circles are described on any two focal chords of a parabola 
PSP', QSQ' as diameters. Prove that their common chord always 
passes through the vertex of the parabola. 

61. TP, TQ are two tangents to a parabola and any third 
tangent is drawn. Show that the product of the perpendiculars 
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frompP and Q on this tangent is equal to the square of the per¬ 
pendicular from T on it. 

62. P, Q, R are three conormal points on a parabola and (h, k) 
their point of concurrence. Prove that the area of the triangle 
PQR is a i [4{2a-h) , + 21ak*] i . 


Formulae of Chapter V for reference 

— *!+*» 


1. Equation of the chord: 


y+a^t, = 0. 


2. Equations of the tangent: 


3. Equation of the normal: 

4. The tangents at t x and t % meet at 

the point: 

6. Equation of polar of (h, k): 
fl. Polar equation: 


x—ty-fat 2 = 0. 


yy' = 2a(x+x'). 
tx + y = at* + 2at. 


a *i a (*i+*»)• 

yk = 2a(x+h). 

* = 1—cosO. 
r 


7. Polar equation of tangent at a: 


1 

r 


co8(6—a) — cos 6. 


8. Ordinate QV to a diameter: 

9. For three conormal points: 

10. For four concyclic points: 

11. Equation of tangents from {h,k): 

(yk—2ax—2ah) 2 


QV 2 = 4SP.PV. 

ti+lj+tj = 0. 

(y 1 —4ax)(h»—4ak). 



VI 

THE ELLIPSE 

1. Definition and equation of the ellipse 

Ip a plane is drawn cutting all the generators of one branch 
of a cone, and not at right angles to the axis of the cone, its 
intersection with the conical surface is a closed curve called 
an Ellipse. 

An ellipse is also defined as the locus of a point which moves 
so that its distance from a fixed point called the Focus is 
always a constant ratio, less than unity, of its distance from 
a fixed straight line called the Directrix. 

The constant ratio referred to in this definition is called the 
Eccentricity of the ellipse, which is usually denoted by the letter 
e. In the case of the ellipse e < 1. 

Let S be the focus of an ellipse whose eccentricity is e. 

Draw SX perpendicular to the directrix and produce it 
indefinitely. 


X 


Divide SX internally and externally at two points A and A' 
in the ratio's: I. Then A and A' are clearly points on the locus 
because they satisfy the required condition. 

,: v 'Ti&mAA* tot Oymi tet, QA * QA' *«. 

Alt,. K- 1 ' * * • j > 4 
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We shall now prove that CS = ae and CX = 

e 

For (1) SA’-SA = e{A’X-AX) = eAA' = 2ae. 

But SA'-SA = CS+CA'-CA+CS = 2CS. 

C£ = ae. 

(2) &4'+&4 = e(AX+AX) = e(CX+CA'+CX-CA) 

= 2eCX. 

But = AA’ = 2a. 

/. CX = -. 

« e 

Now take the point C as origin, the line XASCA' as a;-axis, 
and a perpendicular line through C to it as y-axis. 

Let P be any point on the locus whose coordinates are ( x, y). 
Draw PN perpendicular to the x-axis and PM perpendicular 
to the directrix. Join SP. 





From the definition of the ellipse SP — ePM. 

" SP* = e*PM\ SN 2 +PN* = e*PM* = e*NX*. 

But SN = GS-CN = ae-x and NX = OX-CN =~-x. 

e 

{ae— a:j = a®— 2aez+e*x a . 


'te 


/. £*( 1—e 2 ) -j-i/* = a*( 1—e*). 

* P 


" a* a*(I—e*) 


I. 
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The points B, B' in the diagram, where this locus cuts the 
y-axis, are obtained by putting x = 0 in the equation. Hence 
CB 2 = y 2 = a 2 (l—e 2 ) = 6 3 suppose. The equation of the 
ellipse then becomes 



= 1 , 


and b 2 = a 2 (l—e 2 ). 

ACA', BOB’ are respectively the major and minor Axes of 
the ellipse of lengths 2 a and 26 respectively. 


2)2 y2 

Prom an inspection of the form of the equation — -(- ~ = 1 

certain facts can at once be deduced about the ellipse it 
represents. 

(1) As ~x, —y can be substituted in the equation for x and 
y without altering its form, we infer that the curve is sym-. 
metrical about the origin and that this point is its centre. 


(2) As —x can be put for x, leaving y unchanged, or —y 
for y, leaving x unchanged, without altering the form of the 
equation, we infer that the curve is symmetrical about the axis 
of y or about the axis of x. 


(3) Since y 2 = 6 2 ( 1 — ), there will be no real value of y for 

\ a 7 

any value of x not between a and —a. Similarly, writing the 


equation x- 




there will be no real value of x for 


any value of y not between 6 and —6. 

The curve therefore lies entirely within the rectangle formed 
by the lines x — y = ±6. , 

(4) The symmetry of the curve with regard to the y-axis 
shows that it will have two foci and two directrices. 


If two chords LSL\ IS’l are drawn through the foci per¬ 
pendicular to the major axis, each of these is a Lotus Rectum 
of the ellipse. 

42BX n 11 in. 
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From the diagram and the equation of the ellipse we have 

CS* LS 2 
a 2 + 6 2 ~ ' 


/. LS 2 = 6 2 |l-^j = j - 62(i_c*). 


And since 6 2 = a 2 (l —e 2 ), 


LS 2 = 


6 4 


and = 


6 2 


26 2 

The latus rectum of the ellipse is therefore of length —. 

a 

From symmetry 1ST will be also of the same length. 


2. Parametric coordinates of an ellipse 


In the equation of the 


(^2 y'C 

ellipse —-fp = l, if we put 

x — acoaifi, y = b sin <f>, the value of the left-hand side is 
cos 2 ^-f sin 2 ^ = 1, no matter what angle 4> may be. 

Hence, considering 4> as the parameter, the coordinates of 
any point on an ellipse can be expressed as a cos <j>, 6sin<£. 
Thus, when we speak of ‘the point <f> on an ellipse’, we mean 
that point whose coordinates are a cos <f> and b sin rj>. 

The circle described on the major axis of an ellipse as dia¬ 
meter, and with the same centre therefore as the ellipse, is 
known as the Auxiliary Circle of the ellipse. 

y2 

The equation of the ellipse being — 1, that of the 


i/2 


auxiliary circle is x 2j r y i = a 2 . 

Draw an ellipse and its auxiliary circle. Let C be their 
common centre. 

Let the ordinate of any point P on the ellipse cut the major 
axis in N and the auxiliary circle in p. 

P and p are then called corresponding points on the ellipse 
and the auxiliary circle respectively. 
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Then, as CN, PN are the coordinates of a point P on the 
ellipse, £^2 p^, 2 

" ~^ r+ ~W z=l ‘ 



And as CN, pN are the coordinates of the corresponding point 
p on the auxiliary circle, 

cm , P m _ , _ 

•• + ’ 

, . pm b* 

whence we have —— = —, 

pN 2 a 2 

or PN : pN — b : a. 

The angle pCN between Cp and CA is called the Eccentric 
Angle of the point P on the ellipse. Denoting it by <j>, the 
coordinates of p are seen to be a cos <f>, a sin <f>, and those of P 
are a cob<I>, b sin <j>, 

Thus <f> is the parameter of the point P, and the geometrical 
interpretation of the parameter in this case is that it is the 
eccentric angle of the point P. 

3. Equations of the chord and tangent 

Let P, Q be two points <f>, <f>' on the ellipse whose equation is 
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The equation of the line joining them is 

x — acostf) y—bnmrj> 

a(co8<j>—cos<j>') 6(sin<£ —sin<£') 

• I (A-— 4*' 

i.e. b{x—acos(j))2co8- — sin -—— 

2 2 

<A-l-<A r (h 1 —i it 

= a(y—b sm sin —■— sin , 

l <£+<£' , • 

i.e. bx cos-—— + cni sm-—— 

2 J 2 


, / , <A-|-<A' . , . d>+J>'\ 

= ab I cos <f> cos ■— -f sin <f> sm- -— I 


ab cos 




Thus the equation of the chord joining the two points 
<f>, <f>' is 


x 

-cos 

a 


<P+<P' 


2 


y . <p+«p' 
- sm — 

b 2 


cos 


<p-«p' 

2 


To get the equation of the tangent at the point </> it is only 
necessary to put cj>' — <j> in the equation of the chord just 
obtained, and we have 


x y 

-costp + f-sincp = 1. 
a b 


7T StT 

At a vertex of the ellipse <f> is 0 or r , it or —. 

2 2 


Hence the 


tangents at the vertices are x = -±_a, y — ±6. 

If any diameter of an ellipse be drawn, i.e. a chord through 
its centre, the eccentric angles of its extremities clearly differ 
by it. Thus, if POP' be the diameter of an ellipse, and P is 
the point <j>, P' will be the point 7r-j-^ and its coordinates 
—acoB<f>, —b sin$. 
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The equations of the tangents at P and P' are 

X X V 

-cos<^+^sin<i = 1 and -cos(i7+4) + ^sin(7r+ii) = 1 
a b a b 

respectively. 

Their gradients are —-cot <j> and — - cot(-7r+</>). As these 
a a 

are equal, we see that tangents at the extremities of any dia¬ 
meter of an ellipse are parallel and at the same perpendicular 
distance from the centre of the ellipse. 

If we put x' = a cos cj>, y‘ = bsin<f> in the equation of the 

tangent, it becomes 

8 xx' yy' 

' rT ' 

a*- b w 

which is the equation of the tangent to the ellipse — + ^ ~ 1 
at the point ( x',y'). 

This last form of the equation of the tangent to the ellipse 
can be obtained directly as follows: 


x 2 , y z 


Let ?/), (x",y") be two points on the ellipse —+ ~ 

a l b~ 


Then 


a 2 ^ b 1 ~ a 2 ^ b 2 ’ 
(x'-x"){x'+.r") _ (y'-y")(y'+y") 


a~ 6 2 

The equation of the chord joining {x',y’) t (x", y") is 
x — x’ y — y' 

x'—x" y'—y"' 

Combining equations (1) and (2), 

( x— x')(x'+x") {y-y'W+y") _ 0 

a 2 + 6 2 


1 . 


( 1 ) 


(2) 


i.e. 


x(x'+x") y(y'+y") x' 2 y 1 


- + 


y'y" 


6 2 


= _ _i_£_ i 4- g a 

* L O ’ _ 9 1 L9 * 


6 2 


6 2 
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x' 2 V ’ 2 

or, since -r + ^r = 1, 

a 2 o 2 

x(x'+x") y(y'+y') _ , *V yV 

a 2 6 2 "h a 2 6 2 

To obtain the equation of the tangent at x' put x" = x' in 
this equation and we have 

xx' yy' 1/ x' 2 y' 2 \ 

^ + ^ = 21 1+ ^ + fJ ==1 - 

The student familiar with the differential calculus can arrive 
at the equation of the tangent as follows: 

— + y2 = 1 • ydy - 1)2 X 

a?‘b 2 ‘ " dx a 2- 

Hence the gradient of the tangent at the point (x',y') is 

ft 2 x' b 2 x' 

-r —r, and its equation y—y' — - (x—x'), which reduces 

a*y' H J J a 2 y ' h 

a 2 b 3 a 2 ' b 3 


4. Equation of the normal 

The normal at a point P on an ellipse is a line through P 
perpendicular to the tangent at P. 

The equation of the ellipse being- — 1, and P being 

a 2 b 2 

the point (a cos <f>, b sin if>), the equation of the normal is 


x . . y . acos<£sin<i b sm«i cos d> 

-sm^ —-cos <f> -—-—---- 

6 a b a 


o. —- Zi- = a 2 —b 2 = a 2 e 2 . 

cos <p sin tp 

If the point be (x 1 , y'), the equation of the normal is 


a 2 x b 3 y _ a 2 x' b 3 y' 
z' y' ~ x' y' 
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5. Two tangents to an ellipse 

t 

The equation of the tangent to the ellipse — += 1 at the 


point 4> is 


CC ti 

-cosi j> + - sin^ = 1. 
a b 


Suppose this passes through a point (h,k), then 

- cos <j> + - sin <j> = 1. 
a b 

In this equation put tan ^ = f, then 


h 1— t 2 k 2t _ 
a " l + < 2 o ’ l-f < 2 _ ’ 

i.e. + + 0. 

\ a) b a 

This equation being a quadratic in t has two roots, i.e. there 
are two values of l for every point (h, k), which means that 
two tangents can be drawn from a given point to an ellipse. 

These tangents will be real, coincident, or imaginary accord¬ 
ing as the roots of the equation in t are real, equal, or unreal. 
That is to say, according as 



which means, according as ( h , k) is outside, on, or within the 
ellipse. 

6. Tangential equation of an ellipse 


To find the tangential equation of an ellipse 


a 2 'b* 


= 1 we 


have to ascertain the condition that the line lx-\-my-\-n = 0 
should be a tangent to it. 
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Identifying lx-\-my-\-n — 0 with - cos<£ + = 1, we 

a b 

ave cos tf> _ sin <f> 1 

al bm n ’ 


whence 


1 = cos 2 ^+sin 2 ^ = 


a 2 l 2 +b 2 m 2 


a 2 l 2 -\-b 2 m 2 = n 2 

is the required tangential equation of the ellipse. 

By the same method of identification we can find the con. 
dition that the line x cos a + y sin a = p or the line y = mx-j-c 
should touch the ellipse. 

X If 

Identifying x cos a + y sin a = p with - cos f i sin <f> = 1 , 

ah 

we have 6 sin a a cos a 

P = —T = -iT- 

sm <f> cos <f> 

a 2 cos 2 a+6 2 sin 2 a = p 2 (cos 2 <£+sin 2 <£) = p 2 . 

In the second case 

cos <f> _ sin <f> _ 1 

am b c * 

1 = cosy+riny =**”’+**. 


C = iy(a 2 m. 2 -j-6 2 ). 

Hence, for any particular gradient m, i.e. any specified 
direction, two parallel tangents can be drawn to the ellipse 
whose equations are 

y = mx+y , (a 2 ra 2 -f-6 2 ) and y — mx— A /(a 2 OT 2 -j-6 2 ). 


7. Pole and polar with regard to an ellipse 

The point of intersection of the tangents at the extremities of 
a chord of an ellipse is called the Pole of that chord with regard 
to the ellipse, and the chord is called the Polar of that point. 
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We shall now find the coordinates of the point at which the 
tangents at two points <f>, S' on the ellipse intersect. 

The equations of the tangents at <f> and <j>' being 

'U * ft 71 

-cos<£ + dsin<£ = 1 and - cos<f>' +- sin<£' = 1, 
a b a b 

where they intersect 

xja _ yjb _ —1 

sin<j> — airuj>' cos <f>' — cos <j> sin <f>' cos cf> — sm<f>cos<f>' 

<{>-{-<£' . 

. 2 cos L smt r _ cos — 

x sin<£ —sm</> 2 2 2 


a sin (4>—<i>') 


. <A— 4>' 

2 sm cos - - cos ~ - 


y _ COS<f>' — COS</> 
b sin(<f >—</>') 


2sm* _ *'sin* + *' sin^+t' 
_ 2 _ 2 _ 2 _ 

. 1 4> — S' S — S' S — S' 

1 sin r r cos r cos—— - 


i.e. the tangents at two points </>' of an ellipse intersect at 
the point whose coordinates are 


cp+cp' . cp+cp' 

acos T - bsin— T 

2 2 


tp-tp 


,<P~V 


Let (h, k) bo the coordinates of a point whose polar we desire 

.T“ 7/“ 

to find with regard to the ellipse —— 1. 

a 2 b 2 

Suppose the tangents from ( h, k) to the ellipse touch it at the 
point, * ,„d f. . i +f 

a cos - b sm — 


cos --- 

2 


Then 
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The chord joining these points has for its equation 


x 

-cos 

a 



y . <f> 

i am ----- 

b 2 


— cos 


2 ’ 


i.e. 


xh yk _ 
a 2 + b 2 


which is the equation of the polar of ( h , k) with regard to the 
ellipse. 


xJv vie 

We, note that if h and k are real, this line --(- — = I must 

a 2 b 2 


also be real. 

Thus every point has a real polar no matter whether the 
tangents from it to the ellipse are real or imaginary. This is 
equivalent to saying that the polar will be a real line whether 
the point is within or without the ellipse. If the point (h,k) 
is on the ellipse, the equation of its polar is identical with that 
of the tangent at ( h , k). Hence the polar of a point on an 
ellipse is the tangent at that point. 


If the polar of a point (h, k) with regard to an ellipse passes 
through another point ( H, K), then the polar of (H, K) will 
pass through the point {h, k). 

The method of proof is the same as that employed in the 
case of the circle and the parabola. 


The equation of the ellipse being 


- — = 1, that of the 
b 2 


ocJt vie 

polar of (A, k) with regard to it is — + — — 1. 

" z b 2 


a “ 


If this line passes through the point (H, K ), 


Hh__Kk 
a 2 ' b 2 


The polar of {H, K) with regard to the ellipse is 
a 2 b 2 


( 1 )’ 
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Equation (1) shows that x = h, y — 1c satisfy this equation, 
the polar of (H,K) passes through (h,k). 


8. Polar equation of an ellipse 



Let P be a point on an ellipse whose semi-latus rectum is l, 
and PSQ a focal chord making an angle 6 with the major axis. 

Draw PM, Qm perpendicular to the directrix and PN, Qn 
perpendicular to the major axis. 

The polar coordinates of P are r = SP and 6 — L PSN. 

In the diagram 

r = SP = ePM = eNX = e{XS + SN) 



- = 1—e cos 0 
r 


is the polar equation of the ellipse. 

If 9 were measured in a clockwise direction with XSX' as 
initial line, the polar equation of the ellipse would be 

- = l-j-ecos#. 

T 

From the equation first obtained 

gp= 1-ecostf 
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and 


—- = 1— ecos(7r-)-0) = 1-f ecos 

SQ 


9. 


1 

" SP 


I 

SQ 


2 

V 


Showing that the semi-latus rectum is a harmonic mean 
between the segments of a focal chord of an ellipse. 

If MP be produced to cut the other directrix of the ellipse 
in M', then 

SP+S'P = e(PM+PM’) = eMM' = cXX’ = 2 eCX 


= 2e.-= 2a. 
e 

Hence the sum of the focal radii of any point on an ellipse 
is always equal to the length of its major axis. 

The polar equation of the tangent at a point on the ellipse 

- = 1—ecos 6 whose focal radius makes an angle <x with the 

r 

major axis can be found thus: 

Suppose that the line 

- = A cos 8 + I? sin 6 
r 

is the tangent at the point. 

Then 1—ecos a = A cos a + 5 sin a. 


Put tan- = t, and this becomes 
2 


i.e. 


l - {A+e) 1 l+J* +B l+P’ 

l 2 {l+A+e)-2Bt+(l-A-e) = 0, 


of which both roots must be tan - 
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and 


also 


2 l+J+e 


1 — tan 2 


COS a = 


= A-j-e, 


l-f-tan 2 ^ 


2 tan ■ 


2 B 


2B 


1 -fens < 


n -» „ a a. 

Is — 2 cos 2 - tan - — sin a. 
•> •) 


Hence the equation of the tangent at the point - - , a is 

1—ecosa 

eo3 0(oosa—e)-f sin asin 0. 


1 


= cos(0—a)—ecosQ. 


The polar equation of the normal at the point 


l 


1—ecos 


! a 


must bo of the form —— cosl-4-0—al — ecosi 


! (H' 


which 


is perpendicular to the line - = cos(0—a)—ecos# for all values 

r 

of K. 

If this line passes through the point 
7f(l —ecos a) 


l 


l 


1—ecosa 
= esina. 


, a, then 


the equation of the normal at the point --, a is 

1—ecosa 


l e sin a 
r 1—ecosa 


— sin(0—a) — esin0. 
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Where the tangents at two points a, fi intersect, we have 
l 

-= cos(0— a)—ecos# 

T 

and -= cos(0—/})—ecos0. 

co8(0— a) = cos(0—/S); 

whence 9—a = B—9 and 9 = . 

2 

Hence, if TP, TQ be two tangents to an ellipse and 8A be 
the major axis, 

Z.TSP - APS A-ATS A = 

2 2 

and ATSQ = ATSA-AQSA = = -=?, 

showing that ATSP — ATSQ. 

any two tangents to an ellipse subtend equal angles at 
a focus. 

The tangents at the extremities of a focal chord meet on 
the directrix. 

The extremities of the focal chord have as tangents the lines 
whose equations are 

l 

- — cos(0 — a.) —ecosl? 

T 

and co8(d— tt—oc )—ecos 6 = —cos(0—a)—ecosfl. 

T 

Where they intersect we have, by addition, 

_ = — ecos0, 
r 

which is the polar equation of the directrix. 

Suppose the two tangents at the extremities of the focal 
chord PSQ intersect at a point T on the directrix. 
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We have proved that LTSP — aTSQ. 

TS must be perpendicular to PSQ. 

9. Various properties of an ellipse 

We will suppose the equation of the ellipse to be 


Let S, S' be its foci, AC A’ and BOB' its axes, X M and 
X'M' its directrices. 

Let P be any point <f> on the ellipse. Draw PN perpendicular 
to the major axis and produce it to cut the ellipse again in P' 
and the auxiliary circle in p and p'. 

Through P draw MPM' parallel to the major axis to cut 
the directrices in M and M' and the minor axis in n. 

Let the tangent at P to the ellipse cut the major axis in T, 
and the minor axis in t. 

Let the normal at P cut the major axis in G and the minor 
axis in g. 


M' 

X' 


Draw lines through the foci S and S' perpendicular to the 
tangents at P and Q, where PCQ is a diameter of the ellipse 
and to meet them in Y, Y’, Z, Z' respectively. Join SP, S’P, 
Cp, and draw CR perpendicular to PGg. 
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The following theorems will now be proved. 

(1) The tangents at any pair of corresponding points P, p 
on the ellipse and the auxiliary circle meet at a point on the 
major axis. 

The equation of the tangent at P, the point <f>, to the 
ellipse is 

* x ?/ 

- cos ^ -j- d sin <f> = 1. 
a b 

Where this cuts y = 0 we have x = a sec cf>. 

The equation of the tangent at p, the point {a cos <f>, a sin <f>), 
to the circle z 2 +y 2 = a a is 


- cos 4 -j- - sm 4=1, 
a a 

and where it cuts y = 0, x = a sec^>. 

Hence both lines meet at the point T on the axis, and 

CT — asectj). 

(2) If the tangent at P meets the axes in T and t, then 
CN.CT = a* and Cn.Cl = 6 2 . 

We saw in (1) that CT = asec<f> and CN — ocos<£. 

CN .CT = a 2 . 

Where the tangent at P cuts the minor axis, we have, 

X if 

putting x — 0 in the equation - cos <f> -f d sin <j> — 1, 

a b 

Ct — y — b coaec<f> 

and Cn = PN = 6sin0. 

Cn.Ct — b 2 . 

2 2 

(3) To prove that CO — e 2 CN and Cg = Gn. 

The equation of PG, the normal at the point <f>, is 

cos <f> sin <p 
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Where this cuts the major axis y = 0, we have 
a. CO == (a 2 — b 2 )coatf> = a 2 e 2 cos<f>. 

CG = e 2 .acos<!> = e 2 CN. 

Where the normal cuts the minor axis x = 0, we have 

n a 2 —b 2 . a 2 e 2 . . , 

o b 2 

« 2 p 2 

= -11. Cn. 

b 2 

(4) To prove that SO == eSP. 

In the diagram 

SP = ePJ/ = eAX = e(CX-CN) 


= p|- — acos^j 


a(\—ecos<f>). 


Also /St? = CS—CO — CS—e 2 CN 

— ae—e 2 acos<f> 

— ae(l—ecoscj>) 

= e.SP. 

(5) To prove that the normal bisects the angle between the 
focal radii of a point on an ellipse and that the tangent makes 
equal angles with them. 

We have just proved that SO — eSP, and from symmetry 
S'G = eS’P, gp . s , p __ SQ . g,Q 


PO is the bisector of ASPS'. 

And as the tangent PT is perpendicular to PO, it must be 
the external bisector of ASPS', and therefore SP and S'P 
will be equally inclined to it. 

(6) To prove that PO : Pg — NO : NC = b 2 : a 2 . 

42SX p 
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From the diagram 


Pg _ Pn 
PO~NO 


_NC 
~ NO' 

Also 

ON __ CN-CO CN—e 2 CN 2 __b 2 
CN CN CN 6 ~ a 2 


(7) To prove that PG.PR — b 2 and Pg.PR — a 2 . 

PR is the length of the perpendicular from the centre C to 
the tangent at P, i.e. from the point (0,0) to the line 

X 1J 

— cos <j> sin <f> — 1 = 0. 

a b 


PR 


ah 


l/cos, 2 <f> sin 2 <A ^(u 2 ni 

V \~^ 2 ~ + ) 


sin 2 $+6 2 cos 2 ^) 


ft 4 


Also PG 2 = PN 2 +NG 2 = b 2 sin ^ ^ cos*f 


PG = - • v /(a 2 sin 2 <£+6 2 cos 2 c/>). 
a 


And a,a Pg — — PO, 
b l 


PR. PO — b 2 . 
PR.Pg = a 2 . 


(8) To prove that Y and Y' lie on the auxiliary circle, that 
SY.S'Y' = 6 2 , and that SY.SZ = S'Y'.S'Z'. 

The equation of the tangent at P, the point is 

cc n 

-cos^ = 1. 

a b 


That of a line through (ae, 0) perpendicular to it 


£C 1/ 

- sin <f> — - cos <f> 
b a 


ae sin & 


b 
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Squaring and adding these, 

■ ,2 sin 2 ^-f- b 2 cos 2 <j>' 


(x 2 +y 2 ) 




2 sm 2 <f> 


a 2 b 2 


•\ a 2 e 2 sin 

I + F 

a 2 8in 2 (^+6 2 cos 2 ^ 


b 2 


x 2 +y 2 = a 2 , 


i.e. the point Y lies on the auxiliary circle, and, from sym¬ 
metry, Y’ must also do so. 

The perpendicular from S (ae, 0) on the tangent at P is 


ecos<£ —1 


(e cos<f>— l)ab 


J^cos 2 <f> ' sin 2 </>j *j(a' 


and that from S' (—ae, 0) is of length 
SY.S'Y' 


; sin 2 <£ -(- b 2 cos, 2 <f>) ’ 

(— e cos<j>— l)ab 


■s](a 2 sin 2 <f> -\-b 2 con 2 <f>)' 
1 — e 2 cos 2 <f> 


But 


a 2 aiu. 2 4> f b 2 eoa 2 <f> 


a 2 b 2 . 


a 2 ain 2 <f>-\-b 2 eoa 2 4> = a 2 sm 2 <f> +a 2 ( 1 — e 2 )cos 2 <j> — a 2 (l — e 2 cos 2 $). 
SY.S'Y'= b 2 . 


Again, as Y, Y', Z, Z' all lie on the auxiliary circle, 
SY.SZ = SA.SA' = a(l-e).a(l+e) = a 2 (l-e 2 ) = b 2 
and S'Y'.S'Z' = S'A'.S'A = SA.SA' = b 2 . 


(9) If PSQ is a focal chord the tangents at its extremities 
meet on the directrix. If they meet at a point T, then TS is 
perpendicular to PQ. 

These two theorems have already been proved in Art. 8 by 
the use of polar coordinates. They can also be proved thus: 

Let the extremities of the focal chord PQ be the points 
6, <f> on the ellipse. 
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The equation of the chord joining them is 


x 8+4 y . 8+4 8 —i j> 

-COS-- 4--8U1- - = cos — - - , 

a 2 b 2 2 


and as this passes through the focus (ae, 0), we have 


6+4 6—4 

ecos -= cos —~ 

2 2 


a cos 


The abscissa of T we know to be 


cos 


?+4 

2 a 
8 — <f> e 


Hence the point lies on the directrix whose equation is 


a 

x — -. 
e 


The ordinate of T is 


bsm*+/ 

- T—j- = - tan . 

8—<f> e 2 


cos 


The equation of TS being 

x —oe y 


a 6 8+<f >’ 

ae — —tan—--- 

e e 2 


b tan 


8+<j> 


the gradient of TS is accordingly 

a 8+4 

to - tan —-+. 


a( 1-e 2 ) 


, which is equal 


b 0 I (fa 

And the gradient of PQ being-cot——, we see that the 

d £ 


2 
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product of the gradients is —1; hence TS is perpendicular 
to PQ. 

( 10) T he locus of the point of intersection of two perpen¬ 
dicular tangents to an ellipse is a circle of radius ^ j(a 2 -\-b 2 ). 
The equation of any tangent to an ellipse being 


y = wia:+^(a 2 r« 2 +6 2 ), 

that of a perpendicular tangent, whose gradient is — —, will be 

m 



i.e. my-\-x — 


(y— ma-) 2 +(7ny+a:) 2 = a 2 m 2 +6 2 +u 2 +6 2 m 2 . 
(x 2 +i/ 2 )(l+w 2 ) = (a 2 +6 2 )(l+m 2 ); 
whence x 2 -f-y 2 = a 2 +b 2 


is the required locus. 

This circle is known as the Director Circle ; in the case of the 
parabola, it became the directrix itself, which may be regarded 
as part of the circumference of a circle of infinite radius whose 
centre is at infinity on the axis. 

The equation of the director circle can also be found thus: 

If (X, Y) is on the tangent to the ellipse at a point <f>, then 

Z ■ * i 

— cos <f> -f-sin^ =1. 

a b 


IX Y \ 2 

Putting tan cf> — t, - + vM 

\° b I 


= 1 +t 2 , 
2 XYt , X 2 , 


a b 


0 . 


But if the tangents are perpendicular, the product of the 

6 2 

roots of this equation -- - . 
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i.e. X 2 +Y* = a 2 +6 2 . 

(11) The centre of an ellipse which always touches two fixed 
perpendicular straight lines, moves on a circle of radius 
V(a 2 +& 2 ). 

This is really the converse of the previous theorem. The 
centre of the given ellipse being G and the point where the 
perpendicular lines meet being O, we have CO 2 = a 2 -\-b 2 . 

So if 0 be fixed, C clearly moves on a circle with 0 as its 
centre and radius J(a 2 -\-b 2 ), as it slides between the two per¬ 
pendicular straight lines. 

10. Methods of drawing an ellipse 

(1) Take a circle whose diameter is the major axis of the 
required ellipse. Draw ordinates from points of this circle to 
the diameter and divide them all so that the part of the ordi¬ 
nate nearest to the diameter is to the whole ordinate as b : a, 
2a and 26 being the major and minor axes of the ellipse. 

(2) Take a straight line LMN such that LN — a and MN = 6. 
Let the line LMN move so that L and M are always on two fixed 



lines Oy and Ox at right angles. Then N will trace out an 
ellipse whose major and minor axes are 2a and 26 respectively. 
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The proof of this is as follows: 

Let LMN be one position of the line, L being on Oy and 
M on Ox. Draw NR, NK perpendicular to Ox and Oy re¬ 
spectively, and let Z.NMR — <*. 

Let (x, y) be the coordinates of N. 

Then 

x = OR = NK = LN cos LNK = a cos a 
and y = NR = MN sin LNMR = b sin a. 

-j + rj = cos 2 at+sin 2 0 £ = 1, 
a 1 b i 

which shows that the locus of N is an ellipse whose centre is 
at the origin and axes of lengths 2a, 2b. 

(3) It has been proved that the sum of the focal radii of 
any point on an ellipse is always equal to the major axis of 
the ellipse. 

If the major axis of an ellipse be 2a and its eccentricity e, 
choose two points on the paper which are distant 2ae from 
each other. 

Now take a piece of string or cotton of length 2a and fasten 
its ends at the two fixed points. Keeping the string taut, mark 
with a pencil the vertices of the various triangles which can 
be formed in different positions of the string. 

These vertices will all lie on an ellipse which can be traced 
by letting the pencil run in the angle formed by the two seg¬ 
ments of the string when it is kept taut. Its foci will be the 
two fixed points where the ends of the string w T ere fastened and 
its centre the middle point of the line joining them. 

11. To find the coordinates of the centre of a conic repre¬ 
sented by the general equation of the second degree 

The equation of the conic being 

ax 2 +2hxy+bi/+2gx+2fy+c — 0, 
suppose that its centre is the point (x',y'). 



216 THE ELLIPSE 

Refer to parallel axes through ( xy') and we have 

a{x+x') 2 +b(y-\-y') 2 -\- 2h(x+x')(y+ y') 

+2g(x+x')+2f(y+y')+c = 0. (1) 

Now the equation of any conic referred to perpendicular 
axes through its centre would be of the form 

Ax 2 -{- By 2 -\- 2Hxy = 1, 

since when we put —x for x and —y for y in this equation it 
retrains unaltered in form. 

This equation has no x term and no y term. Hence in the 
equation (1) the coefficients of x and y must each be zero. 


and 

whence 


ax'+hy'+g = 0 
hx' -\-by' -\-f = 0, 

_ = y' = l 

hf—bg gh—af ab—h 2 ’ 


which give the coordinates of the centre of the conic. 

The student familiar with the calculus will see that the 
equations determining the centre can be obtained by differen¬ 
tiating the general equation with regard to x regarding y as a 
constant, and then differentiating it with regard to y regard¬ 
ing x as a constant. 


12. Typical examples 

Find the condition that the line lx-\-my-\-n = 0 

should be a normal of the ellipse — + = 1. 

a 2 b 2 


Identifying 

with 

we have 


lx-\-myA-n — 0 


ax 
cos <f> 


= a 2 —b 2 = a 2 e 2 , 

sin <f> 




mBuuf) 


n 

o¥’ 


a 


b 
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1 = cos 2 ^+sin 2 <£ = 


ft* 

a 4 e 4 



a* 6* _ (a*-&2)2 
1 * m 2 n . 2 


Ex. 2. The normal at an extremity of the latus rectum of 
an ellipse passes through an extremity of the minor axis. Find 
an equation giving the eccentricities of the ellipses for which 
this is possible. 

If the normal at the point [oe,a(l —e 2 )] cuts the major axis 
in 0, we have GG = e 2 .ae = ae 3 . 


Now 



/. e 4 +e 2 —1 = 0 

is the required equation. 

Ex. 3. Two tangents are drawn to an ellipse whose gradients 
are rn 1 and m 2 . Find the locus of their point of intersection 

(1) if m 1 fti 2 is constant, (2) if — + — is constant. 

m 1 m 2 

Suppose that <f> lt <f> 2 are the points of contact of the tangents 
to the ellipse = 1. 
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X u 

The equation of the tangent at <f> being - cos <j> 4 . i sin rf> = 1 , 

a b 

tn 1 = —- cot fa and m 2 = — - cot 
a a 

Let t = tan<£. The equation of the tangent can then be 
-written 

- + ?< = Vd + < 2 )> 


’(H 


ah a 2 


of which equation the roots will be tan fa and tan <j> 2 . 

jl 1 x _ 2xyb 


tan^+tan^q — — 


a(y 2 —b 2 ) 


If m l m s — k, we have 


tan 

™ d\y 2 -b 2 ) 


■ cot cot <f > 2 = k. 


b 2 _ K b 2 (x 2 -a 2 ) 

'' a 2 ~ a 2 (y 2 -b 2 )’ 
whence the locus is k{x 2 — a 2 ) — y 2 —b 2 . 

If — 4- — = A, we have 

m j w , 2 

- b -\ = tanfa+t<mfa = 

whence 2 .ry = A(y 2 —b 2 ), 

which is the required locus in the second case. 

^,/EX. 4. Find the locus of the pole of a normal chord of an 
ellipse. 

Suppose the normal at the point <j> meets the ellipse again 
at the point fa. 
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Then 

must be identical with 


x 4>-\-<f> , y . <(>+4> <£—<£ 

- cos r Y + ~ sin -—— = cos -—— 
a 2 6 2 2 






cos </> sin (f> 


cos 




= a 2 — 6 2 = a 2 e 2 . 


. <£+<£' <£—<{>' 

sin -—— cos -—— 


a 2 see <j> b 2 cosec <f> a.V 2 

If (X, Y) be the point where the tangents at </> and <f>' meet, 


a cos' 


cos 


e 2 cos<j> 


6 sin 


4 > + 4 >' 


and 


Y = 


fc 3 


cos 




I = COS 2 cf>-\-SUl 2 (j> 


a- 


a 2 e 2 sin <f> 

b * 


e 4 X 2 1 aW 2 ‘ 


a*e*X 2 Y 2 = a 6 7 2 + 6 6 A' 2 , 

which is the equation of the locus required. 

I/Ex. 5 . Show that the equation of the chord of the ellipse 

-z + y- — 1 > whose middle point is (h, k), is 
a 2 b 2 

hb 2 (x-h)-\-ka\y—k) — 0. 

The equation of any line through (h, k ) may be written as 
y—k = m(x—h). 

Where this line cuts the ellipse, we have 

6 2 a: 2 +a 2 (ma;— mh-\-k) 2 = o 2 6 ! . 



220 


THE ELLIPSE 
If the roots of this equation are x 1 and x t , then 

2 ma 2 (mh—k) 


2 h = x 1 -j-x i = 


m — — 


6 a +a 2 m a 

ka 2 ’ 


and the equation of the chord is 

hb 2 (x—h)-\-ka 2 {y—k) — 0 . 

Ex. 6 . Find the polar equation of the chord joining two 
points on an ellipse whose vectorial angles are a and ft. 

The equation of the ellipse being - = 1 - e cob 8, let that of 

r 

the chord be - = A cos 8 -f i? sin 8. 


Then 

and 


and 

Also 

i.e. 


1—ecosa = A eosa+ -Ssina 
1— e cos /3 A cos /J + B sin 

/. cos/S—cos a = 2?sin(a— /S) 


■ otd - P 

Bin-- 


B = 


cos 


izi 

2 


sin/3— sina + esin(a—/3) — — A sin (a— /J), 

a—j3 a+j3 

(A+e)ooB —- — cos—— 

2 2 


the equation of the chord is 

“+£ 

i i:uc 

l 


cos- 


. <*+/! 
sin——^ 


, cos 


a—fi 


- e I cos 8 


cos 


“-0 


■ sin 8, 


• l <*—P (a a ~^~P\ a —P a 

i.e. - cos —- = cos 0 —f- J—e oos —— cos 8. 

r 2 12/ 2 
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N.B. If we put a = jS in this equation we get the equation 
of the tangent at the point whose vectorial angle is ot, viz. 

- = cos(0—a)— ecosf?, 
r 

which is an alternative way of arriving at this result to that 
employed in Art. 8. 

Ex. 7. The centre of the ellipse —|- — = 1 is at C, and S is 

a 2 b 2 

one of the foci. If the line through C perpendicular to the 
tangent at any point P on the ellipse cuts SP (produced if 
necessary) at T, show that the locus of T is a circle whose 
centre is S. [J.] 

Let P be any point $ on the ellipse — + ~ = 1. 



The equation of the tangent at </> is 

X w 

-cos</> +^sin^ = 1. 
a b 

That of the line through (0,0) perpendicular to it is 

ax sin </> — by cos <f> = 0. (1) 

The equation of SP is 

x—ae _ y 
a(e — costf>) b sin^>’ 

i.e. b(x—ae)sm<f> — ay cos </> + = 0. 


( 2 ) 
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Solving equations (1) and (2) for sin^ and cos <f>, we have 

sin<^ _ cos^ 1 

—obey 2 —a 2 exy — a l xy+ b 2 y(x—ae) ‘ 

1 = sin^+cos 2 ^ 

_ a 2 b 2 e 2 y 2 a*e 2 x 2 

\b 2 (x—ae)—a 2 x\ 2 \b ^ {x—ae)—a 2 x\ i, 

but 

b\x — ae) — a-x — —ab 2 e — x(a 2 — b 2 ) = —ab 2 e—a 2 e 2 x 
, — — ae(b 2 +xae). 

(b 2 +xae) 2 = b 2 y 2 +a 2 x 2 , 
i.e. x 2 -\-y 2 —2aex - 6 2 , 

which is the equation of a circle whose centre is S (ae, 0). 

y2 

Ex. 8. The normal at P to the ellipse —-- = 1 meets the 

o 2 b 2 

radius of the auxiliary circle to the corresponding point P' in 
B. Prove that the locus of R is the circle 

x 2 +y 2 = (a+b) 2 . [W.] 

Let P be the point <f>. The normal at P is 

ax by „ , 

- 7 - ~r~~. = a 2 e 2 , 

cos <p Sin rf> 

and the equation of CP' is x = ycot<f>. 

In the equation of the normal, rewritten 


ax—by cot <j> 


V(l+tan 2 <£)’ 


put cot<j> = and we have 

y 


(a—b)x = 


a 2 e 2 x (a 2 —b 2 )x 


v ' V(* 2 +y 2 > V^+y 2 )’ 

i.e. % 2 +y 2 = (a+b) 2 . 

Ex. 9. A chord PQ of an ellipse, centre C, is drawn in a 
fixed direction and meets the minor axis in Z. IF is a point 
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CW 

on the major axis equidistant from P and Q; show that- 

CZ 

is constant. [L.] 

Let P and Q be the points <f> j, <f> 2 on the elhpse — — 1. 

The gradient of PQ, i.e. — j cot —— 2 , is constant. 

o 2 

<Ai+^-z is constant. 

Let W be the point (A,0) on the major axis. Then 
(A —a cos ^ 1 ) 2 +6 2 sin 2 ^ 1 = (A—acos^ 2 ) 2 +6 2 sin 2 ^ 2 . 
2Aa(cos cf> 2 — cos (j> x ) +a 2 (cos 2 ^ 1 ~ cos 2 ^ 2 ) 

—6 2 (cos 2 <^ 1 — cos 2 ^ 2 ) = 0. 

2Aa = (a 2 —6 2 )(cos<£ 2 ( cos</.,). 

CZ, the ordinate of the point in which PQ cuts the minor 
axis, is obtained by putting x = 0 in the equation of the chord. 


Hence 


sin ‘ = cos 1 . 

b 2 2 

sin^ 1 ^— a 

CW (a 2 —6 2 )(cos^j4-cos^ 2 ) 2 


CZ 


2 a 


6cos^> 


(a 2 —6 2 )sin 2 . cos - 1 ^- 2 


a 2 -t 2 

2oA 


ab 

CW 


And as is constant, .'. = a constant. 

CZ 


Ex. 10. P is a point on the ellipse 6 2 x 2 +o 2 y 2 = a 2 f> 2 and 
J and K are the feet of the perpendiculars from P to the major 
and minor axes. On the line JK a point Z is taken dividing 
JK in the ratio l : to. Find the locus of Z. 



224 THE ELLIPSE 

Further, find the value of the ratio l ; m when ZJ is the 
normal to the locus of Z. [B.] 



Let P be the point <f>. Then J is the point (a cos^,0) and 
K the point (0, b sin <f>). 

If Z divides JK in the ratio l: m, the coordinates (X, 1’) 
of Z are 


ma cos <f> 

l+m ’ 


Y r= 


lb sin 4> 


. (l+mVX* . (l+m)*Y* , 

• • ■ + ntx = cosV+sm^ - l. 

m*a* /*o 2 

The equation of the normal to this ellipse at the point Z is 


x— 


ma cos <f> 
l-\-m 


y- 


lb sin <f> 

l+m 


i.e. 


(/+m)cos<£ (i-fw)sin^ 
ma lb 

max Iby _ ra*o*—1*6* 

cos^> sin^ i+nt 

If this is identical with 


+ 


a con<j> bnin<f> 




I 


o* 

'Zi* 


we have 


ma* = —lb*. 
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Ex. 11. Show that if the portion of the polar of (x',y') with 
respect to the ellipse bW+ah/* = a 2 b s which is intercepted by 
it subtends a right angle at the centre, the point ( x',y ') lies 

on the ellipse — + ^ = A -f I [B.] 
a 4 o 4 a z o 2 


The lines joining the centre to the points where the line 

XX* VM* 

— + — 1 meets the ellipse are 

If these are perpendicular, the sum of the coefficients of 
x* and y i is zero; hence 

y' s 1,1 

l.o. -h — —-—. 

a 4 b 4 a* b* H, 

Ex. 12. A A' is the major axis of an ellipse and P is the 
point <f> on it. A'P, AP meet the tangents at A, A' in Q and 
Ji respectively. Prove that the equation of QE is 


X t/ 

- cos A f -^-sin A — 1 
a 2b 

and find its envelope. [O. and C.] 

The equation of AP is 

x A , y . A A 
-cos- + ^sm- = cos-, 
o 2 6 2 2 


i.e. 


-cot-(x—a). 
a 2 


Where this cuts x — —a, we have y — 26 cot5. 

Jt 

So the equation of A‘P is y — -tan^ (x+o)- 

a 2 


4MI 


Q 
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x+a 

—2a 


y—2b cot- - sin <4 — 26 cos* - 

_ 2 2 _ 2 

2 fc(cot|-tan|) = 26cos * 



X t/ 

- cos (4 sin^ = 1. 
a 26 


The form of this equation shows that it is a tangent to the 
ellipse *« 

a* + 46* 


which is therefore its envelope. 


EXAMPLES 12 

1. Find the ordinates of tho points on tho ellipse ftr* -+- 26 y* — 225 
whose abscissae are 2, —3, and —14 respectively. 

2. Find the eccentricity of the ellipse whose axes are 16 and 12. 
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3. Find the distance between the foci of the ellipse 2x*-f-3y* — ft. 

4. Find the distance between the directrices of the ellipse 
9**+ lly a = 99. 

6. The length of the major axis of an ellipse is 16 and its foci 
are the points (±4,0); find the equation of the ellipse. 

( 2V2 \ 

± 3 ,0J and its 

eccentricity is Find its equation. 

7. Tho axes of an ellipse lie on the axes of coordinates and it 
passes through the points (7j, 3), (5|, —4). Find its equation. 

8. Find the eccentricity, the equations of the directrices, and 
the lengths of a latus rectum of the following ellipses: 

(1) 9x*-f25i/ s —225 = 0. 

(2) 9(x-2)M-38(y + 3)» = 324. 

(3) 2x»-f 3y a -8x-18y+29 = 0. 

9. Find the equation of an ellipse whose minor axis is 8 and 
latus rectum 4. 

10. Find the equation of tho ellipse which has the point (2,3) 
for its focus, tho lino &r— I2y — 0 for its directrix, and whose 
occentricity is $. 

11. Find the coordinates of tho foci, the length of the latus 
rectum, and the equations of the directrices of the ellipse whose 
equation is 4(.r a -fj/ a ) — (xcos60 J + ysin60°—l) a . 

12. What is the eccentricity of an ellipse whose latus rectum 
is equal to half of its major axis? 

13. If S is the focus of an ellipse whose axes are .4 CA ', BCB', 
prove that SB — SB' -- CA. 

14. What are tho eccentric angles of the extremities of the 
latora recta of the ellipse 2x a f 4y a = 1 ? 

15. The ordinate of any point P on an ellipse cuts the auxiliary 
circle in p. A line PLl is drawn parallel to Cp cutting the axes 
in L and l. Prove that LP CB and Ip — CA. 

18. Three points P, Q, R are taken on a straight line such that 
PQ = ZQR. If P and Q move on two perpendicular straight lines, 
find the equation of the locus R traces out with regard to these 
lines as axes of coordinates. 
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17. A point moves so that the sum of its distances from the 
two points (±1.0) is equal to 2k, where k is constant. Prove that 
the equation of its locus is 


** , y 1 

k*^k*-l* 


1 . 


18. An ellipse is drawn to pass through the points (1,12), 
(1, —4), and (8,10), and to have the line x — 4 as an axis of 
symmetry. Find the coordinates of its foci. 

19. Find the equation of tho ellipse £tr a -f 25i/ 3 = 225 referred 
to its major axis and tho tangent at its positive extremity as 
axes of coordinates. 

20. An ellipse has one focus at tho point (2,4) and its major 
axis parallel to the x-axis. It also touches both axes of coordinates. 
Find its equation. 

21. If AC A' be the major axis of an ellipse and PS the ordinate 
to ACA' from any point P on tho ellipse, show that 

PN* : AN.A'N = 6* : a 1 . 

22. PNP' is drawn through a point N on the major axis of an 
ellipse perpendicular to this axis and to cut the <'1I ipso in P and 
P'. Any othor point Q is taken on the ellipse and QP, QP‘ pro¬ 
duced, if necessary, cut tho major axis in R and R' respectively. 
Prove that CR.CR' — a*. 

23. Write down tho equation of tho chord of tho ellipse 
x*-f-2y* = 1 joining two points on it whoso eccentric angles are 

30° *md 60°. 

24. Find the equation of the tangent and normal to tho fol¬ 
lowing ellipses at the points stated: 

(1) 9x*+25y* = 225, at tho point ( —J.2V2). 

(2) 3 T + 7 K = I, at the point (8 cos a, 7sin<x). 

64 49 

(3) at 4he point (5,2v2—4). 

36 9 

25. If y — V&r-f -c is a tangent to tho ellipse 4x*-f %* = 36, 

what is c 7 

26. Tho lines whoso equations are y = 2*+V65, y =* 3*-f V106, 
touch the ellipse t*x*+ a*y* — a*b*. Find o and b. 
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27. Find the equations of the tangents to the ellipse 

4x*+9y* = 36 

■which make equal angles with the major and minor axes. 

28. Find the leant value of the portion of a tangent to the ellipse 
b*x 3 -(- a 1 ]/* — a'% 1 intercepted between the axes. 

29. Find the equation of the director circle of the ellipse 
2x* + i/* — 5. 

30. Find the coordinates of the centres of the following ellipses: 

(1) <2x-.3) 3 + <3</-2) 3 = 8. 

(2) 5x s f 4i/ 3 -20x -f 18y + 32 =-- 0. 

(3) 7x‘-9xi/ + 3</ ! -6x-f 4y-2 = 0. 

31. /’ is a point on the ellipse 6*x 2 + a 3 y 3 = a s 6 ! whose eccentric 
angle is <f>. The tangent and normal at P to the ellipse cut the 
major axis in T and O reflectively. PN is drawn perpendicular 
to this axis. Find tho lengths of the subtangent NT and of the 
subnormal NO. 


32. With tho usual notation (see figure of Art. 9) prove that 

2 

per 


(1) iSY + ti'Y' 


(2) — + £■£- — 
b S + “ «-2 ' 


b 3 


33. If x = h fa cost and y k f 6sinf, where / varies, find the 
equation of the locus of (x, y). 

34. An ellipse is drawn with its foci at the points (±e, 0). Prove 

x y 

that, if a straight line - -f - -- 1 cuts tho ellipse at two points 
j> q 

whose eccentric angles are a. and jS, then 

0 * 008 ( 0 :— /?) — (p* — q t )con(<x+P) = p t — q t —C i . [J.] 

35. Find the coordinate's of the points of intersection of the 
ellipse 3x a f 4i/ 2 — 12 with the circle x*-f j/ 3 = 3£f. Find also the 
angles at which they intersect at their common points. 

36. Any tangent to an ellipse cuts the tangents at the extre¬ 
mities of its major axis in L and M. If S be a focus, show that 
L LSM is a right angle. 

37. Prove that the tangents to an ellipse 6*x , +a t y* = a*6* 
which are equally inclined to the axes form a square of area 
2(o*+ 6 3 ). 
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1 should touch 


o s 6 * are the 


2J at 

38. What is the condition that the line - + S • 

“ P 

the ellipse a*y* = 0 * 5*1 

39. At what points on an ellipse 
tangents equally inclined to the axes? 

40. Show that the line y — mx — —■} is a normal to the 

a 1 -)-!) 2 ™* 

ellipse 6 V-f°y = 0 * 5 *, for any valuo of m. 


ai — b* 

41. Show that the point-,-j-^acos^, 


a* — 6*. . , 

a*+6* 6s,n ^’ hm on 


the normal at a point on the ellipse 6 V* -)- ahj‘ - ■ a 2 b- whose 
eccentric angle is <f>. 

42. If the normals at the points whose eccentric angles are a 
and p meet on the line y = x, prove that 

OBinasin/38ini(a+/S) + 6cosaeosjSco8 J(a+/3) — 0. 

43. A normal to an ellipse makes an angle of 45° with the major 
axis. Prove that the area of the triangle it forms with the axes is 
(o»-6*) * 

2(a*+6*)’ 


44. An ordinate NP produced cuts the tangent at an extremity 
of the latus rectum of an ellipse in Q. Prove that SP = NQ. 

48. Prove that the perpendicular bisectors of the chords which 
join two fixed points on an ellipse to any variable third point inter¬ 
cept a constant length upon the major axis. 


46. The abscissa of any point on an ellipse is - cos 0. Show that 

the perpendicular from the focus (ae, 0 ) on the tangent at the 

0 

point is of length 6 tan-. 


47. P is any point on an ellipse and p the corresponding point 
on the auxiliary circle. Find the coordinates of the point of inter¬ 
section of the normals to the ellipse at P and to the auxiliary 
circle at p in terms of the eccentric angle <f> of the point P. 

48. Find the perpendicular distance p of a tangent at a point 
on the ellipse 6 *ar*-fo*y* — 0 * 6 * from the centre in terms of 6, the 
angle the perpendicular makes with the major axis. 

49 . 8 how that if p and g are the lengths of perpendiculars from 
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the centre of an ellipse on the tangent and normal at any point, 
then p*g* = (a 1 —p*){p i —b*). 

60. TP, TQ are the tangents from a point T to an ellipse, and 
SY is drawn perpendicular to PQ from the focus S. Show that 
SY and CT meet on the directrix. 

61. P is any point on an ellipse and p the corresponding point 
on its auxiliary' circle. Show that the length of the perpendicular 
from the focus S on the tangent at p to the circle is equal to SP. 

62. Two sides of a triangle inscribed in an ellipse arc drawn in 
fixed directions, show that the third side must always touch 
another ellipse. 

53. Find the coordinates of the pole with regard to an ellipse 
fc l ar*-|-ci i y 5 = a'b 1 of the following lines: 

(1) Ix + my — 1. (2) r cos a -\-y sin a = p. 

(3) The line joining the positive vertices of the major and minor 

axes. 

(4) The normal at a point whose occentric angle is <f>. 

54. From a point T on the auxiliary circle tangents TP and 
TQ arc> drawn to the ellipse. If S and S' are the foci, prove that 
SP is parallel to S’Q. 

55. From a point P on an ellipse PSP' is drawn perpendicular 
to the major axis and cutting the ellipse again in P'. The normal 
at P cuts CP' in Q. Find the locus of Q. 

5fi. From the centre of an ellipse a perpendicular CK is drawn 
to a focal chord PSQ. The tangents at P and Q meet at a point 
T on tho directrix. Prove that TS.CK — b 1 . 

57. The tangent at any point of an ellipse meets the tangents 
at the extremities of the major axis in P and Q. Show that the 
locus of tho point of intersection of the lines PS and QS', where 
(S' and S' are the foci of tho ellipse, is an ellipse. 

58. A point P is taken on an ellipse whose foci are S and S’. 
PS and PS' are produced to cut the ellipse again in points 6 and 

6 d> 

<j>. Prove that tan - : tan - is a constant ratio. 

59. Parallel linoa through the foci of an ellipse meet the tangent 
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at the vertex A in P and Q. A'P, A'Q meet the auxiliary circle 
in H and K. Prove that HK touches the ellipse. 

60. T is any point on the tangent at P to an ellipse from which 
perpendiculars TM, TN are drawn to SP and to the directrix. 
Show that SM — eTN. 

61. SY is the perpendicular from the focus S of an ellipse on 
any tangent to it. K is the point on Sf produced Buch that 
SY = YK. Prove that the square of the length of the tangent 
from K to the director circle = 2SY*. 


62. CY is the perpendicular from the centre of an ellipse to the 
tangent at the point on it whose eccentric angle is <f>. A line is 
drawn through the focus S parallel to the tangent, cutting CY 

CK 

in K. Show that - - = ccos <f>. 

C X 

63. P is any point on an ellipse whose major axis is AC A'. A 
line is drawn through the point ( —a, 2a) perpendicular to AP; 
find the locus of its intersection with a line through A ' drawn 
perpendicular to A'P. 

x * V* 

64. The polar of any point P on the ellipse' -=--- 4 with 

regard to the ellipse — -)- ^ --= 1 cuts the latter ellipse in the points 

Q and R. Prove that the centroid of the trianglo PQR lies on 
it also. 

66. — + — = 1,-i-^-== a +6 are two concentric ellipsos. 

a* b* a o 

Prove that the pole of any tangent to the first with regard to the 
second lies on the director circle of the latter. 


66 . The normal at any point P of an ellipse cuts the major axis 
in O. Find the locus of the middle point of PO. 


67. The tangents at two points {x,,yj) f (x t , y t ) on the ellipse 
Mr*+<x*y* — 0 * 6 * meet at the point (a,/3), and the normals at the 
same points meet at the point (h,k). dhow that ha * = e i ax l x t 
and Jfc 6 4 = —a*e*j3y, y,. 


68 . Prove that the locus of the middlo points of normal chords 

., »‘W a *u. b, \ — 
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69. PSQ is a focal chord of an ellipse. The tangent at P and the 
normal at Q intersect in R. Prove that the minor axis bisects QR. 

70. Assuming that the centroid of an equilateral triangle in¬ 
scribed in an ellipse is the centre of the ellipse, show that the 

eccentric angles of its vortices are a, if a J r~- k , ifabe the 

eccentric angle of one of them. 

71. If the eccentric angles of three points on an ellipse are a, ft, 

and y, show that the area of the triangle formed by joining these 

points is o o 

, . p-y . y —ft . a—p 
Zoo sin—-I-sin*—-— sin— 

jZ jS J* 

72. Find the polar equation of the locus of the foot of the per¬ 
pendicular drawn from the centre of nn ellipse to the tangent at 
any point on it. Deduce its cartesian equation from this. 

73. Find the polar equations of the directrices of the ellipse 

whoso equation is - — 1 -f cos 8. 

74. The difference of the angles two focal radii make with the 
major axis of an ellipse is 2A. Find the polar equation of the locus 
of tho point where the tangents at their extremities meet. 

75. Find the polar equation of a ehord of an ellipse which sub¬ 
tends a right angle at tho focus. 

76. A line is drawn parallel to the minor axis of an ellipse half¬ 
way between S and its directrix. If PSQ is any focal chord, show 
that, the perpendiculars on the line from P and Q have a constant 
product. 

77. If the tangent at any point of an ellipse makes an angle a 
with its major axis and one of jS with the focal radius of the point 
of contact, show that e cos at -- cos/3. 

78. AA' is tho major axis of an ellipse whoso focus is S. A 
parabola is described with .S’ as focus and passing through the 
extremities of the minor axis of the ellipse. Prove that the vertex 
of this parabola bisects either SA or iS'.4'. 

79. The polar of a point T with regard to an ellipse cute the 
directrix corresponding to the focus <S in R; prove that Z.TSR 
is a right angle. 
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80. A circle of fixed radius passing through the focus of an 
ellipse cuts it in four points -whose focal radii are r v r t , r t , r t . 
Prove that r 1 r, r, r 4 is constant. 


13. Conjugate diameters of an ellipse 


H 



We shall prove first of all that 
the locus of the middle, points 
of a system of parallel chords of 
an ellipse is a diameter of the 
ellipse. 


Let 11, A be the points <f>' 

on an ellipse -—j-— 1. 

a- o 1 


Then the equation of the chord UK is 


x 

-cos 

a 


2 



2 


cos 


2 ‘ 


If UK is drawn in a specified direction, i.e. if its gradient m 


is constant, we have 


Tft — — COL • 


Suppose that the coordinates of V, the middle point of UK, 
are X and Y. Then 

i ' fix' J. JL* 

X = Ja(cosi^ + cos^’) -- a twr ^ cos^ , 


Y 


\b(n\n<j> -f- sin<£') 





a 2 


ahn 


So that the locus of V is the diameter y = m'x, where 

, b 2 

mm -- 

a 2 

The diameter of an ellipse which bisects all chords parallel 
to another diameter is said to be conjugate with regard to that 
diameter. 
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li y — mx and y = m'x are conjugate diameters, then, as 
b % 

just proved, mm' =- -. The fact that m and m' can be 

interchanged in this relation without affecting it, shows that, 
if y — mx is conjugate with regard to y = m'x, then y — m’x 
will be conjugate with regard to y = mx. 

This is the same as asserting that, if a diameter bisects all 
chords parallel to another diameter, then the second diameter 
will bisect all chords parallel to 
the first diameter. 

If PCP' be any diameter of 
an ellipse and Q be any point on 
it, then QP, QP' are called Sup - 
plemental Chords. 

Supplemental chords such as QP, QP' are always parallel 
to a pair of conjugate diameters. 

Bisect QP, QP' in L and M respectively and join CL, CM. 
Then, L being the middle point of PQ, CL bisects all chords 
parallel to PQ. And as CM is parallel to PQ,CL bisects all 
chords parallel to CM. CL, CM are conjugate diameters. 

QP, QP', which are parallel to CM, CL respectively, are 
parallel to a pair of conjugate diameters. 



14. Coordinates of the extremities of two 
conjugate diameters 

Let CP, CD be two conjugate semidiameters of an ellipse 
and let the eccentric angles of P and D be <f> and <f>. Then 




TT Hit 



The equation of CP is X = v i.e. y — -tan <f>. 

a cob b sin a 

That of CD is, similarly, y — -tan <f>'. 

a 

As CP, CD are conjugate, we have 


1 * 


tan 4> tan <f>' 


b 2 
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l-ftan^tan^'= 0. tan(<^ 


' 4 ') 


CO. 


<k'~A =!! 
V V 2 


or 


3tt 
~ ‘ 


Suppose that CP is in the first quadrant and CD in the 
second, then the coordinates of P being a cos <f>, bain4, those 


of D are a cos 


+ i)’ bsin [* + t)’ ‘ 


e. — a sinq>, bcoscp. 


15. Some properties of conjugate diameters 
(l).The tangent at P, the extremity of a diameter PCP' of 
an ellipse, is parallel to the diameter DCD' conjugate to PCP'. 
The equation of the tangent at P, the point <f>, is 

x . i/ . , , 

- cos d> -f j sin <b — 1, 
a b 

and that of CD, the line joining (0,0), (—aain<f>,bcoa<f>), is 

xcos^ , ysin^ ft 

* z 

a b 

which two lines are clearly parallel. 



Henoe the tangents at the extremities of a pair of conjugate 
diameters form a parallelogram circumscribing the ellipse. 

(2) If HK is a chord of an ellipse parallel to a diameter 
DCD', the tangents at H and K intersect on the diameter 
PCP' conjugate to DCD'. 

Let H and K be the points 8, 8' on the ellipse. 


*11 
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The equation of HK is - cos -f - sin 

a 2 6 2 

and, as it is parallel to DCD', viz. to the line 

x , v . , 

- COS 0 -f 7 8111 0 — 0, 
a ft 


0 \ 0 ' 

COt ~~y— Cot 0. 
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cos—, 



i.o. 


<1 008 0 

COS- 

>) 


ft sin 0 

COS- 


which dearly satisfy the equation of PCP', viz. 

x _ y 
a cos 0 ft sin 0 

Hence the pole of HK lies on CP if HK is parallel to the 
conjugate diameter DCD'. 

(3) If CP, CD are two conjugate semidiameters of an ellipse 
+ £ - 1, then CPt+CD* = a*+b'. 
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The coordinates of P and D being 

(acm<f>,6 sin^), (— asin<£,6cos<£) 
respectively, cpa = oW ^ +6l8inV> 

CD 3 = a 3 sin 2 ^ + 6 s cos 3 (^. 

Adding: CP 3 +CD 3 = a 3 +b 3 . 

(4) The area of the triangle CPD — \nh. 

Taking P and D as before, 

PIP — a*(cos^> -j- sin^) 2 -}-k s (sin^ — cos <j>) 2 . 

The equation of PD, i.e. of the line joining t he points whose 
eccentric angles are <f> and <f> + is 


- cos---h r g in 






cos- 


i.e. 


5cos^ + ^+|sin^ + ^cosJ, 


i.e. 


X V 

-(cos^ — sin^H-^(cos<£ -f- sin<£) — 1. 

a b 


The perpendicular from the centre C (0,0) on this line is 

1 ab 


7 { 


(cos 4> — sin^) 3 (cos<£ sin$) a j PD 

“T 


o* 6* / 

But the area,of triangle CPD is half this perpendicular XPD 
1 ctb 


2 PD 


. PD — $ab. 


The area of the circumscribing parallelogram, formed by the 
tangents at the extremities of two conjugate diameters PCP', 
BCD', is clearly 8 times that of the triangle CPD and is 
therefore 4ab. 
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(5) To prove that SP.S’P = CD 2 , where 8 and S' are the 
foci of the ellipse and CP and CD conjugate semidiameters. 

SP — e (~~~ ucos^j = a(l— ecoa<f>) [Art. 9 (4)] 

and 8'P = e^- + acos^j = a(l-|-ecos$). 

SP.S'P — a 2 (l—« 2 cos 2 ^) == a 2 —(a 2 — b 2 )coa 2 </> 

= a z sin 2 <£-i-6 2 co8 2 (£ 

= CD 2 . 

(6) When CP and CD are conjugate semidiameters and 
CP -- CD, then CP and CD are called the equi-conjugate 
diameters. 

With the previous notation 

CP 2 = a 2 cos 2 <^ b 2 ain 2 <f> 
and CD 2 = a 2 ain 2 </> -t-b 2 cos 2 tf>. 

If CP 2 -= CD 2 , we have (a 2 —6 2 )(eos 2 <£—sin 2 ^) = 0. 

tan 2 <£ = 1 and <f> — ^ or 

_ , « 2 +t > 2 

Also CP 2 and CD 2 both have the value 

S 

The equations of the equi-conjugate diameters are 

. b t tt . , b 

y=±-tan-x, i.e. y — ±-x, 
a 4 a 

x 2 y 2 

or as one equation — — ^ = 0. 


a 1 


16. Conormal points of an ellipse 

The equation of the normal at a point <f> on the ellipse 
%A 

+L = i i8 


ax 
cos <f> 


by 

ain</* 


a s —6*. 
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If this norma] passes through the point (A, Jfc), we have 
ah bk 


cos <f> sin <p 

4> 


a 8 —-6®. 


In this equation put tan^ = t, and it becomes 

2 


aA(l+< 8 )_6/-(l+r*)_ a2 ^ 

l-t* 21 

which reduces to 


bkt?-\-2(ah-\-a 2 —b i )t i -\-2(ah—a i -j-b*)t — bk = 0. 


This is an equation of the fourth degree in t, and will have 
four roots t v l 2 , / s , / 4 suppose, which give the points on the 
ellipse whose normals pass through the point (h, /•). 

Let s r be the symbol for the sum of all the products of 
n quantities t v t„ taken r at a time. Then, assuming the 
algebraical relations between the roots of an equation and its 
coefficients, we have in the present case 


«, = 0 , 
But 


also « 4 = — — = — 1. 1—# s -f# 4 ~0. 

bk 

_ 8 i~~ 8 a __ w 

2 1—« Z -M 4 


. ^i+^i-f ^ s +^ 4 
2 



and — (2n+l)»r. 

Hence the sum of the eccentric angles of four points of an 
ellipse, the normals at which arc concurrent, is always an odd 
multiple of two right angles. Any four points on an ellipse at 
which the normals are thus concurrent are known as conormal 
points. 

The four examples following will illustrate the methods used 
In dealing with problems connected with conormal points on 
an ellipse. 
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(1) To find the coordinates of the mean centre of the four 
points on an ellipse whose normals meet at the point (h, k). 
Taking the equation 

ah bk 


cos <f> sin <f> 


= a 2 —6 2 


we have 


l cos ] 


2 b-k* _ bw 

sin 2 <£ 1 — co a 2 <j> ’ 


whence 

(a e —6 2 ) 2 cos 4 ^ — 2ah(a 2 —6 2 )cos 3 ^-f-other terms = 0. 
If <f> lt <f> 2 , <f > 3 , <f> A are the roots of this equation, 

2 ah 


-j- COS 1^2 4 - cos <f> 3 + eos<^ 4 = 


a 2 —6 2 ’ 


And as 


bk 


-r 


, .. - a~h- 

n 2 —6 2 = 

1—sin 2 <£ 


[sin <f> 

(a*—i 2 ) 2 sin 4 ^ 4-26I(a 2 —6 2 )sin 3 ^4-other terms = 0: 

2bk 


hence sin <f> l + sin <f> 2 + sin <f >3 + sin = — 


a 2 —ft 2 


Hence the coordinates of the mean centre of the four points 
<f>i, <f > t - <f> a- <f>*’ which are 

cos J>. + cos <f>, -t- cos <f> 3 -f cos <f> 2 
° - 4 

, sin + sin <f>t + sin <f> 3 4 - sin <£ 4 

b ~ 4 


are seen to be 


aVi , b*k 

and —, - . 

2(a 2 —6*) 2(a 2 —6*) 


(2) If three normals at the points 9 V 0 t , 6 3 on an ellipse meet 
at a point, then 

sin(tf 1 4-#s)+ B in(tf t 4-fl,)4-8in(5,4-®i) == 0* 


4M1 
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The four normals which meet in (ft, it) are given by the 
equation 

bkt*+2{ah+(a*—b*)}t*+2(ah-a i +b i )t-bk = 0. 

There is no coefficient of /* in this equation. 


Also ij t t t 3 t 4 — —1. 


t i +t i l 3 +t 3 l i =— + — + — • 


Now 






t 1 f* 


1 _ t( = = (l-MgMl+M*) 

t 1 t i t t ( t 

/ 0 , 0 t . 0 , . 0A( 0 , 6., 0 , . 0 2 y 

(cos— cos — — sin — am— (cos — cos— 4- am — sin — 

_\ 2 2 2 _ 2 /\ 2 2 ^ 2 2 , 


. 0, . 0, 0, 0 t 

am— am — cos — cos— 
2 2 2 2 


0,+0* 0,-0* 

C08 COS 

2 2 _ 2(cos0, 4- cos0 2 ) 

J sin 0, sin 0* sin 0, sin 0„ 


Similarly, 

J__ 2(c»« 1 +o»»,) 

/, / 3 am 0, sin 0 3 

cos 0j + cos 0 t cos 0 2 + cos 0 S cos 0, + cos 0 S 
sin0j8in0 t sin 0 2 sin 0 3 sin0jsin0 s 
whence ain(0,4-0 t )-)-Bin(0 i +0g)4-8in(0g4-0]) — 0. 


TT~ ht * 

*1 { 3 
S0. 


(3) If the normals at three points of an ellipse meet at a 
point on a fixed normal to it, find the locus of the centroid of 
the triangle formed by the three points. 

Let <j> t , tf, t be the variable points and a the foot of the 
fixed normal. 
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Let (X, F) be the centroid of the triangle whose vertices are 
the points <f> lt <f> t , <f> 3 . 

Then 3X — a (cos if> l 4 coe 0 2 -j- cos <f> 3 ) 

and 3F — 6(810 0! -j- sin<0 2 4 - sin0 3 ). 

But, as in the last example but one, if (h,k) is the point 
where the normals meet, 

, . , , . , 2 ah 

COS <p l -|- COS rf > 2 -j- COS 03 -j- COS a 


and 


sin 0 t -f sin <f> t 4 sin 0 3 4 sin a — — 


a 2 --b 2 

■2bk 


a 2 — b 2 


. a 2 -b 2 / 3X \ , ,. a 2 -b 2 /3Y , . \ 

2 \n ) 2 \b I 

But as (h,k) is on the normal at the point a, 
ha kb 


— a 2 —b 2 . 


cos a sm a 


1 ( SX , \ , 1 (3Y , . \ , 

. . ;- -f cos a 4--—— (-7— 4 sm a) = 1. 

2 cos ac \ a j 2 sm a \ o j 


}’ + - X tan a = 0, 
a 


which is the equation of a fixed straight line t hrough the centre 
of the ellipse. 

(4) The normals at four points II, K, L, M on an ellipse are 
concurrent. Show that the inscribed parallelogram, which has 
its diagonals parallel to HK and LM, has its sides parallel 
to the equi-conjugate diameters. 

Suppose that H, K, L, M are four points i x < 2 , t s , / 4 on the 

ellipse -r-f ~ = 1, where t x = tan-£, etc., <j> lt <j> t , <f> 3 , <f> t being 

0* 0* Z 

the eccentric angles of the four points. 
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The equation of the chord HK is 

+ = I+M 2 . 

a 0 

and that of the diameter parallel to it 
a b 2 

So the equation of the diameter parallel to LM is 

±£*. 

a b 2 


But 




— nw-t- 


the diameters are 

X 




and 


= - - tan — 1 

a b 2 

f = ?/ cot ^i + ^ 
a 6 2 


Tlie vertices of the parallelogram are therefore the points 

^i + <£j "■ , ^i + ^j , <^i+^ a 

IT — —- ■- ,-1-. -57T — —-. - -*-- 

2 2 2 


2 2 ' 2 

The chord joining the first two of these points is 

x 3r- , y , 3tt In . , \ 

-eoa T+ - 8 m T = cos^-^-^J. 

That joining the second and third 

x 5n y , 5n /3 n , . \ 

i 0 " T + i"”T“ co *\T _ ^^‘J’ 


X w 

which are clearly parallel to - = ± the equi-conjugate dia- 

a 0 


meters. 

Similarly for the lines joining the fourth point to the first 
and third. 



245 


THE ELLIPSE 


17. Concyclic points on an ellipse 

Take any circle whose equation is 2gx+2fy+c — 0. 

The points where it cuts the ellipse —- -f = 1 are given by 

putting x — a cos <)>, y — b sin <£ in the equation of the circle. 
Making this substitution, we get 

a 2 cos 2 <£ ~j- 6 2 sin s ^-|- 2 </aeo 8 <£ +- 2ft> sin <j> 4- c = 0 . 

Put tan - = / in this equation and it becomes 
JS 


a*( 1 — f 2 ) 2 + 4b i t 2 -j- 2ga (1 — / 4 ) -f 4 fbt( 1 -H 2 )4 c(l-j-/ 2 ) 2 = 0, 

which is an equation of the fourth degree in t whose four roots 
t v l i< < 3 . correspond to the four points in which the circle 
cuts the ellipse. 

We observe that the coefficients of t 3 and of t in this equation 
are alike. 


^l + / * + , 3 + / 4 = *1 V« + M3*« + V3*4> 

which relation can be written 


i.e. 


jff* , ij + i* 
l-tj/s 1-ttU 


tan 


<£,4 


4 tan 


^3 + ^4 


-- 0 . 


. <^ 1+^2 „ 4 s + ^4 

2 2 ’ 

i.e. ^j 4 -^ 2 +^ 3+^4 = 2 nv. 

The gradient of the chord joining any two of the points such 

as <£,, 6, is — -cot ^ 1 ^ s , and that of the chord joining the 
1 a 2 

remaining pair is —-cot^*^ 4 . These being equal but of 

opposite sign, it follows that the chords are equally inclined 
to the major axis of the ellipse. *. 
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If two points of intersection between the circle and the 
ellipse become coincident, i.e. if the circle touches the ellipse, it 
follows from the foregoing that the tangent to either curve at 
the point of contact makes the same angle with the major axis 
as the chord joining the other two points of intersection does. 


18. Equation of two tangents from a point 


This is obtained in exactly the same way as in the case of 
the circle and the parabola. 


Let the equation of the ellipse be — -f 

a “ o 2 


1 and let (A, k) 


be the point from which tangents are drawn. 

The coordinates of the point dividing the line joining points 
(X, F) and (A, k) in the ratio p : q are 


pX+qh pY-rqk 
P+9 ’ P+1 


Substituting these coordinates in the equation of the ellipse 
we have / _ v , 


(pX+qh)* ( pY +g£) 2 
b*(p+q)* 


1 , 


which can be written 


s *\o* b' ) 


+ 2plXh + rk 




l =--■ 0. 


q \a* 6 s 

If the line joining ( X, Y) and (A, k) is a tangent to the ellipse, 

7 ) 

the roots of this equation in - will be equal, the condition for 

q 

which is 


(Xh 

u* 





1 . 


which is the locus of (X, Y), any point on a tangent to the 
ellipse from (A, k). 

The condition for the tangents to be perpendicular is that 
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the sum of the coefficients of the X 2 and Y 3 terms in the fore¬ 
going equation should be zero. In this case 


i.e. 



= 0 , 


h 3 +k 3 = a 2 -f6 2 . 


So that in this case the point ( h, k) would always lie on a circle 
concentric with the ellipse and of radius s !{a 3 +b 3 ). The above, 
therefore, is another method of finding the equation of the 
Director Circle. 


19. Envelopes 

The method of finding envelopes, in the case of an ellipse, 
will be seen from the following four illustrations of it. 


(1) Find the envelope of the polar of any point on the ellipse 
x 2 v s 

— 4-^ = 1 with regard to the parabola y 2 = 4cx. 

The polar of any point (a cos if), b sin <f>) with regard to the 
parabola is yh sin <6 — 2c(x 4-acos^). 

Put tan - = l and we have 
*> 


yb.'ll 
1 -ft 2 




1 -f 2 ' 

1+t 3 


which can be rewritten 


c/ 2 (x— a)—byt-r c(.r-r n) ~ 0. 

The condition for equal roots then gives the equation of the 
envelope = 4c 2 (x 2 -a 2 ). 

(2) The polar of a point (h,k) with regard to the ellipse 
Jfi *fS 

—= 1 touches the circle x 2 -f i/ ! = c*. Prove that (A,t) 
a * 6 * 

must be on the ellipse —+ . 

a* b* c* 
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* * 3^ J 

Any point on the ellipse —. + ri — -5 may be taken as 

a* 0* c 2 

a 2 j. b * ■ j. 

—cose, — sin 
c c 

m * ^ 

The polar of this point with regard to the ellipse — -|-— 1 is 

xcos<f> usind) 

- - -+ - - - = 1 , 

c c 

which is known to be a tangent to the circle a' 8 -}-?/ 3 — c 8 , or 

could be proved to be so if necessary by putting tan ^ - - I and 

expressing the condition for the resulting equation in t to have 
equal roots. 

(3) The rectangle contained by the perpendiculars let fall on 
a straight line from its pole with respect to an ellipse and from 
the centre is constant. Find the envelope of the line. 

Let the equation of the line be — 4 — 1. 

a 8 6 8 


The perpendicular from the pole is 


h 8 ** 

a 1 " T b 2 


iiwi itoiu HIV ji/viv in ’ 

A-. + £) 

The perpendicular from the centre is ——— . 

oduct of these — A 3 , a constant, thei 

ime angle, we can say 

SK5 - —5K)- 


Suppose the product of these — A 8 , a constant, then 


Hence, $ being some angle, we can say 
A*/. . A*\ 
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This being so, the equation of the line takes the form 
zcob0 ysinfl 1 

Vt^+AV V0*+*) = * 

which always touches the ellipse 


* - + - » = 1 . 


(4) To find the envelope of a chord of an ellipse which sub¬ 
tends a constant angle, 2A say, at the focus. 

The equation of the chord joining the points whose vectorial 

angles are a and /3 on the ellipse - = 1— e cos 0 is (Art. 12, Ex. 6) 

. r 


-cos' 11 ^ = cos/tf— ecos** ^ cos 9, 

r 2 \ 2 ) 2 

- cos A — cos 1^0— a ^j — e cos A cos 0, 


which is the equation of a tangent to the ellipse of semi-latus 
rectum l cos A and eccentricity e cos A, and which has the foci 
of the ellipse as its foci. 


20. Typical examples 

Ex. 1. TH, TK are two tangents to an ellipse, and CT cuts 
the chord HK in V and the curve in P. Prove that 

CV .CT CP *. 
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It has been shown in Art. 15 (2) that CT is the semidiameter 
conjugate to the semidiameter parallel to HK. CT bisects 
HK at V. 

If H, K be the points fa, fa, the coordinates of V arc 
lafcos^j -f- cos fa), $b{Binfa + sin fa). 

These are equal to 

ncos* 1 ^ 4 —*cos*l ** and ism* 1 ' **cos*’ * 2 . 

2 2 2 2 

CV* = co8*^ 1 ~^ 2 (a*co8 s ^ 1 ^* + 6*8in i! ^ 1 ^ !! ). 

2 y 2 2 / 


a cos - 


* 1 + * 2 6 sin*’ 4 * 2 


The coordinates of T are 


COS* 1- ** cos * 1- * 1 

2 2 


CT 1 


o*co8* " ' J -f 6*sin* *' + ** 

2 2 


*' 1 * s 


COS' 


2 


CF.CT = a 2 cos 2 ^ ,+ **-ffe*sin 2 * 1 + **. 

2 2 

The tangent at P is parallel to HK and its equation is 

-cos* 1 ^* 2 -f -sin* 1 ^* 2 — 1. 
a 2 6 2 

P is the point aco8* s ^* , 3 68in* , ^~**. 


CP* = a 2 co8 2 * 1+ * 2 ^W**’ 4 * 2 - CV .CT. 
2 2 


Ex. 2. To find the locus of the point of intersection of two 
perpendicular normals of an ellipse. 
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If the normals at two points are perpendicular, so will 
be the tangents. Let the 
points be H, K and let the 
tangents meet at T. If the 
normals at H, K meet at 
R, R will clearly lie on CT 
and THRK will be a rect¬ 
angle whose diagonals in¬ 
tersect in V. Let CT cut 
the curve in E. 

In the diagram 

CR CV-VR = CV-VT = 2 CV 
2CE* 

CT, 



-CT 


CT 


since 


CV.CT = C£*. 

T being on the director circle, CT * = 

If r be the length of CE and CE makes an angle of 0 with 
the major axis, then 

r*cos 2 5 r*sin 2 5 . 
a 2 + 6* =L 

• ^ 

a*sin s 04-6*cos*5 

a 2 6* 1 

a 2 sin s 9-f-fc 2 <''<M 4 ^ ^/(a*+6*) 

2 a*6*—(a*sin*0+6*cos 3 5)(a 2 +6 s ) 
v '(a*-f6*)(a*sin*0-!~6 2 cos 2 5) 

ia the polar equation of the locus of R. 

It reduces to 

(6*008*5—a*8in*5)(a 3 —6*) 
v '(a* -f 6*)(a*sin*5+6 2 cos*5) 

Squaring and putting 

** 4 -y* = r*. x* = r*coe*0, y* = f*8in*5, 


CR 


- v /(o*+6 2 ), 


i.e 


r — 


r = 
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sss 


we have 

(^+y*)(a*V6*)(oV+^)* = (a*-6*)*(6 , z*-aV)*> 

i (**+y*)(a*4-6*) = /4*x*- fl y|« 

(a*—6*)* \b *x*-fa*y*/ ’ 

which is the equation of the required locus. 

Ex. 3. Show that if a circle cut an ellipse in' four points, 
and three of them are oonormal with another point on the 
ellipse, then this point and the fourth point of intersection of 
the circle and the ellipse will be at opposite ends of a diameter 
of the ellipse. 

If <f> lt <f> t , <f> 3 , <f> 4 be the four points of intersection of the circle 
and the ellipse, we have, as in Art. 17, 

+ = 2wir, 

and if <f> x , <f> x , <£ s , 9 are points at which the normals are con¬ 
current, we have, as in Art. 16, 

— (2nd l)v. 

0—<f> t is an odd multiple of tt , 

i.e. 6 and <j> t are at opposite extremities of a diameter of the 
ellipse. 

Ex. 4. If lx f -my — 1 is a chord of an ellipse on which a 
circle is described as diameter, prove that the equation of the 
other chord common to the circle and the ellipse is 


lx—my 


o*-f b* 
a*-b *" 


Let <^}, <f> 3 , tf> 3 be the four points of intersection of the 
circle and the ellipse. Then the equations of the chords are 


and 


-cos^+^-ffsin* 1 ^ 
a 2 b 2 

? C08 ^+^ + y Hin ^-^^ = 

a 2 b 2 


cos 


<f> i 4>i 


~ cos 




They are equally inclined to the axis (Art. 17). 
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the second equation becomes 

?cofl^t^-fsin^ + ^= -co*+*T*5. 
a 2 6 2 2 

The chords joining <f> 3 and <f> l , <f> 3 and <f> 2 are perpendicular. 


cos^ f ^co«^ + ^ 

2 2 

6 2 

sin^^ 1 8 in^ + ^ 2 ~ 

o 2 ’ 

coJ'-'t* 

2 

COR 1 

2 

cos M<^-V 3 

2 

coJ*-** 

2 


o 2 If- 
" a 2 -f6 2 


the equation of the second chord can be written 

x v . <A,4 a 2 -f-6 2 <£i— 

cos 1 -flu' r * = . cos - . 


2 6 


a*-6* 


S i ^2 sin^ 1 ^ 2 

^ 2 Und " 

o o 


lx—my 


<i s -b* 


Ex. 5. If any chord PQ of an ellipse cut the diameter con¬ 
jugate to CP in R and Cq be R 
the semi-diameter parallel to the 
chord, then PQ.PR=r 2 Cq-. 

Let P and Q be the points 9 V' p 

and 4 >. '♦/C \ 

The equation of Cq is / t 


x 
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and where it cuts the ellipse 

V** ' a' 2 / 

x 2 = asin 2 ^"^. 

2 

Cq 2 — a*sin 2 ^~^-f6*oos 2 ^^. 

2 2 

Also PQ 2 — a 2 ( cos 6 — cos ^) 2 +6 2 (sin 0 — sin <£) 2 


= 4 sin 2 




aW*+*+6W® + * 
2 2 


= 4 sin 2 ^ ^. Cg 2 


The equation of CD is y — — xcot.fl. Where it cuts PQ 

a 

we have 


x l 

-| cos 
«\ 




— cot 0sin^ ^ 


f*\ tf- 

2 ) 2 


<f> 


and 

Therefore 
PP* = a 2 / cosS 


x _ 0—<£ 0—. 

-sin = cos sin 0 
a 2 2 

V . B~~4> 9—<f> a 

-sin = —cos eos0. 
6 2 2 


2 

cos - sin 0 
2 

. 0-i 
sin - 
2 


+6*1 sin0-t- 


6—4> \ * 

cos , cos 01 
2 

. 9-<f> 
sm 2 


/. PJPsin*^ ^ — a*sin 2 ^^-f6 2 co8 2 — Cg 2 . 

« A « 

/. PG*,PP*=4Cg« and PQ.PR = 2Cq 2 . 

Ex, 6. The ellipse 6V-f a*y* = a*6* is rotated about its 
oentre in its own plane. Prove that the locus of the extremities 
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of the diameter conjugate to the axis of y in the various posi¬ 
tions of the ellipse is the curve whose equation is 

x*(a*-f-6*-a:*-p s ) = a a b*. [O.] 



In the diagram the ellipse has been rotated through an angle 
8. CL is its intercept on the axis CB of the ellipse in its 
original position. CM is the conjugate semidiameter to CL. 
MN is drawn perpendicular to the axis A CA 

Then we have C L 2 +■ CM 2 = o 2 +6 2 

and CL. CM Bin Z_LCM — ab. 

Hence, if the coordinates of M are (x,y), 

CL*+x 2 +y a = o 2 +6*. 

Also x - CM cos Z.MCN = CM sin CM CL. 



Hence x 2 —y s = CL 2 — . 

X s 

And the required locus is 

a^(a*+6*-a:*-y J ) = aW. 

Ex. 7. A circle touches an ellipse u*y* = o*6* at a fixed 
point whose eccentric angle is a; it cuts it again in two points 
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Q and R. Show that, whatever the radius of the cirole, the 
chord QR is fixed in direction. 

If the line through the centre C parallel to QR cuts the 
tangent at Q in T, show that the equation of the locus of T is 

= 4x*y s cosec*2a. 

Suppose Q and R are the points <f > t , <f> t respectively. Then 


2a-f- -j~ if>2 — 2kjt. 


— 2(«7 t— at). 

The gradient of the chord joining Q and R is 


-*cot*‘+** 
a 2 


- cot 01 , 
a 


which is constant. QR is fixed in direction. 

The line through the centre parallel to QR is 

t V ■ a 

- cos at — - sin a — 0. 

a b 

Where it cuts the tangent at <f> x , viz. 

x y 

- cos <f >| ^ sin tf >j -•= 1 

a b 

X 1 / 

-sin(at+^j) = sinat, ‘^sin(a-}-^,) = cosat. 

a b 


also 


a * b* Bin^a-f^j)’ 

4x*y* _ 4Bin*aco8*a _ sin*2at 
o*6* sin*(a+^j) Bin*(a+^i)" 

6 *x*+a*y* = 4x*y*cosec*2a 
is the required locus. 

Sx. S. CL, CM are two semidiameters of an ellipse and 
<71, Cm axe two semidiameters conjugate to them respectively. 
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Show that LM is either parallel to Im or that LM and Im are 
parallel to two diameters which are conjugate. 

Let L and M be the points 6, <f> on the ellipse 
b 1 x l +a l y i = a 2 b 2 . 

IT 377 

Then l may be the point -+# or —+0, and m the point 

W , , 3tt , . 

2+9 or ~2~ r< r- 

Taking l as — 6 and m as - +<f>, the equation of Im is 

Li t-i 

-cos JItt-J- 8-\-d>) -j--sin l(ir-( 6-\-<f>) — cos^ ^, 
a ~ b 2 

whose gradient is — - cot l(n+O-{-<(>) — - tan ^ r< ^. 

a a 2 

Taking l as — -\-6 and m as the equation of Im is 

-cosJ(2ir+0+^)+^sini(2w+0-(-$) — — sin^ J*, 
a b 2 

whose gradient is — -eot/jr-}-^^] = — - cot^^, and the 
a \ 2 j a 2 

b 0 ' <£> 

gradient of LM is — cot ^ . 

In the first ease the product of the gradients of LM and 
b % 

Im is-, i.e. they are parallel to conjugate diameters. 

a? 

In the second case the gradients are the same, i.e. LM and 
Im are parallel. 

Ex. 9. If a tangent to an ellipse at any point cuts the 
director circle in H and K, then CH, CK will be conjugate 
semidiameters of the ellipse. 

The equation of the tangent at a point <f> being 

% V 

-cos <f> + ~sia<j> — l, 

a b 


4161 


a 
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the equation of the lines CH, CK joining the centre to the 

points where this tangent cuts the director circle is 


x t +y i = (a*-f6*)^co8^+|8in^j , 

i.e. b t x t (a t nin i <fi~b i co6 t i^)—a l y i (a t Bm i ij) —6*oos*^) 

~2a6(a s +6 , )sin<£cos^xj/ = 0. 
If these lines are y — mx, y = tn'x, then 

b• 


mm 




i.e. the lines are conjugate. 

Ex. 10. The base AB of a triangle is fixed and its sides are 
parallel to conjugate diameters of an ellipse. Find the locus 
of its vertex. 

Let O be the middle point of AB. 

Take AOB and a line through O perpendicular to it as axes 
of coordinates. 

Let A, B be the points (c,0), (—c,0). 

The equation of any line through A is 


y = m(x—c). 

That of a line through B parallel to the diameter of the 
ellipse which is conjugate to y = tnx is 


y = 


b* 

dhn 


(x+c). 


the locus of the vertex is 

6 * 

y* = 

a* 


i.e. o*y*+6*x* = b*c l , 

which is the equation of an ellipse concentric with and similar 
to the given ellipse. 
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Ex. 11. To find the equation of a conic when the axes of 
coordinates are the tangent and normal at any point on it. 
Since the origin is on the curve, its equation can be written 

ax i +2hxy+by t +2gx+2fy = 0 . 

The line y — 0 touches the curve at the origin, .'. both values 
of x given by ax iJ \-2gx = 0 are zero. g = 0 . 

Hence the most general form of the equation of a conic 
referred to a tangent and its corresponding normal as axes is 

ax t +2hxy+by 2 +2fy — 0 . 


Ex. 12. If two concentric ellipses have the same axes and 
their points of intersection are the extremities of conjugate 
diameters of one of them, find a relation between their major 
and minor semi-axes. 


jj2 

Suppose the ellipses are - -f 7 ^ 

a i "I 

Where these intersect, we have 


1 and 

ar, 0 ; 


1. 



If these two lines are conjugate diameters of the first ellipse, 

the product of their gradients must be-’. 

a T 

1 _ 1 

<rj ar, b'\ _ 

“ 1 _ 1 = 
b\ 

whence ^ + ^ = 2 

«s 05 

is the required relation. 

Ex. 13. Find the locus of points from which two tangents 
can be drawn to an ellipse which will cut the axes in points 
which are oonoyolic. 



260 THE ELLIPSE 

The equation of the tangents from (A, k) to the ellipse 
a***+6*y® = o*6* is 

£+H£ + H-£ + M- 

Where this cuts .r = 0, 

6 2 \a 2 ) 6 a \o* ' 6 2 / 

If the roots of this equation are »/„ y 2 , then 

o*6 2 /A 2 , **V 
A 2 —o 2 (a 2 ^ 6 2 ) 

Similarly, where the tangents cut y = 0, 

0*6* /A* . t*v 
A 2 —6 2 (« 2 A 2 / 

If x, Xj = y, y 4 , i.e. if the four points are conoyclic, 

A 2 —a* = A*-6*, 
and the required locus is 

r l -y* = a*—6*. 

Ex. 14. Find the locus of the intersection of normals at the 
ends of conjugate diameters of the ellipse 6*r* j-a*y* = o*6*. 
The equation of the normal at the point <f> is 


ax 


_ 

cos <f> sin <f> 


a*—6*, 


and that of the normal at the point - -f<£ is 

It 

ax + by 
sin^ oos^ 


(o*-6»); 



whence 
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. , nX — - — — . -= (a 2 —6 2 )sin 6 cos <f>. 

sin ^ — cos <f> sin <p -f cos <f> 

a 2 x 2 -{-b 2 y 2 

— (a 2 —6 2 ) 2 sin 2 <i cos 2 </>[(sin <f> — cos</>) 2 +(sin<^ + cos<^)*] 
= 2(a 2 —l> 2 ) 2 sin 2 <t cos 2 <£ 

and a 2 x 2 —b 2 y 2 — —4(a 2 —6 2 ) 2 sin 3 <£ cos 3 <£. 

2(a 2 .z 2 +# 2 y 2 ) 3 = (a 2 —b 2 ) 2 (a 2 x 2 —b 2 y 2 ) 2 . 

Ex. 15. Find, in terms of </>, the coordinates of the point in 
which the normal at the point <f> on the ellipse b 2 x 2 \-a z y 2 — a 2 6 2 
again cuts the curve. 

The equation of the normal to the ellipse at the point <f> is 

ax by , , 

—--— = a 2 -—o 2 = c 2 , suppose. 

cos sin </> 


In this equat ion put x — a cos 0, y — b sin 6, then 

a*cos 0 6 2 sin 9 , 

___ _ 

cos <f> sin <f> 

/a 2 cos 6 A 2 _ 6 4 sin*0 _6*(1— cos 2 #) 

\ cos <f> j sin 2 ^ sin 2 ^ 


I 

\COS 2 ^ 


b* \ 2a 2 r 2 

-—| cos 2 #— cos#-fc 4 - 

sin 2 <f>J cos <f> 



which is a quadratic equation in cos# giving the two values 
of cos# for the two points in which the normal at <f> cuts the 
ellipse. 

Cosimust be one root of this equation: suppose that cosm 
is the other root, then 

. COS <f> COS OL — . J 

o 4 sin*^+h*co8*^ 



262 


THE ELLIPSE 


a cos i{c*Binty—6*) 

a 008 a = — ' ■ —— T —--/. 

a 4 5 * 7 8 Bin*£+o 4 cos V 

Similarly, by making equation {1) a quadratic in sin 6 instead 
of in cos 8, we should get 

, . fcsini^cos*^—a 4 ) 

a 4 ain s </>+ b*coa*<ft 

so that the coordinates of the point a in which the normal at 
the point <f> cuts the curve again are determined in terms of <j>. 


EXAMPLES 13 

1. If CP and CD are conjugate semidiameters of an ellipse, 
prove that the sum of the squares of the abscissae of P and D is 
a*, and that the sum of the squares of their ordinates is 6*. 

2. In the ellipse 4r , + 9y I = 30, what are the equations of the 
diameters conjugate to (1) y — x, (2) y — —x, and (3) y — 2x 1 

3. CP and CD art! conjugate semidiameters of the ellipse 
6V+0V — a l b' 1 . The eccentric angle of P is <f>. Prove that 
CP* = a*{l -e'sin*^) and CD = a*(l -e=eos ! ^). 

4. Show that in the ellipse -f -- -- 1, y ---- 3-r and lfty + 3j: — 0 

04 Jo 

are conjugate diameters. 

5. A pair of conjugate semidiameters CP, CD of an ellipse are 
produced to meet a directrix in L and Af. Provo that the focus 
of the ellipse is the orthoeentro of the triangle CLM . 

0. The eccentric angle of a point P on an ellipse 

jy+sV = a'fe* 

6 * 

is tan -1 —. CP and CD are conjugate semidiameters on the same 

side of the major axis, DE is drawn perpendicular to the major 
axis to meet the curve again in E. Show that EP is the normal 
at P. 

7. Prove that the major and minor axes of an ellipse are the 
only pair of perpendicular conjugate diameters. 

8. Find the coordinates of the points where the lines y «= mx, 
my+x ~ 0 cut the ellipse b*x*+a*y* = o*6*. HaAoe show that 
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the sum of the squares of the reciprocals of two perpendicular 
diameters of an ellipse is constant. 

9. CP and CD are a pair of conjugate semidiameters of an 
ellipse. Find the locus of the middle point of PD. 

10. CP and CD are a pair of conjugate semidiameters of an 
ellipse. Find the locus of the pole of PD. 

11. CP and CD are a pair of conjugate semidiameters of an 
ellipse. CY is drawn perpendicular to PD. Find the locus of Y. 

12. If the normal at P to an ellipse meets the major axis in O 
and the diameter conjugate to CP in F, prove that PO .PF — b 2 . 

13. If P is a point on an ellipse whose eccentric angle is <f>, and 
CD is the semidiameter conj ugate to CP, find the coordinates of 
the point of intersection of the normals at P and D to the ellipse. 

14. CP and CD are conjugate semidiameters of an ellipse and 
the normals at P and D meet at K. Show that CK is perpendicular 
to PD. 

16. If the normal at a point P of an ellipse cuts the minor axis 
in g, and gS produced cuts tho tangent at the vertex in Q, show 
that gQ = Pg. 

16. If the tangents at the ends of conjugate semidiameters of 
an ellipse b 2 x 2 + aH/ 2 — a 2 6* meet in a point (A, k) and the normals 
at the same points meet in a point {p, q), prove that 

tiq : kp — a 2 : 6 s . 

17. CP, CD are conjugate semidiameters of an ellipse. On PD 
produced a point Q is taken so that QD = 2 PD. Find the locus 
of Q. 

18. CP, CD are conjugate semidiameters of the ellipse 
bW+ahf 2 -- a 2 b '. PD is inclined to the major axis at an angle 9. 
The length of tho perpendicular from the centre on PD is d. 
Prove that d 2 = ^(a^os 2 # + b^in 2 #), 

19. Prove that the sum of the lengths of two focal chords of an 
ellipse drawn parallel to a pair of conjugate diameters is constant. 

20. Show that the product of the perpendiculars from the points 
(0, ±ie) to the tangent at any point P of an ellipse fx*+— a*b 2 

CP* 

is o*6*. ££p> where CD is the semidiameter conjugate to CP. 
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21. CP, CD are conjugate semidiameters of an ellipse. Points 
Qi, Q t are taken on the norma! at P such that PQ X = PQ t = CD. 
Prove that CQ t = a—b and CQ t = o + h. 


22. CP, CD are a pair of conjugate semidiameters of an ellipse. 
H is a point on the normal at P such that PH = k. CD. Find 
the locus of H. Use this result to find the locus of the centre of 
the inscribed circle of the triangle SPS', S and S' being the foci 
of the ellipse. 


23. Show that the lines joining the centre of an ellipse 
iV-f ah/ 1 = a x b 2 to its points of intersection with the line 



ellipse. 


will be a pair of conjugate diameters of the 


24. Prove that the polar of any point on a diameter of an ellipso 
is parallel to the conjugate diameter. 


25. Show that if a semidiaineter CP of an ellipse bo conjugate 
to the normal at another point Q on it, then CQ will be conjugate 
to the normal at P. 


26. Find the locus of the middle [joints of the portions of tan¬ 
gents to an ellipso included between the axes. 

27. Find the locus of the middle points of chords of an ellipse 
drawn through an extremity of its minor axis. 

28. Find the locus of the middle points of chords of an ellipse 
which subtend a right angle at its centre. 

29. Find the locus of the middle points of chords of an ellipse 
which are of a fixed length 2 1. 

30. If L be an extremity of a latus rectum of an ellipse and 
CD the semidiametcr conjugate to CL, find the angle between CD 
and CL. 


31. The perpendiculars from the foci of an ellipse on a pair of 
conjugate semidiameters meet at a point Q. Find the locus of Q. 

32. Prove that if PP' is a diameter of an ellipse, the line joining 
the points whose eccentric angles are L CSP and L CSP' will pass 
through the focus S. 
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33. Find the angle between the tangents to an ellipse 

MiHo 1 !/ 1 = a 2 6 2 
from a point (h, k) outside it. 

34. Find the angle between the tangents to an ellipse 

b t x 1 -\-a 1 y 2 — a 2 6 2 

from a point (a cos 9, a sin 6) on the auxiliary circle. 

36. From a point T on the director circle of an ellipse tangents 
TP, TQ are drawn to the ellipse. Find the locus of the middle 
point of PQ. 

36. From the point (6, V5) two tangents are drawn to the 
ellipse x 2 + 9y 2 — 9. Find the area of the triangle TPQ. 

/£»2 yt y2 

37. In the ellipses — 4- — - 1 and -(-4- = a-\-b, a tangent to 

a‘ b l a b 

the former intersects the latter in points P and Q. Prove that the 
tangents at P and Q meet on the director circle of the second 
ellipse. 

38. The tangents from a point to an ellipse cut a fixed tangent 
in two points H and K, such that /_HCK -is a right angle. Find 
the locus of the point. 

39. Tangents are drawn to an ellipse at the extremities P, D 
of a pair of conjugate semidiametens and they meet in T. Prove 
that ST .S' T must be less than a 2 + 6*. 

40. A common tangent is drawn to the ellipse fc*x 2 +a 2 y 1 — o*6* 
and the concentric circle x 2 \-y 2 — c 2 . If a > c > b, prove that 
the eccentric angle of the point of contact with the ellipse is 



41. Find the locus of the point of intersection of two tangents 
to an ellipse which always cut off an intercept of fixed length 21 
on the major axis. 

42. Show that the locus of the pole of a chord of an ellipse 
which subtends a right angle at the focus (or, 0) is 

**{1 — 2e s )+y*-f 2o«r = o*(2—e*). 

43. PQ is a chord of an ellipse and p and q are the points on 
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the auxiliary circle corresponding to PQ. If Z.pCq is oonstant, 
find the envelope of PQ. 

44. If CP, CD be conjugate semidiameters of an ellipse, find 
the envelope of PD. 

45. From any point T on the director circle of the ellipse 
Mr*+o*y* = o* 6 * P tangents TP, TQ are drawn to the ellipse. 
Find the envelope of PQ. 

46. Show that the envelope of the polar of any point on the 

x * y* 1 j J t/* 

ellipse -i -f fr =» — with regard to the ellipse — + = 1 is the 

a* b* a* * a 1 6* 

auxiliary circle of the latter ellipse. 

47. Q is a point on the normal at P to an ellipse such that 
CP, CQ make equal angles with the major axis. Show that 
PQ : CD is a constant ratio, where CD is the semidiameter con¬ 
jugate to CP. 

48. PQ is a focal chord of an ellipse whose middle point is V ; 
the normals at P and Q meet in 0. Prove that OF is parallel to 
the major axis. 


49. Find the locus of the centre of a circle which passes through 
a fixed point and touches a fixed circle internally. 


x* 

60. In the ellipse • — + y 1 = 1 prove that the circle whose 

( Vz 1 )* 

diameter joins the ends of two conjugate semidiameters of the 
ellipse will touch the ellipse. 


81. PCP ', DCD’ are conjugate diameters of an ellipse 
a*y* = 0 * 6 * and <j> is the eccentric angle of the point P. 
What ia the eccentric angle of the point in which the circle cir¬ 
cumscribing the triangle PP'D again cuts the ellipse ? 


62. PSQ ia a focal chord of an ellipse and the tangents at P 
and Q meet at T. If S' be the other focus, prove that TS' passes 
through the point of intersection of the normals at P and Q. 

S3. CP, CD are two conjugate senudiametem of an ellipse. The 
circle whose diameter ia PD touches the ellipse. Find the eccentri¬ 
city of the ellipse. 
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64. The normal at P meets the major axis in Q, and through O 
a line is drawn parallel to the minor axis, meeting CP in Q. Show 
that the locus of Q is -f a 2 !/ 2 = a 2 6 2 e 4 . 

66 . Prove that tho coordinates of the orthocentre of the triangle 
formed by the three points on an ellipse b 1 x*-\-a*y* = o* 6 ’ whose 
eccentric angles are 6 V B v are 

1 fa* 4- fa 1 a* —b* 1 

- -(COH^i + cos &, + cos 0 ,) --- cos(0J + 0 1 +0 a )| 

^ L Cl CL J 

1 r a 2 -\~b* 1 

and 2 [—fc~ ( 8 >n 0 t +sin 0,+sin 0,)-g— sinf^+0,+0»)J. 


66 . A triangle inscribed in an ellipse has its orthocentre at the 
centre of the ellipse. Prove that the normals at its vertices are 
concurrent. 


67. Three normals are drawn to the ellipse 6 *y*+a*jc* = 0 * 6 * 
from any point on the curve. Show that the locus of the centroid 
of the triangle formed by their feet is 


* 4 V ~ = 
T» n i,* 


(o* + 6 2 )* 


o* 0 ‘ 9(a* — 6 *j*‘ 

68 . From the vertex of an ellipse a perpendicular is drawn to 
the normal at a point whose eecentric angle is <f>. Show that it 

, • 4> 

meets the ellipse again in a point whose eccentric angle is 

« 


6 #. If from the vertex of an ellipse perpendiculars are drawn 
to four concurrent normals, these perpendiculars will meet the 
curve again in four concyclic points. 

60. From a point P on an ellipse 6 5 x*+a a i/* = a* 6 *, three 
normals other than the normal at the point are drawn. Verify 
that their feet lie upon the circle 

b* a* 

**+y a — — xcos^ —— ysin<£ — a*— 6 s = 0 , 

wKWg <f> is the eccentric angle of tho point P. 

61. Show that the feet of the normals of the ellipse 

iV-fay — a*6* 

which pass through though the point (h, k) lie on the curve 
xy(a l — b*) -f hahf—kb'x = 0. 
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82. Show that a circle goes through the middle points of tho 
chords joining any pair of cononnal points on an ellipse. Also, 
prove that this circle passes through tho point of concurrence of 
die normals and through the centre of tho ellipse. 


Formulae of Chapter VI for reference 


1. CS = ae; CX = b* = a 2 (l-e s ); SP + S'P - 2a. 
© 


2. Latus rectum is: 

3. Equation of a chord: 


— 2a(l — e J ). 
a 


— cos -f ^ sin *+<?' = cos v -/ 

a 2 b 2 2 

4. Equations of a tangent: 


6 . Equation of a normal: 


x v 

- cos + r sin tp — 1 . 

& O 

XX' yy' , 

'Sr + ’ET” 1 * 

ax by 


cos cp sin <p 


a* —b 1 = a I e J 


a cos 


bsta v t v ' 


6 . Two tangents meet at the point: 


tp — ta <p — tp 

COS _ C08 _ 

2 * 


7. Equation of the polar of (A, k): 

8 , Polar equation with respect to focus: 
Polar equation with respect to centre: 


a* b* 


- ~ 1—ecosO. 
r 


1 cos*8 


M*e + ay 


9. Polar equation of tangent: 

10. Equation of auxiliary circle: 

11. Equation of director circle; 


~ = co»<9—a)—e cos 0. 

x*+y* *= **• 

%*+jr* a* a’+b*. 
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b* 

12. y — rnx, y ~ m'x are conjugate if: mm' = — 

13. If CP, CD are conjugate somidiamoters: 

P Is the point aco8<p,bsinq>, 
D is tbe point — asin<p,bcosq>, 
CPHCD 1 = a= f b 2 , 
ACPD = ±ab. 

14. If <f> t , <f> j, <f> 3 , <f> t are conormal points: 

'Pi + 'Pi+'Pa+'Pi = (2n + l)n. 

15. If <f> lt <f> t , <f> 3 , <f> 4 are concyclic points: 

V1 + V1+V3+V4 = 2n**- 


16. Equation of tangents from (h,k)i 

(s+e-'y-e+e-oe 


+ 


k* 

b a 



% 



VII 

THE HYPERBOLA 


1. Definition and equation of the hyperbola 

Ir a plane is drawn cutting all the generators of both branches 
of a cone, it will, in general, intersect the conical Burface in 
• curve called a Hyperbola. 

A hyperbola is also defined as the locus of a point which 
moves so that its distance from a fixed point called the Focus 
hi always a constant ratio, greater than unity, of its distance 
from a fixed straight line called the Directrix. 

As in the case of the ellipse, this ratio is known as the 
Eccentricity of the hyperbola, and is usually denoted by e, 
where e > I, instead of being < 1, as. with the ellipse. 

Let S he * focus of a hyperbola whose eccentricity is e. 

Draw SX, perpendicular to the directrix and produce it 
indefinitely in both directions. 



Divide 8X externally and internally, in the ratio e: IBs* 
the points A, A'. Both A and A' will be points on the hyper¬ 
bola since they satisfy the definition of the loons, since 

8A :AX*=t :\~ SA'-.A'X. 

Bisect AA* s-t 0 end let DA DA ® a. 
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We shall now prove that (1) CX — (2) CS — ae. 

e 

(1) SA'-SA = e{A'X-AX) = e(CA'+CX-CA + CX). 

AA' = 2eCX and CX =-. 

e 

(2) 8A'+8A = SC+CA'+SC-CA = 2 SC. 

2SC = SA’+SA = e(A'X+AX) = 

CS = ae. 

Take the point C as origin, the line AXCA' as axis of x, 
and a line through C perpendicular to it as axis of y. 

Let P be any point on the hyperbola whose coordinates are 

(*.</)• 

Draw PN and PM perpendicular to the z-axis and the 
directrix respectively and join SP. 



By definition, SP* = e*PM* = eWI*. 
% 8N*+PN* = e*NX*. 

Now 8N = CS—CN = ae—x 

and NX = CN-CX =x~~. 
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(ae— x)*-fy* = e*|x—“j . 

x^e*—1)—y* = a*(e*—1), 

x» v* 

i.e. t - Y. -= 1. 

a* a s (e ! — 1) 

Let b* = a^e*—1), and this equation becomes 


Prom the form of this equation certain facts can be deduced 
by inspection about the hyperbola it represents. 

(1) As ~x, ~y can be substituted in the equation for x 
and y without altering its form, we infer that the curve is 
symmetrical about the origin and that this point is its 
centre. 

(2) Ab —x can be put for x, leaving y unchanged, or ~y 
for y, leaving x unchanged, without altering the form of the 
equation, we infer that the curve is symmetrical about either 
axis. 

(3) Since y* = 6*^* — ij, it follows that, for any value of 

x lying between +a and —a, y is imaginary; but that if x does 
not lie between these limits, y is real. 

This demonstrates that no part of the curve can lie between 
the two lines x = a and x = —a. 

(4) Since ^ = |l -f there is no limit to the magnitude 

of the real values x may have for either positive or negative 
real values of y. 0 

Hence we conclude that the curve will consist of two sym¬ 
metrical branches, each going off to infinity in two directions, 
as in the diagram on the previous page. 

The symmetry of the curve about the y-axis also indicates 
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that there will be two foci, each of them with a directrix corre¬ 
sponding to it. 

The lino AC A' is called the Transverse Axis of the hyperbola 
rather than its major axis. 

The line through C perpendicular to AC A' has been taken 
as the y-axis whose equation is x = 0. Where x ~ 0 cuts the 

curve — — — = 1, we have y 2 = — IA. y = ±6V(— 1). 

Thus the axis of the hyperbola perpendicular to the trans¬ 
verse axis is real in direction but imaginary in magnitude. 

This axis will be subsequently referred to as the Conjugate 
Axis of the hyperbola and its length as 2b, although the true 
length of the semi-axis porpendicular to the transverse axis is 
W(-l). 

The points A and A' are the Vertices of the hyperbola. 

Its Lotus Rectum, i.e. the chord through a focus perpen¬ 
dicular to the transverse axis, is equal to 

2eSX = 2e(SC—CX) = 2r|ae-“j = 2a(e 2 -l) 

26 * 

a 

If PM be produced to cut the directrix corresponding to the 
focus S', in M', then 

S’P~SP = e(M'P-MP) = eMM‘ = 2eCX 

= 2a. 

Hence the difference of the focal radii of any point on a 
hyperbola is equal to the transverse axis. 

2. Parametric coordinates 

T^e equation of a hyperbola ^ ~ = 1 is satisfied by 

as — a sec tf>, y = b tan 4>, for any value of <f>. These may there¬ 
fore be taken as the coordinates of any point on the hyperbola, 
and the parameter as <j>. 

MSI 


T 
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The equation of the chord joining the two points <f>, <f>‘ is 

’ x—a sec 4 _ y— 6tan<£ 

o(sec 4 — sec 4) b(t&n <f> — tan 4')' 
z—a sec4 _ y—bt&n^ 

o( cos^' —cos^) 6(sin^cos^' — cos^sin^') 

x—a sec 4 y—6 tan <f> 


i.e. 


i.e. 


. 4+4' . 4-4’ . 4 -J,' 4-4' 

2 a sin - - - sin -—— 26 am -—— cos - - 

2 2 2 2 

4 — 4 ' I • 4+4' 

cos -—— sin 4 sm -—— 
x v . <£-+-<£' 2 r 2 

i.e. - cos — --- — p sin ——- = --- : -. 

2 6 2 cos 4 cos 4 


a 

But 

4-4' 


4+4' 4 —_ . 4 4 • 4+4' 

cos —-sin 4 “in —= cos — 2 sm - cos - sin — 

2 2 ^ 2 2 2 

4 4 

— cos-cos — 

2 2 


i(l-2.m>|)-rat s in|(2co.'|-l) 


4+4' 

= cos 4 cos-—. 

2 

the equation of the chord is 

x 4 — 4' v • 4+4' 4+4' 

a 2 6 2 2 

The equation of the tangent at the point 4 * 8 obtainable 
from this equation by putting 4‘ — 4> an d i* 


- — ^sintp = cos<p. 

a b 


# 


The eolation of the normal is 

atan4{x—asec4)+Wy—bta,n4) — 0 , 

Le. ax tin 4 +hy — (a t +b*)t&n 4- 

TV**# forms of the equation*, however, are not very often 
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employed because, as we shall see later, in dealing with the 
majority of problems connected with the hyperbola, its axes 
are not the most convenient to take as axes of coordinates. 

Here it may be mentioned for the benefit of students who 
have an acquaintance with hyperbolic functions that 

x — a cosh <f>, y — bsmh<f> 

would satisfy the equation — — — = 1 for all values of <f>, and 

that these might be taken as the coordinates of any point on it. 
The equation of the tangent at the point (a cosh <f>, b sinh <f>) is 

-eosh<£ — ^sinh<£ = 1. 
a o 


3. Corresponding formulae 

Practically all the results obtained in connexion with the 
ellipse in the previous section can be applied to the hyperbola 
merely by putting — 6 a for b* in the corresponding equation 
for the ellipse. Thus: 

(1) The equation of the tangent at the point (x',y') is 

ff \_W_ _ j 

a 3 6 * 


(2) The equation of the normal at the point {x',y') is 

?!f= „»+&*. 

* y 


(3) The two tangents to the hyperbola of gradient m are 
y = mx^sj^ahn 1 — 6*). 


(4) The line lz-\-my-\-n = 0 will touch the hyperbola if 
aH*—b l m 2 = n 8 . 


(5) The condition for y - mx, y = m'x to be conjugate 


diameters is 


, 6* 
mm = —. 
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(6) The equation of the tangents from a point (A, k) is 



(7) The equation of the polar of ( h, k) is 

a* 6* 

(8) The equation of the director circle is r*-j- y- — a* —fc*. 

,(9) Generally, all the geometrical properties proved in the 
last section for an ellipse are also true for the hyperbola. 

(10) Polar equation - = l—e cos 6 . 

r 

These results could all be proved in exactly the same way 
as they were in the case of the ellipse. 

4. Asymptotes 

An Asymptote of a curve is a straight line which meets it at 
two points at infinity, but which is not altogether at infinity. 

The polar equation of the hyperbola, w'ith its centre as the 


pole, is 

r*co8*0 r*s inW 

" u* 6* ' “ ’ 

i.e. 

, a*b * 

r* = 

b*coa *6 — o^in 1 # 

If tan# = 

±-, it is clear that the values of r are infinite. If 


a 


a*sin*0 > 6*ooe*0, i.e. if tan 6 docs not lie between - and —, 

a a 

r is imaginary, which shows that the hyperbola lies entirely 
between two lines drawn from the centre making angles of 

, tea -1 - with the transverse axis. 

v • a 

The cartesian equation of the asymptotes can be obtained 
thus. We know that the equation Ox*+Ox-}-c = 0 has two 
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roots equal and infinite. This may be proved by putting x — - 

y 

in the equation Ox -| 0 = 0 which has two equal roots of 

zero. For the equation 0y 2 +0y+c — 0 thereby obtained must 
have as its equal roots the reciprocals of the equation whose 
two equal roots were zero, i.e. they are both infinite. 

Consider the points in which the line y = mx-\-c cute the 

V 2 

hyperbola whose equation is -- —= 1. 

For their abscissae, we have 

x 1 (tnx-i-c) 2 _ 
a 2 b 2 


[a* b 2 ) 


,-1 = 0 , 


both of the roots of which are infinite if 

n , 1 w 2 

me = 0 and 

a 2 b 2 


Hence, if c = 0 and m = ± the line y — tnx-{-c will be an 

a 

asymptote. 

the equations of the asymptotes are y = ± - x, or written 

as one equation-= 0 . 

H a 2 b* 

If in the above m = ± - but c is not zero, then the lines 

a 

y — ±-z+c will cut the hyperbola in one point only at 
a 

infinity, i.e. they will be parallel to the asymptotes. 

5. The conjugate hyperbola 
A hyperbola with the same centre and asymptotes as the 

hyperbola — — ~ = 1, with its transverse axis lying along the 
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conjugate axis of this hyperbola and of length 26, is called its 
Conjugate Hyperbola. 


The equation of the conjugate hyperbola is ~— — = 1 or 

6* o* 


^_.V* 
o* 6* 



The form of this equation shows that for any value of y lying 
between +6 and —6 the corresponding value of x is imaginary. 
Hence no part of the conjugate hyperbola can lie within the 
area enclosed by the lines y = ±b. 

Again, the polar equation of the conjugate hyperbola, with 
its centre as pole, is 

. a*6* 

a*sin*5—6*cos*fl ’ 

which shows that r is imaginary if tan 8 lies between ^ and — 

Thus the conjugate hyperbola lies entirely in those two 
sections formed by the asymptotes in which the original hyper¬ 
bola does not be. 

The condition few two diameters y •= mx, y ~ m'x of the 
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jj 4 «l 

hyperbola — — — = 1 to be conjugate is mm' — 


6 * 

a*" 


But this 


condition would make them conjugate also for the hyperbola 

f*_y 2 = , 

o* h* 


Hence all diameters which are conjugate with respect to a 
hyperbola are also conjugate with respect to its conjugate 
hyperbola, and vice versa. 


Suppose that P is any point (a sec <f>, b tan <f>) on the hyperbola 
a* 6* 


x V . bxsm<j> 

The equation of CP is - = - — r , i.e. y = -. 

a sec i p b tan <f> a 


The equation of the conjugate diameter is y — 
Where this line cuts the hyperbola, 


bx 

asin^’ 


Wi_ - 1 

\a* a 2 sin 2 ^> 

and the values of x are imaginary, i.e. the diameter conjugate 
to CP does not meet the hyperbola again in real points. 

Suppose that it cuts its conjugate hyperbola in a point d. 
The abscissa of this point is given by 

A-- 1 - 

\o a a 2 ain*</> 




i.e. it is the point (a tan 6 sec ^), and 

Cd 2 = a*tan*^-f h*sec*^. 

CP*-C<P = (o*-6*)(secV-tanV) = o s -6*. 


The tangents at P and d to the hyperbola and its conjugate 
are respectively 

— ? sin <f> = cos if>, 
a b 
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and j-—sin<£ = cos^. 

o a 

Where these meet we have 

x _ y 
a b ’ 

i.e. they meet on an asymptote. 

Hence, if PCP', d.Cd' are a pair of conjugate diameters of 
the hyperbola, the latter meeting its conjugate in d and d', 
the tangents at P, P\ d, d' to the two hyperbolas form a 
parallelogram whose angular points are on their common 
asymptotes. 

Pd* — «*(sec^ — tan^)*-f b*([»n<f> — sec^)*. 

Pd = 6*)(sec^ — tan <f>). 

The equation of Pd is 

x~amc<f> y—httm<f> 

a(sec ^ — tan <£) 6(tan<£ — eec<f>)’ 

i.e. bx-\-ay = a6(sec <j> tan 4 >). 

The perpendicular from C (0,0) on this line is 
ab(acc<f> -f tan^) 

J{a*+b*) ’ 

the product of this perpendicular and Pd is 

<ib{eec*<f>—tan*<f>) — ab. 

Hence the triangle CPd is of area \ab. 

And the parallelogram formed by the tangents at P, P', d, d' 
is of area 4 ab, being 8 times the area of the triangle CPd. 
Where Pd, whose equation is bx-j-ay ~ o6(sec^ -f- tarngi), 

meets the asymptote y = - x, we have 

a 

x =* i«<see^ + tan^), y = J6(sec^ + tan^), 
i.e. the point of intersection is the middle point of Pd. 
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It will be noted that the equations 

-— — — l of the hyperbola, 

a 2 b 2 

-w2 

'-— — 0 of its asymptotes, 

a 1 b 2 ‘ ‘ 

— — ~ = — 1 of its conjugate hyperbola, 

only differ by a constant quantity. 


6. The rectangular hyperbola 

A Rectangular Hyperbola is defined as a hyperbola whoso 
asymptotes are perpendicular to each other. 

y2 [f 

The asymptotes of the hyporbola _ — = 1 being y — ± -x, 

b 2 

if these are perpendicular, — = 1. 

The equation of a rectangular hyperbola referred to its axes 
is accordingly x 2 —y 2 = a 2 , and that of its conjugate 

x 2 —y 2 = —a 2 . 

The gradients of the asymptotes are J^l, i.e. they make 
angles of 45° with the axis and are therefore the bisectors of 
the angles between the axes. 

In the relation b 2 — a 2 (e 2 — 1), when b 2 — a 2 , e = V2. Thus 
the eccentricity of every rectangular hyperbola is V2. 

From the fact that b = a, a rectangular hyperbola is some¬ 
times called an Equilateral Hyperbola. 


We shall now find the equation of a rectangular hyperbola 
referred to its asymptotes as axes of coord in ates. 

Turn the axes through an angle of —45°, keeping the origin 
unchanged, and in the equation 


substitute for x, 


x *— y s — a a 

x cos 45° -f y sin 45° = ^, 

V2 
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and for y, — x sin 45° -j- y cos45° = 

The equation then becomes 


a’ 


2 2 


which can be written xy = c*, 

where c* = — • 

o 


The conjugate hyperbola will clearly have its equation 
xy — —c* if we make the same substitutions for x and y in 
the equation X s — y* = —a*. 


7. Parametric coordinates for xy = c* 

The coordinates of any point on the rectangular hyperbola 
xy = c* can be taken as - j, since these values of x and y 

satisfy the equation of the curve for any value of ft, the 
parameter. 

When we speak of ‘ the point ft’ on the rectangular hyperbola 
xy = c 1 , we shall mean the point on it whose coordinates are 


H) 


referred to its asymptotes as axes of coordinates. 


8. Equations of the tangent and normal 

The equation of the chord joining two points y lt /t 2 on the 
rectangular hyperbola xy = c* is 

c 

y — 

z-Cju, _ Hi Mt(p,y~c) 

c (Hl~ Ht) Ji _ M C (p*-Pi) 

\Pi Mt/ 

i.e. x+iij y = c(fi! 

The equation of the tangent at the point ft is obtained by 
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putting (i t = ^ — p in the equation of the chord just obtained 
and is x+ji^ = 2cp.. 

The coordinates of the vertex A at the extremity of the 
transverse axis of the rectangular hyperbola xy =s c 2 are clearly 
acos45°, a8in45°, i.e. ( c,c ), and the parameter of A is 1. 

The tangents at the vertices A, A' of the transverse axis 
are therefore x+y = ±2c , 

which, we note, are perpendicular to the line y — x, the axis 
AA’. 

The equation of the chord joining two points (xj,^), (x 2 ,y x ) 
on the hyperbola xy = c 2 is 


x—x, 
x,—x , 


2 


y-y 1 . 

Vi-Vi 


y-Vi 


.(in' 

Vi *tl 


i.e 


c*x+x t x t y = c i x l +x 1 y 1 x s 

= d(i,+x 2 ). 

Putting x t — X| in this equation, we get the equation of the 
tangent at (Xj, y 2 ) to be 

x, c 2 


i.e. 


— + — = 2 , 

*1 Vi 


a result which could also be obtained either (1) by writing the 

XV . c 

parametric equation — -j- - = 2 and putting x, = c/*, y 2 — - 
Cfl c ft 


in it, or (2) by differentiating xy 
whence the equation of the tangent at (x t , y 2 ) is 


c* and finding that ^ 

ax x 


V-Vi = — 

X, 
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which reduces to 


£ + * = 

yi 


2 . 


Where the tangent at a point y cuts the asymptotes a; = 0, 
y = 0, we have, from the equation x-\yy* = 2cp, 

2c 


x = 2 c.y, 


y = 


The middle point of the line joining (2r^, 0), |o,—j c l ear b* 

the point Icy, i.e. the point at which the tangent touches 

\ N 

the hyperbola. 

Hence the portion of any tangent intercepted between the 
asymptotes is bisected at the point of contact. 

The area of the triangle formed by any tangent and the 

asymptotes is also clearly § ,2cfi— -- 2c*. 

The normal at the point y of the rectangular hyperbola 


jry = c* is the line through 


H) 


perpendicular to 


x 4 - yy 2 — 2cy. 

Hence its equation is 

y*x—y — y*.cy-~, 

i.e. qt* — p*x f py—c — 0. 

In non-paramctric coordinates the normal at (x',y') per¬ 
pendicular to — 4- — = 2 at the point {x’,y') is 
x y 

x\x-x')-y'(y-y') = 0, 

i.e. xx'-yy' = x'*—y' 1 . 

If the tangent at the point y, viz. x+yy* — 2cy, passes 
through the point (h, k), we have 

y?k — 2 cy~\~h = 0 . 
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As this is a quadratic in ft, it indicates that there will be 
two values for ft, i.e. two points of contact, and therefore two 
tangents can be dtawn to the curve from any point (h, k) which 
will be real, coincident, or imaginary, according as c 2 | hlc, i.e. 
according as the point is outside, upon, or within the curve. 

Again, as the equation of the normal is 
Cft 4 —ft 3 r-f/xy—c = 0, 
if any point (A, k) lies on it, 

Cft 4 —ft 3 /t+fti —c — 0, 

giving four values of ft, thus indicating that in general four 
normals can be drawn to the rectangular hyperbola from any 
given point (A, Jfc). 

9. Tangential equation of a hyperbola 

To find the tangential equation of xy ~ c 2 we have to find 
the condition that the line lx.-{ my \-n = 0 should touch it. 
Identifying Zx+my-f n = 0 with x-f yft 2 — 2cft — 0, we have 

1 ft 2 _ 2cft 

l m n ’ 

, vi , w 2 

whence 7 = * 4c*P 

and n ! — 4c 2 lm, 

the required tangential equation. 


10. Conjugate diameters 


As previously stated, the condition that y — mx, y 

should be conjugate diameters of the hyperbola-— 

a * 6 a 


— m'x 

— 1 is 


that mm' = —. 

a* 

In the case of the rectangular hyperbola, where 6* = a % , it 
follows that y—mx — 0 and tny—x = 0 will always be con¬ 
jugate. 
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Transferring to the asymptotes as axes of coordinates, 


= 0 , i.e. x(l-m) = y(l+n»), 

and °’ i '°* ^ m— ^ = ^ 1 + m )> 

will be conjugate diameters, and their gradients being equal 
and of opposite sign, it follows that they are equally inclined 
to the asymptotes. 


11. The polar 

The tangents at the points /*,, p, of the rectangular hyper¬ 
bola xy = c* being x-fypj = 2 c/x, and ar-f-y/ij = 2 c/x, respec¬ 
tively, where they intersect we have 


x = 


2cp.li, 


and y = 


2c 


Suppose that the tangents at p, and p, meet at a point (A, k ). 

_ 2 c , h 

Then Mi+P, = ^7 and p.p, — 


The equation of the line joining the points p,, p t , which is 
tiie polar of (A, k), is 

1P1 = 

, A 2c* 

i.e. x + -y = T , 


Le. 


x , y 2c* 
h k hk 


Note that this is not quite the same form as the equation 
of the tangent as has been the case previously. 


12. Equation of two tangents from a point 

Let (A, k) be the point from which tangents are drawn to 
the rectangular hyperbola xy = e*. 
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The coordinates of any point being (X, Y), those of the point 
dividing ( h , k) and (X , Y) in the ratio p : q are 

pX+qh pY+qk 
P+q ’ P+q 

Substituting these in the equation xy — c 2 , we have 
(pX+qh)(pY+qk) = ^ 

(p+q? 

i.e. ^(XY-c*) +?(Xk+Yh-2c*)+hk~c* = 0. 

q 1 q 

Now if the line joining (/(., k) to (X, Y) is a tangent to xy = c 2 , 
this equation in - must have equal roots. The condition for 

this is (XJc+ Yh _ 2c if = 4 (XY-c^hk-c*), 

which is the equation of the tangents to the rectangular hyper- 
bola xy — c 2 from the point ( h , k). 


13. Some characteristic properties of a rectangular 
hyperbola 

(1) Any chord of a rectangular hyperbola subtends equal or 
supplementary angles at the extremities of any diameter. 

Let p lP be the extremities of a chord of the rectangular 
hyperbola xy = c 2 , and A, —A the extremities of any diameter. 

The gradient of the line joining A, p x is — -i-. 

Apj 

That of the line joining A, p, is — -—. 

The tangent of the angle between these lines is 


~L + J- 

Api Ap 1 _A(p 1 -p 8 ) 


1 + 


1+AV.p, 
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Similarly, the tangent of the angle between the lines joining 
—A, ft v and —A, p s , is 

.... Mui—ht) 

1 +^MiMt 

.*. the angles are supplementary or equal. 

(2) If a rectangular hyperbola circumscribes a triangle it 
must pass through the orthocentre. 

Take three points pj, p 2 , p s on the rectangular hyperbola 
xy a= c*. 

• The chord joining the points p t , p 3 is x yp 2 p 3 = cfpj-fp*). 

The line perpendicular to this chord through the point p, is 

c 

p,p 3 x—y — cp,p 2 P3-. 

Mi 

Similarly, the line through p 2 perpendicular to the chord 
joining the points p,, p 3 is 


r 

Mi hi*-!/ ~ r MiMiMs — • 

Mi 

Where these two lines intersect, the orthocentre of the tri¬ 
angle, we have 


i.e. 


MifMi-Mt)* ~ — = “ 

Mi Mi 

c 

x - - , 

Mi Mi Ms 


c (Mi~Mt) 
Mi Mi 


and y = —-cpjpjpa-fpjpax - —cp^jpj. 

Mi 

These coordinates of the orthocentre j — -, — cp 3 p t pJ 

\ MiMtMi ) 

clearly satisfy the equation xy — e a . 

/. the orthocentre of the triangle is on the hyperbola. 

(3) The normal to the rectangular hyperbola at the point p 

cuts the curve again in the point — —. 

it* 
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Identify the chord joining the two points y, y on the rect¬ 
angular hyperbola xy — c®, 

x+yw' = c(fx+y), 
with the normal at y, viz. 

y*x-y — cy 3 —-, 

and we have y 3 = — —, i.e. y — — 
yy y J 

(4) If PQR be a right-angled triangle inscribed in a rect¬ 
angular hyj>erbola, the angle at P being right, then the tangeiit 
at P is perpendicular to QR. 

Let P, Q, R be the three points y v y 2 , y a . 

The equation of PQ is 

and that of PR is r-f yy t y 3 — c(y 2 +y 3 ). 

These being perpendicular, we have 

But the equation of the chord QR is x-\-ijy 2 y 3 — c(y 2 ~\-y 3 ); 
and that of the tangent at P, r-(- yy\ — 2 cy v 

Thus the product of the gradients of QR and the tangent at Pis 

-, 1 -- i . 

M-iPaP-a 

the tangent at P is perpendicular to the chord QR. 

(5) If P be a point on a rectangular hyperbola, then 
SP. S'P — CP 3 , C being its centre. 

Let P be the point (a sec<£, a tan 4>) on the rectangular 
hyperbola x s —y* — a®. 

Then / a \ 

SP — elosec^-J = a(e sec 1), 

S'P = e/esec^-f-j = a<esec^+l)- 
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Now e = v2. 

SP.S'P = a*{e*sec*^>—1) = a*(2secV-l). 

Again 

CP* = a*sec*^-fa*tanV — «*(2 sec 1 ^— 1). 

.% SP.S'P = CP*. 

(6) If the normal to a rectangular hyperbola at anj r point 
cute the transverse axis in G and the conjugate axis in g, Gg is 
bisected at the point. 

Let p be any point on the rectangular hyperbola xy — c*. 
The equation of the normal at p is 


fi*x-y 


Cp* 


Where this cuts y — x we have 

y = * 

Where it cuts y — —x we liave 


p(p z — 1) p p 


v-.> 

p(pf 1) M 


c 

= r M-• 

P 


The middle point of the line joining these two points is 


clearly 


('%)• u - 


the point p. 


14. Conormal points on a rectangular hyperbola 

The equation of the normal at a point p on the rectangular 
hyperbola xy — c* ia 

cp 4 —p*a:+py—c = 0. 

If this passes through the point (ft, I), 

cp 4 —p*H-f-pib—c =■ 0. 



i o 
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Let ft lt (i 2 , y 3 , be the roots of this equation. 

Then /Xyfi z y. 3 y. t — 1. c*fi 1 M 2 M 3 M 4 — -- — **i 

M1M2M3M4 

which proves that the product of the abscissae of four conormal 
points is equal in magnitude to the product of their ordinates. 
We see also that 


— M1+M2 + M3 + M4 an <J-~ PlPih-ihJ -- 1 -b 

C \Ml Mz 1*3 H 1 *) 

i.e. the four normals meet at a point whose coordinates are 

an d cl —H-1—4—j. 

\Mi Mi Ma M4/ 

As there is no coefficient of yr in the equation considered. 


MiMz+MzMs+MsMi+Z^Mi+Mz+Ms) = 0. 


15. Concyclic points on a rectangular hyperbola 

Let the equation of the circle be x t -\-y' lJ r2gx+2Jy-\-d = 0. 
The points where it cuts the rectangular hyperbola xy = c* 
are given by the equation 

c 2 fi 2 +—+2^c^.+2/ —|-d — 0, 

M 2 M 

i.e. c 2 (i*-\-2gcfj, 3 -\-dfj. i -\-2fcfi-\-c s = 0. 

If /x,, fi 3 , y 3 , y t are the roots of this equation, 

MiMzMaMi = L 

so t hat the product of the abscissae or of tho ordinates of four 
concyclic points on a rectangular hyperbola xy = c 2 is c 4 . 

The gradient of the chord joining two points, say fXy and fx t , 
1 

is-. 

MiMz 

The gradient of the chord joining the other two points is 
1 

-= _ p , l/tg , since = L 

MaM* 
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So if the chords make angles of 8 lt d 3 with the asymptote 
which is the x-axis 

tan 0, = cot 8 t = tan — 0 2 j or tan|~ — 0,j. 




or tan 
3 n 


■ - or —■. 

•> 2 


The angle the chord joining fi v /x s makes with the line y — x, 
the transverse axis, is 


1+1 i 

ten-' —gift, U.Un-^^ + '. 

1 l 

MlMj 

The angle the chord joinir 


MiMj 

ard joining (t 3 , makes with it is, similarly, 
= ta|| _,l fM.M* 

since Mi 

The chords are therefore equally inclined to the transverse 
axis of the rectangular hyperbola. 


16. Typical examples 

Ex. 1. Find the lengths of the axes, the eccentricity, the 
coordinates of the focus, the iatus rectum, and the equations 
of the axes, directrices, and asymptotes of t he hyperbola whose 
equation is 16x*—81y*-48x-— J0%—4 — 0, 

The equations giving the centre are 

32x—48 — 0, ~162y—108 = 0, 

whence x — f, y — — |. 

Transferring the equation to parallel axes through this point, 
we have 

16(x-f |)*~81(y—J)*—48(r-f |) — 108(y—f)—4 = 0, 

=1 

(i)‘ ID* ' 


which reduces to 
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The lengths of the axes are clearly 1 and |V(-—1). 

The eccentricity is given by the equation fa ~ i( eS— 1)> 
whence e — '-l 1 . 

The coordinates of the focus are ±^,0, or referred to the 
original axes, -§. 

The length of the latus rectum = 2a(e 2 —1) = |f. 

The equations of the axes, directrices, and asymptotes are 

(1) x = 0, y = 0; (2) x = ± 2V 9 97 ; (3) 16r 2 -81y 2 = 0, referred 
to the new axes, and 


(1) 2x—3 = 0, 3y+2 = 0; 

(2) x = f± 2V ® 7 ; 

(3) 16(x-l) 2 -81(y+|) 2 = 0; 

which is 16a; 2 —81y 2 —48x—108y = 0, 

referred to the original ones. 


Ex. 2. Show that the chord of a hyperbola which subtends 
a right angle at a vertex will always cut the transverse axis 
in a fixed point. 

The equation of a hyperbola referred to its transverse axis 

and the tangent at the vertex as axes of coordinates can be 

written . , „ 

(ar+af^y 2 

o 2 6 2 


= 1 . 


The lines joining the vertex (0,0) to where the line lx-\-my = 1 
cuts this hyperbola have as their equation 


a; 2 

a 2 


—~+—(i*+my) = 0 . 
b 3 a 


If these are perpendicular, then 


a* a b 3 



a constant. 
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Hence the point in which the line Ix+my = 1 cut* 

the transverse axis is in this case a fixed one. 


Ex. 3. Find the locus of tho middle points of chords of a 
rectangular hyperbola which pass through a fixed point (h, k). 

Let (X,Y) be the middle point of the chord joining two 
points /t, on the rectangular hyperbola xy — c*. 

Then 2X = 2Y — and y = /*,**,. 

The point (h,k) lies on the chord x-f-^^y = ei/z,-}-^,). 




and 



i.e. 2 XY = LX+hY 

is the required locus. 

Writing it 

we see that it is also a rectangular hyperbola with the point 
as centre and asymptotes parallel to those of xy = c*. 

Ex. 4. TP, TQ are two tangents to a rectangular hyperbola. 
Show that the bisectors of the angles PTQ and PCQ meet on 
the chord of contact PQ. 

Let P, Q be the points /a,, on the rectangular hyperbola 
xy == c*. 

The tangents at P and Q are 

x+yfi — 2c/q and x-j-yy* = 2 cy t . 

At T, where they meet, 



2c#*iP* 2c 

y —.—• 

th+Pt 
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Ti-.h^a-cA'+l-^ —-)* 

\Hi+Hi / W +Ht Hi! 

_ cV|(^i-/x 8 ) 3 c 2 (/Xi-/x 2 ) 2 _ (^i-fa)V , 2 , c»\ 

(Mi+^a ) 2 Hi(Hi+Hz)* (Hi+H^A ™ h\! 

_ (f 1 ! /*l) j CP% 

(Hi+Ht ) 2 



Similarly, TQ 2 = • CQ\ 

(Hi+Hz) 

TP CP 


Suppose that the bisector of APTQ cuts PQ in F. 


Then 


CP TP _ PV 
CQ ~ TQ~ QV' 


C'F is the bisector of LPCQ. 

Ex. 5. If four points on a rectangular hyperbola are Buch 
that the chord joining one pair is perpendicular to the chord 
joining another pair, show that the same must be the case with 
the other pairs of chords joining the points. 
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Let iM v n 3 , fi t be four points on the rectangular hyperbola 

xy — c*. 

Then we are given that x-f-y/q tH — c(mi+Mi)> »y» > 8 per¬ 
pendicular to x+yp*M 4 = c(p j+p*). 


Mi M*MaM4 

and this condition being satisfied it is dear that 

*+yMiM3 = ^(Mid-Ms) »nd r f =-- r(p a f/< 4 ) 

or *+yMi#*4 = C (pi+P*) and -r fyMsMs = dM* t-Ma) 
are also pairs of chords perpendicular to each other. 


Ex. 6. A line drawn through a fixed point O cuts a rect¬ 
angular hyperbola in the points P and Q and the ]>olar of 0 

in R. Prove that —~ -f — = . 

OP OQ OR 

Let the equation of the rectangular hyperbola be xy --- c~ 
and let O be the point (A, A). 


Where the line 
have 


y-k 


cos 9 sin 9 

(A j- r cos 9)( k f r sin 6) 


meets the hyjerbola, we 


i.o. r*Binflcosfl -j* r(Asin# -f- kco»9)-\ hk— c* 0. 


If the roots of this equation are rj, r t , then 

I 1 _ X ^ I __ A sin 0 <r k cm 9 
OP + OQ~r l ’ r\ ~ ~ hk~c * 

The equation of the polar of 0 is 

x , y _ 2c* 

hk~~ hk' 


Where the line OPQ cuts this, we have 
A-f roosfl A-frsinff __ 2c* 
A + k ~"hk‘ 
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2(c*-hk) 


OR — r = 


A sin# + kcoa$' 

2 _ A sin Q+k cos 0 _ 1 | 1 

~OR c*-hk ~OP + OQ' 


Ex. 7. Find the coordinates of the point in which the norma] 
at a point p of the rectangular hyperbola xy = c 2 again meets 
the curve. 

The normals at two points P, Q on the curve meet it again 
at R and $ respectively. Show that, if the line PQ is fixed in 
direction, the line RS is also fixed in direction. [L.] 

Let P and R be the points A, A', and Q and S the points 
p., p on the rectangular hyperbola xy = c s . 

The equation of PR is x.pXX’y = c(A-j-A'), and of the normal 

at P, X*x—y = cA 3 — 

A 


If these are identical, we have AA' = — i, i.e. A' = — ^. 

Hence the coordinates of the point in which the normal at 

P cuts the curve again are — —, — cA 3 . 

A 

The equation of PQ is ar+Apy = c(A+/x). If this is fixed in 
direction, then Xp. is a constant. 

Again, the equation of RS, the line joining the points 


1 


A 8 ’ 




But as Xp is constant, this line is also fixed in direction. 


Ex. 8. Two rectangular hyperbolas have the same centre O 
and the same asymptotes. A line NPQ is drawn parallel to 
one asymptote to meet the other asymptote at N and the 
hyperbolas at P, Q. The tangent at Q to the Becond hyperbola 
meets the first at A and B, and OA, OB cut NPQ at L and 
If. Find the equation of the pair of lines OA, OB and hence 
show that NL.NM = NQ *. [J.] 
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Let the two hyperbolas be xy — c*. xy = c'», and let NPQ 
be the line x = cp parallel to the asymptote y = 0. 


Then P is the point 


(%) 


and Q the point 


K> 



The equation of the tangent 
at the point Q whose parameter 


. e . 

is -p 18 

c 


i.e. 


* + y*£=2e'.lp, 
* yep _ , 

2cp 2e'» 


The lines joining O to the 
points where xy — c* is cut by 
this line are 


xy 


_c*/r yepy 
4 \c m c'*/ ’ 


The ordinates of the points L and M in which these lines 
OA and OB are cut by the line x — cp are the roots of the 

W= 4( 1 + ^)- 

If y x and y t are the roots of this equation, 


XL.XM = Vl y t = j-j* = XQ*. 

Ex. 0. A circle cuts a rectangular hyperbola in the points 
P, Q, R, 8■ Prove that, if the middle point of the line joining 
a pair of these points is the centre of the circle, the middle 
point of the line joining the remaining pair of points is the 
centre of the hyperbola. 

P, Q, R, S be the four points p x , p t , p i , p t on the hyper¬ 
bola ry — c*, whore it is intersected by the circle whose equa¬ 
tion is x , 4-y*+2par+2/y+d = 0. 
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Then, as in Art. 15, /ij, y, t , /x 3) /t 4 are the roots of the equation 
c 2 fi* -j- 2gcfj? -f dfi 2 -j-2fr.fi^ r c 2 = 0. 



and 

- + -+- + • i = PiPiPi+PiPiPi+PiPaPi+PtPsP* 

Pi Pi Pi Pi Pi Pi Pi Pi 

c ’ 

So if ^(Pi+Pi) = -9 and |^1 + 1J=-/, 

c c /1 1 \ 

we have 5 (^ 3 +^i)=0 and 5 — + - = 0, 

2 2 \M3 Pil 

i.e. the middle point of the line joining y a , /j. t is the oentre of 
the rectangular hyperbola. 

Ex. 10. The circles described on parallel chords of a rect¬ 
angular hyperbola as diameters have a common radical axis. 

Let /ij, fi a be the extremities of one chord of the parallel 
system with regard to the rectangular hyperbola xy — c*. 
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The equation of the circle on the line joining the points 
(i v fa as diameter is 

(ar—c Ml )(x - Cfi t ) -f ^ ( y _ = 0, 

i.e. zt-i-if-cxi^+tij-cyl --f i-)+e*M 1 M* + — = 0. 

\M» M*/ Mi Mi 

Similarly, the equation of the circle on the line joining the 
points fi 3 , ft A as diameter is 

^+y*-<^Ms+M4)- c y(- + — ) + c*msM4 + ~ = 0, 

\M9 M*/ MaM* 

But as the chords joining Mi.M* an ^ m»>M 4 are parallel, 


. MsM 4 = MiM*- 


The radical axis of the two circles, obtained by subtrac¬ 
tion, is 

"■(Mi-f-Mi-Ms-MiH + 1 - — — — J - o, 

\Mi Mi Ms M 4/ 

i.e. catg!-!/X 3 —/4 4 )-fcy/^ 1+Mt —^ - 0, 

\ Mi Mi MaM 4 / 

and since ^,/t, = MsM 4> this equation becomes 

fcr-fy = 0, 


where MiM* — MsM 4 = a constant 
/. all the circles are coaxal and their radical axis is the line 
my = x, where ro is the the gradient of any chord of the 
parallel system. 


j/S 

Ex. 11. The equation of an ellipse is —• + = 1. Rect- 

a*o* 


angular hyperbolas are drawn with the axes of this ellipse as 
their asymptotes, the equation of any one of them being 
xy — e*. Show that the common chords of the ellipse and the 
hyperbolas are parallel to one of the equi-oonjugate diameters 
of the ellipse. 



THE HYPERBOLA 


Substitute x — cy, y = - in the equation of the ellipse and 
H- 

we have , 2 , , , , 

C > 2 + C - = 1, i.e. — — — + i = 0. 

a 2 &V 2 ’ a 2 c 2 A 2 

Suppose that the roots of this equation are ip 2 ' 

Then and /*,/*, = ±£- 

The gradient of the chord joining/^, p 2 , say, is--— = 

M1P2 « 

Hence the chord is parallel to either y — - x or y = -x, i.e. 

a a 

to one of the equi-conjugate diameters of the ellipse. 

Ex. 12. Show that the asymptotes of the conic whose equa- 
tlon 18 ax 2 -j- 2hry + by 2 + 2gx+2fy+c = 0 

are always parallel to the lines ax 2 -\-2hxy+by~ — 0 and that 
the general equation will represent a hyperbola, a parabola, 
or an ellipse according as h?\ab. 

As the equation of a conic only differs from that of its 
asymptotes by a fixed quantity, A say, the equation of the 
asymptotes of the conic are 

ax i +2hxij-{-by i +2gx+2fy-\-c+\ = 0, 

and as these have to be straight lines, 

ab(c-{-X) + 2fgh — a/ 2 — bg 2 — (c+A)A 2 = 0. 
^_abc-\-2fgh—af l —bg 2 —cK t A 
’ • “ i W^ab’ 


h 2 —ab h 2 —ab 

where A is the discriminant. 

The equation of the asymptotes of the conic is therefore 
- . ... . „. A 


ax 1 +2 hxy + by 2 +2gx -j- 2fy -f c — - 

and they are clearly parallel to the lines 
ax lJ r 2hxy-{-by i = 0. 


ab-h* 
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If the last equation represents two real lines, then A* > ab 
and the conic is a hyperbola. If o-f- b — 0, it is a rectangular 
hyperbola. 

If A* < ab, the lines are imaginary and the conic is an 
ellipse. 

If A* = ab, the terms of the second degree in the equation 
are a perfect square and the conic is a parabola. 

EXAMPLES 14 

1. Find the ordinates of the points on the hyperbola 

4x*~ V * 36 

whose abscissae are 6, —9, and 12 respectively. 

2. Find the value of the parameter in the following cases: 

(1) the point ( — 10, — 3V3) on the hyperbola ™ — —■ =o 1; 

Zo y 

(2) the point (6v2, —6) on the rectangular hyperbola 

x*—y* = 36; 

(3) the point (16,9) on the rectangular hyperbola xy 144. 

3. The angle between the asymptotes of a hyperbola is 60°. 
Find its eccentricity. 

4. Find the eccentricity of a hyperbola whose latus rectum is 
doable the transverse axis. 

ft. Bind the coordinates of the vertices and foci, also the equa¬ 
tion of the directrix of the rectangular hyperbola xy -•=* c*. 

6. Find the coordinates of the centre and foci, the eccentricity, 
and the lengths of the transverse and conjugate axes of the fol¬ 
lowing hyperbolas: 

(1) 28**-4fly* => 3ft*. 

(2) 9(*-2)*-«4(y+3)* = 876. 

(3) 25ar , ~9y* — 2(te — 12y — 225 « 0. 

7. Find the equation of the asymptotes of each of the hyper¬ 
bolas in the previous question. 

8. Show that one of the asymptotes of the rectangular hyper¬ 
bola x(«y +f}) «= c* pu m a* through the origin. 
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9. Find the equations of the following hyperbolas: 

(1) Focus at the origin, directrix the line 3x—4 y — 1, and the 
eccentricity f, 

(2) Focus the point (— 1,2), directrix the line 5x— \2y = 4, and 
the eccentricity }. 

(3) Centre at the origin, directrix the line 3x—4 y — 2, and the 
eccentricity 2. 

10. Find the equation of the tangents and normals to the fol¬ 
lowing hyperbolas: 

(1) x 1 —y t = 49 at the point (8, V15). 

(2) 49x 2 —64y* = 56 2 at the point (16, 7 V3). 

(3) 36x* - 49y* + 216x - 196y - 1836 = 0atthepoint(11, 6V3—2). 

11. Find the equation of the normal to the hyperbola — — — = 1 

<60 y 

at the point (10, 3V3). 

12. Find the coordinates of the point in which the line 

4x+V3 y — 1 

touches the hyperbola 4 x l —y' s — 1. 

13. Show that the line y = x — 2V3 is a tangent to the hyper¬ 
bola x 1 —4 y* = 16. 

14. Show that the line 2 bx—ay = V3 ab is a tangent to the 
hyperbola b‘x s —= o 3 6 ! , and find the coordinates of its point 
of contact. 

15. If the line 2V2x — 3y—c = 0 touches the hyperbola 

— — ~ = 1, find the value of c. 

36 lo 

10. Find the point at which the line 7 V3x+4 V3y = 108 is a 
normal to the hyperbola 4x* —49y* = 196. 

17. The line y = 4x is a diameter of the hyperbola — — = 1. 

oo 

What is the equation of ite conjugate diameter? 

18. If the tangent at any point P of the hyperbola 

6»x J — 

meet the tangents at the vertices A, A' in K and K' respectively, 
show that AK.A'K' = 6*. 
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19. Show that a hyperbola cannot have equi-conjugate dia¬ 
meters. 

50. Prove that the area of the triangle between a tangent and 
tiie asymptotes of a hyperbola is constant. 

51. If the eccentricities of two conjugate hyperbolas are e, and 
e t , show that e?+ej = efr|. 

22. Show that the equations x^at + -,y — bt — ~ represent a 

rectangular hyperbola, t being variable and the axes of coordinates 
rectangular. [J.] 

23. Prove that the asymptotes of a hyperbola meet the direc¬ 
trices on the auxiliary circle. 

24. The tangent at the point (x\ y') on the hy|**rboIa 

-- a*6* 

cuts the auxiliary circle in .points whose ordinates are y, and y r 
11 2 

Prove that-1-— —. / 

Vi y* y / 

28. Prove that the product of the perpendiculars from any 
point of a hyperbola On its asymptotes is constant. Hence deduce 
the equation of a hyperbola whose asymptotes are 

areas<x + J/A>nac — p and xcos/3 + ysinjS ---• q. 

28. The tangent*! at the vertices of the hyperbola 

J fcV-aV - o*b* 

cut the tangent at any other point on the curve at T and T'. 
Prove that Z TST’ and ZT.V'T' are right angles. 

27. If Q and Q' are two points on a rectangular hyperbola, and 
P is a third point on it such tliat /QPQ' is a right angle, prove 
that QQ’ is [parallel to the normal at /', 

28. It A, A' be the extremities of the transverse axis of a rect¬ 
angular hyperbola and P be any point on the curve, show that 
LPAA' A PA'A is equal to a right angle. 

29. A, A' being the vertices at the extremities of the transverse 
axis of a hyperbola and P any other point on it, prove that the 
bisectors of the angle A PA ' are parallel to the asymptotes. 

20. Prove that the angles which a chord of a rectangular hyper- 
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bola subtends at the ends of any diameter are equal or supple¬ 
mentary. 

31. A A' is the transverso axis of a hyperbola and P any other 
point on it. PA, PA' meet a directrix in Q and Q’ respectively. 
Prove that QQ' subtends a right angle at the focus. 

32. If a tangent to a hyperbola meets the asymptotes in L 
and L', and S and S' are the foci, prove that the points L, L’, S, S' 
are concyclic. 

33. The ordinate of any point P on a hyperbola meets the 
conjugate hyperbola in Q. Provo that the normals at P and Q 
to the respective hyperbolas meet on the transverse axis. 

34. CP and CD are conjugate semidiameters of a rectangular 
hyperbola whose centre is C and foci S and S'- Prove that 
CD* = SP.S'P. 

35. Show that the normal at a point (c/j., —^ on the rectangular 
hyperbola xy = c 2 cuts the curve again in the point ( — —, — cp 3 |. 

36. The normal at P to the rectangular hyperbola xy — c 2 meets 

CP* 

the curve again at Q. Prove that PQ = ——, C being the centre. 

[O. and C.] 

37. Prove that a directrix is the polar of the corresponding 
focus of a hyperbola. 

38. Prove that the polars of any point with regard to a hyper¬ 
bola and its conjugate are parallel. 

39. If two hyperbolas are conjugate to each other, prove that 
the polar of a point on one with respect to the other is a tangent 
to the former. 

40. Provo that the polar of any point on an asymptote of a 
hyperbola Jh parallel to it. 

41. Find the pole of the line 2x—3y — 108 with regard to the 
hyperbola x* — 4y* — 36. 

42. The pole of the line 27*— 100t/ = c with respect to the 

hyperbola 9** — 225i/ 2 = 2025 lies on the circle — 225. 

Find «. 

4861 


X 
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43. Find the equation of the tangents from the point (1,1) to 
the rectangular hyperbola xy = 4, and the angles they make with 
an asymptote. 

44. Find the locus of the polo of t he line x cos a -f y sin <x — p 
with regard to a hyperbola ft 1 **—o*y J -- a s 6 *. 

46. Find the locus of the pole of a focal chord of the hyperbola 
(>V-oy = 0 * 6 * with regard to its conjugate hyperbola. 

46. Find the locus of the poles of tangents to the auxiliary' 
circle of a hyperbola with respect to the hyperbola. 

47. Find the locus of the poles of normal chords of a rectangular 
hyperbola. 

48. Prove that the line joining the poles of two parallel chords 
of a hyperbola is a diameter of it. 

49. The tangent at P to a rectangular hyperbola cuts the con¬ 
jugate hyperbola at 0 and R. Prove that PQ = PR and also 
that the pole of QR with respect to the conjugate hyperbola is at 
F, where PCP' is a diameter of the original hyperbola. 

60. Show that the locus of a point, which moves so that its polors 
with respect to the hyperbola 6 *x*—o*y J = 0 * 6 * and its auxiliary 
circle are perpendicular, is the pair of asymptotes of the hyperbola. 

61. Find the locus of the poles of tangents to the hyperbola 
6 *se*— a*y* =* o*6* with respect to the ellipse 6 1 jt* 4 - a l y t 

62. The normal at any point P on the hyperbola**!*—a'y* — a*ii* 
cuts the transverse axis at Q. NP, the ordinate of P, when pro¬ 
duced, cuts an asymptote at P’. Prove that QP' is ]>srpcndicular 
to an asymptote. 

63. Find the condition that the lino lx + my 1 may be a 
normal to the hyperbola b*x*~ a*y* = «**&*. 

64. Show that if CP and CD are conjugate diameters of a 
hyperbola, D being on the conjugate hyperbola, then PD is 
parallel to an asymptote. 

68. PP" is a diameter of the rectangular hyperbola xy «■ o’ and 
the tangent at P meets the asymptote* at Q and R, Prove that 

c* 

P'Q and P'R are tangents to the rectangular hyperbola xy <*» — j. 

|0. and C.j 
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66. The normal to a rectangular hyperbola at P meet® the 
asymptotes in Q and R and the transverse axis in O . Prove that 
PO i = PQ .PR. 

67. Find the locus of the middle points of the portions of the 
tangents to a hyperbola intercepted between the axes. 

68. From points on its auxiliary circle tangents are drawn to 
a rectangular hyperbola. Find the locus of the middle points of 
the chords of contact. 


69. Prove that the locus of the centres of the circles circum¬ 
scribing the triangle formed by any tangent to the hyperbola 
6% 2 —a s i/ a = a s 6 a and its asymptotes is 

4 (a s x a —&V) = (a a +&*}*. 

60. Prove that the chords of a rectangular hyperbola xy = c* 

which subtend a right angle at a fixed point ( 'cp, - j on the curve 

are parallel, and that the locus of their middle points is the dia¬ 
meter y+p 3 x — 0. 


61. The polar with respect to the hyperbola b*x*~ a*y* = a*6* 
of any point on the ellipse b 2 x*+a 2 y 2 — a 2 b 2 meets the asymptotes 
at P and Q. Show that the equation of the locus of the middle 
point of PQ is 

(b 2 x 2 —a 2 y 2 ) 2 = a t b t (b*x i + o*y*). 


62. Find the equation of the axes of the hyperbola whose equa¬ 
tion is 15a; 2 — I7ry — 4y 2 = 1. 

63. A rectangular hyperbola passes through the origin and its 
asymptotes are the lines 2y — x — 1 and y+2a: — 3; find its 
equation. 

64. Find the equation of the rectangular hyperbola with the 

same foci as the ellipse = a 2 b 2 . 

66. Find the equations of the asymptotes and of the conjugate 
hyperbolas of the hyperbolas whose equations are: 

(1) 6** —7ay+2y*-f-18*—lly—9 = 0. 

(2) 4*»—24*y+llv»+28®-94y —4 = 0. 

66. Find the tangent of the angle at which the rectangular 
hyperbolas y* ** 26 and xy = ^ intersect. 
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87. Find the equations of the common tangent* of: 

(1) the hyperbolas ^ **■ 1 and |g — =- 1; 


(2) the parabola y* = 4a- and the rectangular hyperbola 
y*—x* = 4. 

68. The tangent to the rectangular hyperbola ry ■ c* at any 
point meets the asymptotes in P anti P\ and the normal at the 
same point cuts them in Q and Q'. If PQ' and P'Q meet at JR, 
prove that the locus of if is 

4c*(x* — «/*)* -j- ry(x x f y 5 ) 1 0. 

69. PSQ is a focal chord of a conic, the focus lying between 
P and Q. The tangents at P and Q meet at, T. Prove that the 
angle PTQ is acute, right, or obtuse according as the conic is an 
ellipse, parabola, or hyperbola. [O.] 

70. If the sum of the ordinates of four [joints on a rectangular 
hyperbola is constant, show that the normals at th«««o points will 
meet on a fixed straight line parallel to the transverse axis. 

71. Three normals are drawn to a rectangular hyperbola from 
any point on it, other than the normal at the point itself. Prove 
that the centroid of the triangle formed by the three feet of these 
normals is the centre of the hyperbola. 

72. Show that four [mints on a rectangular hyperbola are co¬ 
normal If the sum of the products of their ordinates taken two 
at a, time and of their abscissae taken in the same way is zero. 

73. P and Q are any two points on a rectangular hyperbola. 
The circle on PQ as diameter cuts the curve again at H and 8. 
Prove that BS is a diameter of the hyperbola. 


74. If a eirele intersects a rectangular hyperbola in the four 
points P, Q, B, S, show that the oentie of mean position of these 
points bisects the line joining the centres of the circle and of the 
hyperbola. / 


IS. Tangent* are drawn to the re ct a n gu l a r hyperbola xy <m c* 
from the point <a%, &). Prove that the area they form with either 


... The normals «fc4, B, C, U«s a r wt a nffd s r ltyp w b o ton nwt 

& that jg and ffirpmitiimlT. will that fir these 

J ^SVjlE-5sr' i * ,, X i 7'«» V**': f ‘V- \'*f ir lVrj*,f»'»k“'■*#»***• > 
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chords cut the asymptotes in the points P, P' and Q, Q' re¬ 
spectively, the coordinates of Ii are (OP 4-OP', OQ + OQ'). 

77. Two straight lines X t Y,, X t Y v each of given length, cut two 
perpendicular axes in if], X t and Y,, Y 2 so that the four points X lt 
Y v X t , Y t are concyclic. Prove that the locus of the centres of the 
circles for different positions of the lines is a rectangular hyperbola. 

78. A circle having as a chord a diameter POP' of a rectangular 
hyperbola cuts it again in QQ'. Show that QQ' will also be a 
diameter of the hyperbola. 

79. A tangent to a rectangular hyperbola xy = c s meets the 
asymptotes in Q and R respectively. The lines through Q and R 
parallel to the asymptotes meet the hyperbola at H and K. Prove 
that the envelope of HK is the rectangular hyperbola 16 xy — 25c s . 

80. A chord PQ of a rectangular hyperbola when produced 
makes with the asymptotes a triangle of constant area. Prove that 
PQ envelops at its middle point another rectangular hyperbola. 

81. Prove that the locus of the centre of a circle which touches 
externally two fixed circles is a hyperbola. 

82. Find tho polar equation of a rectangular hyperbola with 
respect to its centre as pole and an asymptote as initial line. 

83. Taking the centre of a hyperbola as pole and the transverse 
axis as initial line, find tho polar equation of the locus of the foot 
of the perpendicular drawn from the centre to any tangent. 

84. Find the locus of tho middle points of focal radii of a hyper¬ 
bola. 

85. Show that the equations - = 1 — e cos d, - = — 1 —-ecoafl 
represent the same conic. 

86. The point P on a hyperbola whose focus is S is such that 
the tangent at P and the latus rectum through S meet on an 
asymptote. Prove that SP is parallel to the other asymptote:. 

87. A fixed hyperbola has a focus at S, and K is a fixed point 
on its transverse axis. XL is a fixed straight line perpendicular 
to this axis. A variable chord through K outs the hyperbola at 
points P and Q. The bisector of L.PSQ outs XL in L, and LM is 
drawn perpendicular to SP. Breve that SM is of constant length, 

88. PQ ia any chord of a rectangular hyperbola which subtends , 
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a constant angle at at the focus S. SY if> drawn perpendicular to 
PQ. Find the locus of F. 

89. Prove that perpendicular focal chords of a rectangular 
hyperbola are of equal length. 

90. Show that the polar equation of the envelope of a family 

of circles which pass through the origin and have their centres on 
the rectangular hyperbola r 5 cos 26 — o’ is r* — 4u*co»20. [B.] 


Formulae of Chapter VII for reference 

[Those identical with the ellipse, except that — 6* is put for 6*, 
are omitted.] 

<f» + cp' 


X rp — u 

1. Equation of chord: — coa 


2. Equations of tangent: 


D 


2 

* y 


CO* 


2 

a b «in<f> - co&<p. 

x4 yp* 2cp. 



3. Equations of normal: axalntp 4 by = (a*4b*)tanq>. 

cp* - p*x 4-py - C « O.f 
xx'~yy' x'»—y'*.f 


4. Equations of asymptotes: y ± -X. 

x 1 y* 

5. Equations of conjugate hyperbola: ^ ^ — 1. 

xy m —c*. 

6. Equation of polar of ( h,k }: * 4 ^ «» ~ . 

7. Equation of tangents from {h, k): 

(xk-i yh —2c 5 ) 1 - 4<xy—c , K* 1 k—c’). 

8. Tangents at p|,p« on ry - c* meet at tlie point: 

3cp»Pi 2c. 

Ptfp, ’p,4-pi’ 

f For a rectangular hyperbola only. 




VIII 

OBLIQUE AXES 


1. Equation of a straight line 

In all the preceding chapters the axes of coordinates have been 
taken as rectangular. There are many cases, however, where 
work can be greatly simplified by taking as axes two lines 
which are not perpendicular. Such axes are known as Oblique 
Axes, and the acute angle between them is usually denoted by 
the Greek letter <o. 


Y 



In the above diagram XOX', YOY' are oblique axes making 
an angle XOY = w with each other. Through any point P 
draw PM, PN parallel to these axes and cutting them in 
N and M respectively. 

Then ON and OM are the coordinates of P referred to these 
axes. 

It is clear that many of the results arrived at hitherto can 
be proved by identical methods when the axes are oblique. 

For example, the proof that any equation of the first degree 
represents a straight line would Btill be valid. 

In the diagram draw PH perpendicular to OX. 

Consider the equation y = nx. 
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It is of the first degree and therefore represents some straight 
line. Also, as (0,0) satisfies it, it is a line through O. 

V PN 

If P be any point on it, " = which, from elementary 

geometrical considerations, must evidently be the same ratio, 
no matter where P is on the line. Calling this constant ratio n, 
we see that any equation such as •/ = nx represents a straight 
line through the origin whose direction will only depend upon 
the value of n. 

, n is not the gradient of the line, but it can be expressed in 
terms of it thus, if L POX — 8 : 


tan 0 — tan POX 


PH PXmxPXH 
OH "" OX+SiT 


V ■ 

sin i u 

y silt at r n sin at 

x 'rUCG&ut , u 1-j neo«<« 

1 •- - COS at 
X 

Hence if the gradient of the line is m, 

nsinu> 

m — 

1 f n cos to 

It is clear, then, that if two lines have the same ‘ m' they 
will have the same 

with oblique axes, y ~ nx, y — n'x are parallel if n — n'. 


2. Angle between two straight lines 
Suppose the straight lines are respectively parallel to y — nx, 
y = n'x, and that the gradients of these lines are m and m'. 
Then if ^ be the angle between the two lines, 

n since n' sintu 
m — m' l + neon at 1-f-w'eosq/ 

1 -f mm' 


tan <f> 


1 -f 


nn' sin*o> 

(1 + n cos u>)( l + «' cos o>) 
(»— n>ina> 
l+(»-(-n')oo«ty-fnn , ‘ 
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This result shows that the lines will be parallel, i.e. <f> — 0 
if n — n'. 

They will be perpendicular if co\,<f> = 0, i.e. if 
1-f (n-t-n')cos to-)- nn' = 0. 

If to were 90°, i.e. if the axes were rectangular, n and ri 
would then be the gradients of the lines and nn' = — 1. 


3. Some typical cases of linear equations 

It may first be noted that, in transferring to parallel axes 
through another origin, ( h , k) suppose, it is still true that the 
coordinates of a point which are (a:, y) with regard to the new 
axes will be (x-\-h,y-\-k) with regard to the old ones, i.e. we 
substitute x-\-h for x and y-\k for y when transforming the 
original equation. 

(1) Two straight lines y = nx, y = n'x make equal angles 
with the x-axis; show that 

2 COS(77- - Co) = — ~|--. 

n n 


By data 
Whence 


n sin co n' sin co 

1-i-ncosco l+n'cosco 

n-\-n' = — 2 nn' cos to. 


and 


I-)- 1- = 2 COS ( 77 — co) . 

n n' 


[N.B. Two lines y = nx, y = —nx in oblique coordinates 
do not make equal angles with the x-axis.] 

(2) H and K are two fixed points and P is a point such that 
PH, PK cut off an intercept of fixed length on a given straight 
line. Find the locus of P. 

Here it is obviously an advantage to take the fixed line as 
y = 0, and the line joining the two given points as x = 0. 

Let P be the point (X, Y) referred to these oblique axes. 

Any line through P is y—Y — n(x—X). 
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If it passes through H, the point (0, A), we have 
h-T = n(-X); 
whence the equation of PH is 

x-X^y-Y 
X Y-h' 



x—X __ y~Y 
X Y-k' 


Where these lines cut y = 0 we have 

nr v XY 

l—n 

y XY 

OM — z s = x ~ Y_j e ‘ 

But as fay data LM = OM—OL — c, a constant, 

. XY _ XY 
“ C Y-h Y-k 

or c(Y-k)(Y-k) = XY(h—k) 

la the equation of the locus required. 
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(3) Find the locus of the middle point of any straight line 
which passes through a fixed point and has its extremities on 
two fixed straight lines. 

Take the two fixed straight lines as oblique axes of co¬ 
ordinates. Let (h, k) be the coordinates of the fixed point. 

The equation of any line through (h, k) is 

y—k = n(x—h). 


k 

Where this cuts y — 0, x = h - . 

n 

Where it cuts x — 0, y = k—nh. 

If (X, Y) be the middle point of the line, we have 

2 X = h-- and 2 Y = k-nh. 
n 


(2X—h)(2Y—k) = = hk, 

which is a hyperbola with its centre at the point 
asymptotes parallel to the two given straight lines. 



and 


(4) A line moves so as always to form a triangle of given 
area with two fixed lines. Find the equation of its envelope. 

Taking the fixed lines as axes of coordinates, let the equa¬ 
tion of the moving line be lx-\-my = 1. 

Where it cuts x = 0, y = 0 we have y = —,x — 

m l 

And by data ~ — sinai = constant. 

J 2 1 m 


Im — constant = K, Bay. 
So the equation of the line can be rewritten 

b +7»- 1 - 


l*x— l+Ky = 0, 
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of which the envelope is iKxy — 1, this being the oondition 
far equal roots of the quadratic in the variable. The line will 
therefore always touch a fixed hyperbola. 

(o) In any triangle ABC, with the usual notation, if C is 

given and - -f i = K, a constant, prove that the base A B must 
a b 

always pass through a fixed point. 

Taking CM, CB as axes, let fcr-f my — 1 be the equation of 
the base A B. 

' We are given that - ■ + ~ = = K. 

a b 



which shows that the base A B always passes through the fixed 



(6) If the sum of the perpendiculars from a point P to two 
fixed line* be constant, find the locus of P. 

Take the two fixed lines as axes of coordinates; let them be 
inclined at an angle ut to each other. 



Draw PM, PN parallel to the axes, to cut them in M and 
N. Draw PH, PK perpendicular to the axes. 
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Let the coordinates of P be ( X, F). 

From the diagram 

PH = PM sin (o = X sin w, 

PK = PN sin ui = F sin w. 


(X-fF)sino) = PH-\-PK = c, a constant. 

Hence the locus is a straight line which would always pass 
c c 

through the fixed point - cosec a>,~ cosec <u. 

2 2 


(7) A straight line, of fixed length, slides between two given 
fixed straight lines inclined at an angle ai. Find the locus of 
the orthocentre of the triangle it forms with them. 



Let AB be the line -4-^ = 1. 

a £ 

Draw AM, BL perpendicular to OB and OA respectively 
and let them intersect in H the point ( X, F). 

Through H draw HU, HV parallel to the axes, so that 
X = HV and F = HU. 

Then, since HU : OM — AU : OA, 

Y = <x-X 

oc 008 oi a 
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The radius is the square root of 
A*4- i*-f2Ajb oos w—c 

= * K/COS W-j?)*4-(0 008 u>— /)* 

an'oi 

+2{/cos u> —y)(j? cos « —/ )eo« tu]—c 

_/*+»*— 2/s? cos w 

— - ■. c. 

sin’cu 

The following problem gives an illustration of the advan¬ 
tageous use of oblique coordinates in the case of a circle. 

A circle touches one fixed line and makes an intercept of 
constant length / on another fixed line inclined to tbe former 
at an angle <u. Find the locus of its centre. 

Taking the fixed lines as oblique axes, let the equation of 
the circle be 

x*-f-2ay cos m -f y*—2(A -f k cos u»)x—2(1: -f A cos u>)y 

4-A* \ **} 2AJfceo*c 0 ~-a* - 0. 

Where this cuts y = 0, 

x*—2(A4-f'oos<u)x-f-A , -| i^ + ZAtcosw—o* =?- 0, 

and this equation must have equal roots if y » 0 is a tangent 
to the circle. 

/. (A-ficosw)* = A*+i**-+ 2AArcoeo>—a*, 
whence A*sin*<i> =- a*. 

Again, where the circle cuts x ~ 0, 

y*—2(A-f-Acosw)y-}-A*4-A , 4-2Airoo8a;-~a* =* 0. 

If the roots of this equation are y x , y t , then 

= 2{A4-*ooaw) 1 y,y, * A*4-A*4-2A*eosu>— a*. 

P = (j?i—y*)* — 4(a*—A*sin , u>) 

» 4sinM**--ft*)- 

the required locus is 

y*— x* r* J/*oosec*tu, 
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5. The parabola 

The most useful case for employing oblique axes in the case 
of a parabola is when it is desirable to take a diameter and 
tangent at a point on it as axes of coordinates. 

Let QVQ' be any chord of a parabola parallel to the tangent 
at a point P on it and cutting the diameter through P in V. 
Join SP. 

Then, as was proved in Chapter V, Art. 13, V is the middle 
point of QQ' and QV 2 = 4SP.PV. 



Also SP = a cosec 2 a>, where the angle between the tangent 
and diameter at P is <u. 

the equation of the parabola can be written y 2 = 4ax, 
where a = a cosec 2 w. 

As the coordinates of any point on y 2 = 4ocx can be taken 
to be <xl 2 , 2al, the equation of the chord joining two points 

and that of the tangent at the point l is 
z—ty+oit 2 — 0. 

The three following examples illustrate the use of the-equa¬ 
tion y 2 — 4 ax. 

«3K 


V 
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(1) Two tangents to a parabola cut off on & given diameter 
a length which always bears a fixed ratio to the difference of 
the lengths of the perpendiculars from their points of contact 
to the tangent at the extremity of the fixed diameter. 

Taking the diameter and the tangent at its extremity as axes 
of coordinates, the equation of the parabola is y* = 4ax. 

Let t,, t t be the points of contact of the two tangents. 

Where x— fjy+crff = 0 cuts y = 0, x — —off. 

Where x—<,t/+at| = 0 cuts y = 0, x = —at\. 
the intercept on the diameter is <x(t\—t\). 

The perpendiculars from the points of contact are ad\ sin u> 
and sin co, and the difference of these is 

os sin f§), 

which establishes the theorem, the ratio being cosec to. 

(2) To find the locus of a point which moves so that the 
tangents from it to a parabola always make an intercept of 
constant length on a fixed tangent. 

Taking the fixed tangent as the y- axis and the diameter 
through its point of contact as the x-axis, the equation of the 
parabola is y* = 4 ax. 

Suppose t t , t, are the points of contact of two tangents which 
satisfy the required condition and (X, Y) the point where they 
meet. 

Then X — and Y = 

Where the tangent at t v whose equation is x—t t y +off = 0, 
cuts x = 0, we have y = ad v 

So where the tangent at f, cuts x = 0, y = ai t . 

We are given that a(t t —(,) — l, a constant. Hence 

I* = «*{<!-*»)* = —4as*<j t t 

= 7*-4aX. 

the required locus is 
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which is the equation of another parabola similar to the 
original one and with an equal latus rectum. 

(3) Two chorda OH, OK of a parabola are drawn equally 
inclined to the tangent at O, a point on it. The diameter 
through H cuts KO produced in M. Show that 



Let the tangent at 0 cut HM in R. 

Let the equation of the parabola referred to the diameter 
and tangent at O as axes be y* — 4a x. 

Let H be the point (at*, 2at), K the point (at' 2 ,2at'). 


Then 


OM _ 2at _ t 

OK 


Also, as OR bisects LMOH, 


OH HR 


OM RM' 


f 

The equation of OK is x = — y. 

At M, where OK outs the line y = 2at, we have 
MR — x — oitt' and HR = at*. 


OH _at*_t_ OM 

" OM ~ atP ~V~ OK 


/. OM* = OH.OK. 
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6. The ellipse 

Here the most useful case to employ oblique axes is that in 
which a pair of conjugate diameters are taken as axes of 
coordinates. 

The equation of an ellipse referred to its centre as origin 
and a pair of conjugate diameters as axes must be of the form 

Ax 2 -\-2Hxy-\-By 2 = 1. 

The reason for this is that the curve being symmetrical about 
its centre, its equation must remain the same in form when 
—x and —y are substituted for x and y in it. Obviously this 
could not be the case were there terms such as 2 Ox or 2 Fy 
in it of the first degree in x and y. 

Suppose the lengths of the conjugate diameters taken as 
axes of coordinates are 2a' and 2b'. 

When any line parallel to the y-axis such as x — h cuts the 
ellipse it must be bisected by the z-axis, which is the locus of 
the middle points of all chords parallel to the y- axis. 

This means that the algebraic sum of the two values of y is 
zero when x = h is put in the equation. 

in the equation By 2j r2Hhy—Ah z ~~l — 0 it follows that 
2 Hh = 0. And as h is not zero, II — 0. So the equation 
of the ellipse becomes Ax 2 -\-By 2 = 1. 

When y — 0, x = o', and when x = 0, y — b'. 

Aa= 1 = Bb 
and the equation becomes 

v2 tt2 

x i y — i 

a ,S! + b' 2 


Parametric coordinates x 
taken for any point of the ellipse 

d 2 0 2 


a’ coB<f>, y = b'sin<f> can be 

* 2 ■ y* _ L 


The equations of the chord and of the tangent will be the 
so me in form and arrived at by the same method aa when 
the axes were rectangular. It most be noted, however, that 



W S 

meters of the ellipse — -j- — = 1, then nn' =-. 

v a' 2 b' 2 ’ a ' 2 
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the parameter <j> is no longer the eccentric angle of the point 
(a' cos <j>,b' sin tj>) on the ellipse. 

The following examples are illustrative: 

(1) To show that if y = nx, y = n'x are two conjugate dia- 

X 2 

4 - 

b' 2 

Suppose that the two points 

(a 1 cos <f>, b' sin^>), (a' cos <j>’, b' sin^') 

on the ellipse are the extremities of a chord parallel to y = nx. 
The equation of the chord being 

* cos*+!' +i'sin^ = cost:!'. 
a' 2 b' 2 2 

.. n = — — cot-4- - . 
a' 2 

Let ( X, Y) be the middle point of the chord, then 
2X = a'(cos^+ cos <j>') = 2 a'cost!t C os^ ^ 


and 27 = 6'(sin$ + sim/>') = 26'sin 


— = — tan t±t^ : 
X a’ 2 


2 

6' 2 

a’ 2 n 


cos 


2 


If this equation is the same as y = n'x, then 

, b' 2 , , b' 2 

n = — - - and nn =--. 

a ,2 n a' 2 

(2) 0 is a fixed point in an ellipse and CP and CD are two 
conjugate diameters. Two lines are drawn through 0 parallel 
to any other pair of conjugate diameters to meet CP, CD in L 
and M respectively. Find the locus of the middle point of LM. 
Let the equation of the ellipse referred to CP and CD as 

v 2 

axes of coordinates be —+ — 1, and let 0 be the point {h, fc). 
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Suppose that the two lines through 0 parallel to a pair of 
conjugate diameters are 

y—k = n{x—h) and y—k — n’(x—h). 



b 

Then tin' = ——. 

a' 2 

At L, where the line y = 0 cuts the line y—k — n(x—h), 

CL ~ x — h—-. 

n 

And at M, where the line x = 0 cuts the line y—k = n'(x—h), 
CM = y — k—n'h. 

If ( X, ¥) be the middle point of LM, 

2X — h— - and 2 Y = k—n'h. 
n 



and —n' = 


2 Y-k 
h 


k 2 Y-k 
'• h'h-2X 



or 

which is the equation of a straight line. It also clearly passes 
through the point 
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(3) If CP, CD are two conjugate semidiameters of an ellipse 
and any chord through P outs CD (or CD produced) in H 
and the ellipse again in K, prove that PH .PK — CU 2 , where 
CU is the semidiameter parallel to PK. 

Draw UR, KL parallel to CD to meet CP (or CP produced) 
in R and L respectively. 


H 



The equation of the ellipse referred to CP and CD as 

j)2 <y2 

axes of coordinates being —-\- — = 1, let K be the point 

(o' cos rf>, b' sin <f>) on it and U the point (o' cos 8, b' sin 0). Then 

PL = PC—CL — o'—a'cosi j> = 2a'sin®-. 

2 

The equation of PK joining the points 0, <f> is 

x d> , y . <k 4> 

— cosL +A sin r - cos-, 
o' 2 b' 2 2 


The equation of CD is 


o' cos 8 


y 

6'sin#’ 


and as CU is parallel to PK, we have — tan 8 = — — cot—. 

o' o' 2 


\ tan# = —cot- = tan/- +-V 

2 \2 ' 2 / 
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.'. CR = a'cos8 = —a'sin-; 

2 

PC .PL = 2a' a sin 2 ^ = 2CR*. 

It 

From parallels 

PL : PC : CR = PK: PH : CU. 
PH.PK = 2CU 2 . 


7. The hyperbola 


This is a most important case in which the use of oblique 
axes is practically essential. In the previous chapter the rect¬ 
angular hyperbola was considered with reference to its asymp¬ 
totes as axes of coordinates. We shall now consider the case 
of any hyperbola so referred. 

The equation of a hyperbola referred to its transverse and 

conjugate axes was found to be — — ‘f- — 1. 

1 s a 2 ft 8 


Let P be any point on it and draw PM, PN parallel to the 
asymptotes, meeting them in M and N respectively. 

Draw Pm, Pn perpendicular to the asymptotes, meeting 
them in m and n respectively. 



Let P be the point whose coordinates are asec^, btan<f>. 
The equation of the asymptote CMm is bx+ay = 0. 
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The perpendicular Pm on this line = , 

M+V) 

Similarly, the perpendicular Pn on the asymptote 
bx—ay = 0 
ab( sec <fi — tan <f>) 


Pm. Pn — 


V(o 2 +6*) 

a 2 6 2 (sec 2 c£—tan 2 ^) 


a 2 6 2 


a 2 +6 2 a 2 +t> 2 

Now if the angle between the asymptotes be 2a, 
PM sin 2a = Pm and PN sin 2a = Pn. 


PM .PN - Pm. Pn coaec 2 2oc = 


a 2 b 2 
a*+b 2 ' 


. cosec 2 2a. 


But tan a 


b 

a' 


PM.PN = 


aW . 

! \ -i-tan 2 a \ 2 

(a 8 +&V 

\ 2 tan a / 

a 2 b 2 j 


(a 2 +6 2 ) | 

2 


\ a 1 

a 2 +6 2 


4 ' 



Denoting 


a 2 +6 2 

_____ 


by e 2 , and now taking the asymptotes of 


the hyperbola as axes of coordinates, its equation derived from 
the relation just proved is 


xy = c 2 . 

The parametric coordinates of any point on it are cp, -. All 

equations, therefore, of the rectangular hyperbola found in the 
previous chapter hold for one which is not rectangular, exoept 
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those, as, for example, the normal, where the perpendicularity 
relation mm' = — 1 was brought into use. 

We shall conclude this section with typical examples on the 
hyperbola whose equation is xy = rA 


Typical Examples 


Ex. 1. Any chord PP' of a hyperbola cuts the asymptotes 
in p and p'. Prove that Pp — P'p'. 

Let P, P' be the points p, p’ on the hyperbola xy = c 2 . 

The equation of PP' is x+ypp = c(p+p). 

At p, where it cuts x = 0, y — — 

\P p 

At p', where it cuts y — 0, x = c(p-\-p'). 
the middle point of pp’ has coordinates 


2 OH-/*') 


c 

’ 2 



But these are also the coordinates of the middle point of 
PP'. p p = p'P’. 


Ex. 2. If from a point on the hyperbola xy = c 2 tangents 
are drawn to the conjugate hyperbola, the line joining their 
points of contact will touch the original hyperbola at a point 
which is at the other extremity of the diameter through the 
original point. 

The polar of a point |cp, -j with regard to xy = — c 2 is 


— -f— = —2, i.e. x+yp 2 = —2 cp, 
cp c 

which is the tangent to the original hyperbola at the point —p, 
the other extremity of the diameter through the point p. 

Ex. 3. The tangent at a point P of a hyperbola cuts the 
asymptotes in L and M. Find the locus of the centre of 
the circle circumscribing CLM, where C is the centre of the 
hyperbola. 

Let the equation of the hyperbola be xy = c 2 and of the 
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circle be a; 2 -j-2a:y cos 2 a+y 2 -f- Zgx — 2fy = 0, where 2a is the 
angle between the asymptotes. 

L is the point (2cA, 0) and M is the point |o, if P is the 
point 


L and M are on the circle. 

4c 2 A 2 -f-4pcA = 0. 


And 


4c s 4/c __ 


A 2 + 


= 0 . 


g = —eA. 

f=-i. 

J A 


and 


If (X, Y) bo the coordinates of the centre of the circle, 
X-f Y cos 2a = —g — cA 
c 


Y +X COS 2a = —/ = 


(X+Fcos2a)(F+Xcos2a) — c 2 
is the required locus. 

Ex. 4. A quadrilateral has its four sides touching a hyper¬ 
bola. Prove that the line joining the middle points of its 
diagonals AC, BD passes through the centre of the hyperbola. 

Let A, B, C, D be the points where the tangents at the four 
points p v fi 2 , y 3 , Hi on the hyperbola xy — c 2 intersect. 

2c2c 


Then A is the point 
and C is the point 


F1+F4 Mi+Ft 
2C/X 2 iXg 2c 


the coordinates of the middle point of AC are 


HlP 4 


.Pl+M4 

P 2 +M 3 


2 - 1 . 

i+M’sJ 


For brevity, let y. 1 +n t +Ha+Pi. = a i 
and Pi^aMs+^iPa/^+Fif^a+^s/^ = s s- 
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Then the coordinates of the middle point of AC are 
cs H cs t 

(Mi+MlX^a+Ms)’ (M1+M4XM2+M3)’ 
the equation of the line joining this point to the centre is 
x _y 
s 3 s 1 

Similarly, the coordinates of the middle point of BD are 

C$«j C5j 

and the equation of the line joining this point to the centre is 

* _ y 

S a Sj 

the middle points of AC and BD and the centre of the 
hyperbola are collinear. 

Ex. 5. If a circle cuts a hyperbola xy — c 2 in four points 
whose parameters are y v p. a , y a , y. v Bhow that 

The points of intersection of the circle 

x*+2a;ycos 2a+y*+2^a;+2/y-(-I- = 0 

with the hyperbola xy = c 8 are obtained by putting x — cy, 
c 

y — - in the equation of the circle; whence we have 
f* 

c 2 p 2 + —+2c 2 cos2a-f2j7Cp-f-2/--f & = 0, 

p 8 y 

i.e. c*p 4 + 2gcy? -f (2 c 2 cos 2 a -j- -r 2 fey -j- c 2 = 0, 

from which we see that ]X 1 p. 2 (i. 3 ja 4 = 1. 

Ex. 0. C is the centre of a hyperbola xy = c 2 and P any 
point on it. On CP a point Q is taken such that CP. CQ — k 2 , 
k being a constant. Find the locus of Q. 

Let Q be the point {X, Y) and P the point 



Then 


Again, 


i.e. 
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X = CQ = Y . X 

cA CT _c’ '• Y 

I 


X CQ.CP k 2 k 2 



k*X 2 Y 2 _ X 2 _ XY 

" c 4 (X 2 +r s ) 2 ~ c^a 2 ~ ~W* 


¥XY = c 2 (X 2 +Y 2 ) 2 . 


EXAMPLES 15 

1. If the linos «/ = nx-\-c and y = bx are perpendicular, the 
angle between the axes being 45°, what is n ? 

2. Show that, if the axes of coordinates are inclined to each 
other at an angle to, the two lines y = %x— 4, y — x + 3 will include 

an angle of tan -1 j tan^. 

It 

3. Find the equation of the line through the point (3,4) per¬ 
pendicular to the line bx—3y = 2, the axes of coordinates being 
inclined at an angle of 60°. 

4. The axes being inclined at an angle of 60°, find the equations 
of the lines through the origin which make 45° with the line 
y — V2x. 

5. The axes being inclined at an angle of 30°, what is the 
gradient of the line ax+by — 11 

6. Show that the perpendicular from a point (h, k) on the lino 
Ix+my = 1 is of length 

(lh+mk — 1 )sin co/«/((*+m 2 — 2hn cos to). 

7. If y = nx and y = n'x make complementary angles with 
the a-axis, show that l + (w+n , )coscu+nn / cos2eo = 0. 

8. PH, PK are perpendicular lines from a point P (h,k) on the 
axes of coordinates which include an angle to. Find the area of 
the triangle PHK in terms of h, k, and to. 
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9. A line through a fixed point (h, k) outs two fixed lines Ox, Oy 
at Q and R respectively. Find the locus of a point which divides 
QR in a constant ratio. 

10. A line LM of fixed length moves with its extremities on 
two intersecting fixed lines. Show that the point on the line LM, 
which divides it in a fixed ratio A, describes an ellipse. 

11. A line through a fixed point (h, k) cuts two intersecting 
straight lines in points Q and R. The parallelogram OQRT is 
completed. Find the locus of T. 

12. A variable straight line cuts two fixed intersecting straight 
lines Ox, Oy in H and K so that the triangle OHK is of constant 
area. Find the envelope of HK. 

13. IfZ+m = c, show that the line whose equation is lx+my — 1 
always passes through a fixed point, and find its coordinates. 

14. From a point P, perpendiculars PL, PM are drown on two 
fixed intersecting straight lines. Find the locus of P if LM is 
always in a fixod direction. 

15. A variable line passing through a fixed point cuts two fixed 
lines, which intersect at 0, in points P and Q. Find the locus of 
the eircumeentre of the triangle OPQ. 

16. Two lines pass through fixed points H and K respectively 
and cut off a fixed intercept on another fixed straight line. Find 
the locus of their point of intersection. 

17. Show that, if (x, y) are the coordinates of a point referred 
to axes Ox v Oy x inclined at an angle o>, and (x r , y') the coordinates 
of the same point referred to axes 0x 2 , Oy 2 inclined at an angle 
w , then x t2 X y costs = x'*\y’ t + 2zVeosa>\ 

18. Prove that if by any change of axes, the origin remaining 
the same, ax*+by*+2hxy becomes a'x*+b'y*+2h'xy, then 

(a+b— 2Acoseu)sin s ai' = (a'+b'—2h' cos a)')8in 2 o> 
and [ab— /t 2 )sinW = (a'fc'—/i' 2 )sin 2 o>, 

by using the fact that if 

ax* + 2 hxy + by i +X(x*+y i + 2 xy cos to) 
is a perfect square, so must be 

a'x 2 +2 h'xy + 6'y ! + X(x 2 +y 2 + 2 xy cos a>') 
for the same value of A. 
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19. Find the coordinates of the centre and the radius of the 
circle x 2 +2xycoa 30°+y* —6a; —2 y = 0. 

20. The axes being inclined at an angle of 60°, find the equation 
of the circle whose centre is the point (3, — 1) and radius 9. 

21. Show that the equation of a circle whose radius is a and 
which touches the axes of coordinates is 

X 1 +y 2 -\-2xy costa— 2a(a;-f-y)cot^ + o ! cot 2 ^ = 0. 

22. Write down the equation of the tangent to the circle 
x 2 + 2xycos Q0°+y 2 — 6x — 8y+ 19 = 0 at the point (2,1). 

23. Find the equation of the circle which intersects two fixed 
lines Ox, Oy at points H, K, where OH = a and OK = /?, and 
which also passes through the origin. 

24. Find the locus of the centre of a circle whose equation is 
x 2 + y 1 + 2 xy cos 60° — 2 gx +1 Oy +9 = 0, where the axes are inclined 
at an angle of 60°, and g varies. 

25. A variable circle touches two straight lines wlxich intersect. 
Show that the polars of a fixed point with regard to these circles 
will envelop a conic. 

26. A point moves so that the sum of the squares of its distances 
from the four vertices of a parallelogram is constant. Show that 
its locus is a circle. 

27. The equation of a parabola referred to the diameter and 
tangent at a point O on it as axes of coordinates is y l = 4ax. 
Find the equation of the chord joining two points ( atl, 2at 1 ) 
(at;1, 2attjj) on it, and that of the tangent at the point (at 2 ,2at). 

28. The diameter through any point O on a parabola cuts any 
two tangents in L and M. Prove that, if the tangents meet at T, 
then OL.OM = TR 2 , where R is the point in which a parallel 
through T to the diameter cuts the tangent at 0. 

29. Any chord PQ of a parabola cuts the diameter through a 
fixed point O on it in L, and the tangent at P cuts the diameter 
in T. Prove that LP : LQ — TO : OL. 

30. If T be any point on the tangent at a fixed point O of a 
parabola, and any line through T cuts the parabola in H and K 
and the diameter through O in R, prove that TH . TK — TR 2 . 
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31. Find the equation of the normal to the parabola y 1 = 4acx 
at the point (at 3 ,2ad). 

32. The diameter through a fixed point 0 on a parabola cuts 
any chord PQ in R. The tangents at P and Q meet the diameter 
in H, K. Show that OR 3 = OH. OK. 

33. Two parabolas with parallel axes touch each other at a point 
O through which any line is drawn cutting the curves in P and Q 
respectively. Prove that OP: OQ = SO : S'O, where S and S' 
are the foci of the parabolas. 

34. Two parabolas with parallel axes touch at a point 0. Lines 
are drawn parallel to their common diameter through 0. Prove 
that the locus of the middle points of the parts of them inter¬ 
cepted between the curves is a parabola. 

36. Show that the length of any focal chord of a parabola is 
four times the focal distance of the extremity of the diameter 
bisecting it. 

36. Provo that, if a parallelogram be inscribed in an ellipse, its 
diagonals must pass through the centre. 

37. PCP' is a diameter of an ellipse and Q any point on the 
curve. The tangent at Q cuts the tangent at P in L, and P'Q 
produced cuts it in M. Prove that PL = LM. 

38. If the tangent to an ellipse at any point Q meets the dia¬ 
meter PCP' in T, and a chord through Q parallel to the conjugate 
diameter CD cuts PCP' in V, then CV ,CT = CP 3 . Prove also 
that TC.TV — TP. TP'. 

39. The tangent at any point P on an ellipse meets two con¬ 
jugate diameters in H and K. Show that 

HP.PK = CD 3 , 

where CD is the conjugate semidiameter to CP. 

40. CP, CD are conjugate semidiameters of an ellipse, and 
through P and D any two parallel chords are drawn cutting the 
Curve in Q and R. Show that CQ and CR are conjugate semi¬ 
diameters of the ellipse. 

41. Prove that the straight line which joins thp extremities of 
conjugate diameters of a hyperbola is parallel to one of its 
asymptotes and bisected by the other. 
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42. P and Q are fixed points on a hyperbola and R is a variable 
point on it. Show that RP and RQ intercept a constant distance 
on either asymptote. 

43. P and Q are two fixed points on a hyperbola and R any 
variable point. PR, QR cut an asymptote in the points L and M 
respectively; show that LM is of constant length. 

44. AL, AM are drawn through the vertex of a hyperbola 
parallel to the asymptotes, and any diameter cuts the curve in P 
and these lines in L and M. Prove that CP 2 = CL. CM. 

45. Show that if y = mx+k touches the hyperbola xy = c 2 , 
then & 2 +4c 2 m = 0. 

40. Find the equation of the director circle of the hyperbola 
xy = c 1 . 

47. Find the locus of the middle points of chords of the hyper¬ 
bola xy = c 2 (1) which pass through a fixed point, (2) which are 
of a given length. 

48. The tangent at a point P on a hyperbola cuts the asymp¬ 
totes in Q and R. Show that the locus of the centre of the circle 
circumscribing the triangle OQR is 

(x 2 ~ y 2 )cae oj + xy (1+ cob 2 co) — c 2 , 
where oj is the angle between the asymptotes and O is the origin. 

49. Find the locus of the middle point of the chord which any 
tangent to the parabola x 2 — 4ay makes in the hyperbola xy = c 2 . 

50. Any four tangents to a hyperbola meet in points A, B,C, D. 
Prove that the middle points of AC and BD lie on a line which 
passes through its centre. 


Formulae of Chapter VIII for reference 


1. Gradient of y = nx is: 


n sin c> 
l + ncosco‘ 


2. If y = nx, y = n'x are perpendicular: 

l + (n+n')cos«+nn' - 0. 

3. Coordinates of the centre of the circle f c08w _g jj cos w _f 

x 2 + 2xycosw + y 2 + 2gx-j-2fy+c = 0: sin 2 n> sinHo * 


Z 



a = acosecko. 
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4. In the parabola y 2 — 4a x: 

5. In the ellipse -whose equation is 

i£ + l£ = i 

a'* ^ b n ’ 


\ , , b a 

y = nx, y *= n x are conjugate if: nn = — . 

6. If yi, fi s , y a , fi t are four concyclic points on the hyperbola 
xy = c»: PiP-j P-aP-i = 1- 



IX 


ONE HUNDRED EXAMPLES FROM HIGHER 
CERTIFICATE EXAMINATION PAPERS SET 
BY VARIOUS EXAMINING BOARDS IN 
RECENT YEARS 

1. Prove that the equation of the straight Jine joining the points 

0 h, 2 /i)> ( x t>y%) is 

(*— x t ) = { y-y^Kvi—yt )• 

A BCD is a parallelogram and the coordinates of A, B, C, referred 
to rectangular axes, are respectively (— 8, — 11), (1,2), (4, 3). Find 

(1) the equations of AD and CD, (ii) the coordinates of D, and 
(iii) the area of the parallelogram A BCD. [L.] 

2. The coordinates of the vertices of a triangle are (2,4), (— 1, 8), 
(-1,-2). Find (1) the equations of the sides of the triangle, 

(2) its angles to the nearest minute, (3) its area. [J.j 

3. Interpret the constants in the equation of a straight line in 
the form y = «a+c. 

Two lines are drawn through the point (0, c) making angle oq, a* 
with the axis OX and meeting this axis at P, and P, respectively. If 
COt oq + cot oq = k, 4 

prove that the perpendiculars to the respective lines at P 1 and P a 
meet on a line parallel to the axis OY. [W.] 

4. The coordinates of a moving point are given by 

x = 2+cos2i, y — l+sin a i, 

where t is variable. Prove that the locus of the point is part of 
a straight line. 

Two adjacent vertices of a square slide on OX and OY re¬ 
spectively. In one position the square lies in the quadrant XOY. 
Find the equation of the locus of the centre of the square. 

[O. and C.] 

5. Find the angle between the lines 

IjX-f- m 1 y -\-1 = 0, 1) x -f- tn % y -j-1 = 0. 

Find the equations of the two lines through the point (3,-1) 
which make 45° with the line 2x — y+2. [W.] 
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EXAMPLES FROM 

6. Two points PvPt have coordinates (x x , j/ t ) and (x t , y t ), and 
ax+by+c — 0 is a line which does not pass through either of 
them. Find the geometrical significance of the number 

ax,+by t +c’ 

paying attention to the meaning of the sign. 

Find the equation of the bisector of that angle between the lines 
3x+4y—205 = 0, \2x-\-5y -\-135 = 0 within which the point 
(-100,250) lies. [C.] 

7. Prove that the points (a, be—a 1 ), (b,ca—b 2 ), (c, ab—c 2 ) are 
c'ollinear, and find the intercept on the axis of y by the straight 
line on which they lie. [O.] 

8. Show that the equation of any straight line can be put in 

the form xcosa + ysina— p — 0, 

and state the geometrical significance of a and p. 

There are two segments, each of length 10 units, on the line 
3x — 4y+7 = 0 

such that each segment subtends a right angle at the origin. Find 
the coordinates of their extremities. [B.] 

9. Interpret the equations 

x—a _ y—b _ 

cos 0 sin 9 

Find the distance from the point (—1,3) to the line 
2x+3y — 1, 

measured parallel to the line ^x—2‘^y+3 = 0. [C.] 

10. Find the coordinates of the point which divides the straight 
line joining the points (ar lt yj, (x„ y t ) in the ratio m l : m t . 

Show that the straight line joining the points ( — 3,1), (4,2) is 
divided harmonically by the lines 

x s —8xy+2y 1 = 0. [O.] 

11. Find the condition that the equation az*+2hxy+by a = 0 
may represent two straight lines at right angles. 

Show that the chord of the circle **+«/*— 2x—5y —24 = 0 
whose equation is 4x-\-3y = 24 subtends a right angle at the 
origin. [D.] 
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12. Two straight lines are given by the equation 

4y z —8yx + 3x 2 = 0. 

Find the equation of a straight line whose gradient is —§■ and 
which cuts the lines at A, B so that the area of the triangle GAB 
is 12 square units, 0 being the origin and A, B in the first quad¬ 
rant. [B.] 

13. Determine the equation of the straight line whose intercepts 
on the axes of x and y are a and b respectively. 

If the line moves in such a way that 


where c is a constant, prove that the foot of the perpendicular from 

the origin on the straight line describes the circle x 2 + 2/ 2 = c 2 - [W.] 

14. A right-angled isosceles triangle has one angular point at 
the origin and its hypotenuse along the line 2x — 6y +15 = 0. 
Find the equations of the other two sides. 

Prove that the locus of a point which moves so that the sum 
of the squares of its distances from the vertices of this triangle is 
constant is a circle whose centre is the centroid of the triangle. 

[D.] 

16. Show that the equation 

ax 1 ) 2hxy f by 2 4- 2gx-\- 2fy -|- c = 0 
represents two parallel straight lines provided that 

a __h _g 
h~b~f 

and that, when these conditions are satisfied, the square of the 
distance between the lines is 

4(g 2 — ac) 
a(o+6) 

Find also an expression for the length intercepted by these 
parallel lines on the line y — mx. [J.] 

16. Find the value of & in order that the equation 
12x*-10xy+2y 2 +Ux-5y+k = 0 
may represent a pair of straight lines. 

If parallels are drawn to these two lines through the origin, 
find the area of the parallelogram so formed. [D.] 
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17. Prove that the equation 

ax i +2hxy+by i = 0 

represents a pair of straight lines through the origin and that the 
sine of the angle between them is equal to 

2j(h a -ab) 

V{(«-6) t +4A*}' 

Prove that the length intercepted by these lines on the line 
lx+my+n = 0 is 

[O. and C.] 


2nJ{(l 3 +m*)(h 3 -ab)} 
am 3 — 2hlm + bl 3 


18. Prove that 


ax 3 +2hxy+by 3 —a(x—£) 3 — 2h(x— f)(y— tj) — b(y —r/) 3 = 0 
is the equation of a diagonal of the parallelogram whose sides are 
ax 3 -f- 2hxy -f- by 3 = 0 and the parallels to these lines through 

Hence, or otherwise, prove that 

(i) m(ax+hy)—l(hx+by) — 0 is the equation of the median, 
through the origin, of the triangle whose sides are 

ax 3 + 2hxy+by 3 = 0 and lx+my—1 = 0; 

(ii) y(ax-\-hy)—x(hx+by) = 0 is the equation of the bisectors 
of the angles between the lines 


ax 2 +2hxy J rby 3 = 0. [O.] 

19. Show that the perpendicular distance of the point (a,/9) 
from the line ax+by-\-c = 0 is ± ~fr~TTTiV ’ explaining clearly 
how the sign is determined. 

The sides of a triangle ABC are given by the equations 
AB : 4x+3y = 12, BC : y = CA : 4 y = 3x. 

Calculate the distance between the centres of the two escribed 
circles of the triangle whioh touch internally the sides AB and 
BC respectively. [L.jr 

20. Prove that the equation of the circle described on A B as 
diameter, where A is (x lt y^) and B is (x t ,y t ), is 

{x-x 1 )(x-x t )+(y-y l )(y-y t ) = 0. 

The straight line, lx-\-my — 1, meets the lines 
ax 3 +2kxy J rby t = 0 
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in the points P and Q. Show that the equation of the circle on 
PQ as diameter is 

(am*—2hlm+bl i )(x t -\-y i )~ 2(61— hm)x— 2(am—hl)y-j-a+b = 0. 

[B.] 

21. Prove that the locus whose equation referred to rectangular 
axes is x t +y* + 2gx+2fy+c = 0 is a circle, and find the co¬ 
ordinates of its centre. 

Prove that if the points (h lt iq), (h t ,k t ), (h z , k t ) lie on the circle 
x i +y t + 2gx+2fy = 0, then the four straight lines 
h t x-\-kxy —= 0 , 
h t x+k t y—m(h%+kl) — 0, 
h a x+k 3 y—m(h%+kl) = 0, 
fx—gy = 0, 

meet in a point. [O.] 

22. Find the condition that the circle 

x t +y t +2g l x+2f 1 y+c 1 = 0 
shall bisect the circumference of the circle 

x t +y* + 2g t z+2f t y+c i = 0. 

Show that all circles passing through the two points (— 3,0) and 
(7,0) bisect the circumferences of each of the circles 

**+3/*+4a;—5 = 0 and x i +y i ~8x—5 = 0. [L.) 

23. Prove that the circle with centre at ( a,b ) and radius r lies 
wholly inside the circle with centre at (o,d) and radius e, provided 
that a > r and also 

(s—r) 8 > (c—a) 8 +(d—6) ! . 

Verify that these conditions are satisfied in the case of the circles 
4(x 1 +y 3 ) + 20x+4y+n = 0 , 
4(x*Py i )+16x—4y-U = 0; 

and determine by calculation whether the centre of the larger 
circle lies inside or outside the smaller circle. [J.] 

24. Prove that the equation of the tangent to the circle 
x 8 +y 8 = o 8 at the point (a cos#, a sin 6) is 

x cos 6 -j- y sin 6 = a. 

If this tangent cuts the axes in the points M and N, prove that 
JIN 8 = a 8 (sec 8 0+oosec 8 0), and that the least value of MN is 2a. [B.] 
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25. Show that the expression xj+y 2 + 4- 2fy t -f-c represents 
the square of the tangent from the point {x x ,y^ to the circle 
x t +y*+2gx+2fy+c = 0. 

Prove that the squares of the tangents drawn from any point 
on the circle x*-\-y i +2x— 16y = 0 to the two circles 
x*+y a — 10y+2\(x— 3y) = 0, 
x 2 -fj/*-10y+2A'(x-3y)= 0 
are in the constant ratio A— 1: A'— 1. [O. and C.] 

26. Write down the equations of the two circles which touch the 
lines x = a, x — 3 a, y+a = 0. 

The line which joins the origin to the point of contact of these 
two circles meets them again in P and Q. If the tangents at P 
and Q cut the axis of x in D and E, prove that DE — a. [D.] 

27. A circle cuts the axis of x at points distant 21 apart. Obtain 
its equation in the form 

(x—a) l + 2/ 1 — 2by— l l = 0. 

Find the equation of the locus of the centre of a circle which 
passes through the fixed point (0,c) and cuts the axis of x at 
points a fixed distance 21 apart. [J.] 

28. Find the equation of the two straight lines joining the origin 
to the points of intersection of the circle 

x t +y 2 +2gx+2fy+c = 0 
and the straight line Ix+my — 1. 

Hence, or otherwise, find the coordinates of the circumcentre 
of the triangle whose sides are 

ax t +2hxy+by‘ - 0, Ix+my — 1. [C.] 

29. The coordinates, referred to rectangular axes, of the points 
A, B, C are (2h, 0), (0, 2 p), (0, — 2q) respectively. Find the equa¬ 
tion to the circle through the origin and the middle points of AS 
and AG. Show that this equation is satisfied by the coordinates 
of the middle point of BC and by those of the middle point of 
the line joining A to the orthocentre of the triangle ABO. 

State and prove the ‘nine-point circle property’ of any triangle. 

[ 0 -] 

30. Prove that the point (a-|-rco8<?, h+rsinfl) lies on the circle 
{*—a)*-J -(y—by = r 2 , and find the equation of the tangent at the 
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point. Find the coordinates of the centres of similitude of the two 
circles (x-\~a) 2 +(y —b) 2 — r? and (x—a) 2 +(y—b) 2 = r|. Show 
that the points of contact of the common tangents to the two 
circles lie on the circles 

x 2 +(y-b) 2 = a 2 ±r l r i . [L.] 

31. What curves are represented by the equation 

(x 2 +y 2 +2gx+2fy+c)+\(h;+m,y+n) = 0, 
in which A is a variable parameter? 

Find the equation of the circle which passes through the point 
(— 2, 4) and through the points in which the circle 
x 2 -j-y i —2x—6y-{'6 — 0 
is cut by the line 3x~j-2y— 5 = 0. 

Find its centre and radius, and show that the two circles inter¬ 
sect at right angles. 

Draw a careful figure. [W.] 

32. Prove that the straight line y — mx+c will touch the circle 
(x—h) 2 +y 2 = a 2 if 

m 2 (h 2 —a 2 )+2chm+(c 2 —a 2 ) — 0, 

and deduce that the equation of the pair of tangents to the circle 
from the point (0, c) is 

(h 2 —a 2 )(y—c) 2 -\- 2ch(y—c)x + (c 2 —a 2 )* 2 = 0. 

P being any point on the straight line x — 0, prove that the 
diagonal, other than x — 0, of the parallelogram formed by the 
tangents from P to the fixed circle (x—h) 2 +y 2 — a 2 , and the paral¬ 
lels to these tangents through the origin, passes through a fixed 
point. [O.] 

33. Verify that the equation of the circumcircle of tho triangle 
formed by the three lines x+6y-\-0 2 K — 0, where the parameter 
0 has the values a, b, c, which are the roots of the equation in t, 
t 3 —pt 2 +qt—r — 0 is 

(x 2 +y 2 ) — (l+q)KX—(r—p)i<y+qK 2 = 0. 

Show that for all values of o, 6, c this circle passes through a fixed 
point. [C.] 

34. Obtain the equation of the polar of any point (x',y’) with 
respect to the circle x 2 +y 2 = r 2 . 
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Find the locus of the pole of the fixed line x = a -with respect 
to the system of circles given by the equation 
x*+y*+2fy+c = 0, 
where c is fixed and / variable. [D.] 

36. Show that the image of the point {x 0 ,y 0 ) in the line 
lx+my-\-n == 0 is given by 

x—x 0 = y~y B = J lx B +my a + w \ 

l m \ )" 

Prove that the image of the circle x* -j- y* = a 2 in the same line is 
' (t , +m i )(x t -\-y t —a 1 )+4n(lx+my+n) = 0. 

[The image of a point P in a line is the point Q, whore PQ is 
perpendicularly bisected by the line.] [W.] 

36. Show that the circles 

a 1 * i, +o 1 i/ a -4-2flr 1 a:+2/ 1 {/ + c 1 = 0, 
a^+a^+ZggX+ifgy+Cg = 0 
are orthogonal if 2 jr 1 9 ,+ 2 / 1 /, = o i c l +o 1 c I . 

Find the locus of the centre of a circle which passes through the 
origin and cuts the circle 3x*+3y s -f 0x+%+ 1 = 0 orthogonally. 

n>] 

37. Prove that the circles 

x*-\-y i +ax+by — 0, x 2 +y* = c 1 

touch each other if «*+6 ! = c*, and find the coordinates of the 
point of contact. 

Two circles pass through the origin and the point (1,0) and 
touch the circle x i +y % = 4. Find the coordinates of the points 
of contact. [O. and C.] 

38. Show that, by suitable choice of the axes of coordinates, 

the equations of the circles of a coaxal system may be written 
in the form x*+y l + k = 2Ax, 

where k is constant, and A varies from circle to circle of the system. 

Show also that, if no two of the circles intersect in real points, 
there are always two real circles of the system which touch a given 
straight line xcosce-f ysinct = p, 

and find the distance between the centres of these circles in terms 
of k, p, and a. [J.] 
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39. Find (i) the equation of the axis, (ii) the coordinates of the 
focus, (iii) the length of the latus rectum, of the parabola given 
by the equation 16x a —24xy-j-9y a — 98x— 64i/— 39 = 0. 

Give a rough sketch of this parabola. [C.] 

40. If P and Q are the points in which the line y -= mx+c outs 
the parabola y 2 = 4 ax, find PQ in terms of a, m, and c. 

Also, if M is the mid-point of PQ, &nd RM is drawn parallel 
to the axis of the parabola to cut the curve in R and to cut in 
M' a line drawn through the focus parallel to PQ, prove that 

PQ 2 = 16RM .RM'. [L.] 

41. The normal to a parabola at P cuts the curve again in Q. 
The tangents at P and Q meet at T; V is the middle point of PQ 
and S is the focus. Prove that the lines TV and PS intersect on 
the parabola. [J.] 

42. Find in its simplest form the equation of the line joining 
the points (am 2 , 2 am), (at 2 ,2at). 

The chord PP‘ of a parabola is parallel to the directrix, and 
the lines joining a point Q of the curve to P and P' cut the axis 
of the parabola in R and R'. Show that the mid-point of RR' is 
the vertex. [C.] 

43. Prove that the tangents at the ends of a focal chord of a 
parabola intersect at right angles on the directrix. 

A chord of a parabola is drawn through the point on the axis 
whose distance from the vertex is equal to the length of the latus 
rectum. Prove that the circle on this chord as diameter goes 
through the vertex of the parabola. [D.] 

44. Through the point P (f, 2) a line of gradient tan 9 is drawn 
to cut the parabola y 2 = 2x at Q and R. Show that the lengths 
of PQ and PR are the roots of the quadratic 

r*sin s 0-j-2r{2sin<? — cos 9)-\- 1=0. 

Hence, or otherwise, find the gradients of the tangents from P 
to the curve. [J.] 

46. If the normal at the point (at 2 , 2 at) on the parabola y 1 = 4ax 
meets the parabola again at the point (off, 2at 1 ), find h in terms of t. 

PQ is a focal chord of a parabola and the normals at P and Q 
meet the parabola again at P’ and Q' respectively. Prove that 
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P'Q' is parallel to PQ and that the length of P'Q' is three times 
that of PQ. [O.] 

46. Prove that all chords of the parabola y 1 = 4 ax which pass 
through a certain point on the axis of the parabola subtend a right 
angle at its vertex. 

A chord PP' subtends a right angle at the vertex A; the 
parallelogram P'APR is completed; find the locus of R. [B.] 

47. Find the condition that the straight line y — mx+c shall 
be normal to the parabola y 1 = 4o*. 

, The tangents at points P, Q on the parabola meet in T, and the 
corresponding normals meet in R. If the locus of T is a straight 
line parallel to the axis of the parabola, prove that the locus of 
R is a straight line which is normal to the parabola. [L.] 

48. Prove that the locus of the middle point of the chord inter¬ 
cepted by the parabola y* = 4ax on any tangent to the parabola 
y*+4 ax = 0 is a parabola. [O.] 

49. Taking the parametric representation of a point on the 
parabola y 3 — 4ax in the form (at e , 2at), find the equations satis¬ 
fied by the values of t belonging 

(i) to the feet of the normals to the parabola from tho point 
(h, k), 

(ii) to the intersections of the parabola with the circle 

z I +y*+2gx+2fy+c — 0. 

Hence, or otherwise, prove that the circle through the feet of 
the normals passes through the vertex of tho parabola, and that 
its equation is x l +y l -(2a+h)x-\ky = Q. [C.] 

60. Obtain the area of a triangle inscribed in the parabola 
y 1 = 4ax, in terms of the ordinates of its vertices. 

Prove that the latus rectum of a parabola circumscribed about 
a triangle is equal to 2R sin sin 9 t sin 6 t , where R is the radius 
of the circle circumscribed about the triangle and 0 V Q % , are the 
angles which the sides of the triangle make with the axis of the 
parabola. [O. and C.] 

61. Show that the circumcircle of the triangle formed by three 
tangents to a parabola passes through the focus. 

The perpendicular bisector of a focal chord PSQ of a parabola 
meets the axis of the parabola in X; prove that SX = \PQ . [D.] 
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62. A circle cuts a parabola at four points, and from these 
points perpendiculars are drawn to the axis of the parabola. Prove 
that the sum of these perpendiculars is zero. 

If the circle cuts the axis of the parabola at the focus S and 
at another point P, prove that the sum of the distances from S 
of the four points of intersection is 2 SP. [B.] 

53. Prove that in a parabola the subtangent is twice tho 
abscissa and that the subnormal is constant. 

P, Q are two points on a parabola whose focus is S, and whose 
latus rectum is 4a. Find the locus of the point of intersection of the 
tangents to the parabola at the points P and Q if SP-\-SQ = 4 a. 
Show the relation of the locus to the parabola by means of a 
figure. [W.] 

54. Prove that three real normals cannot be drawn from a point 
(A, 0) on the axis of the parabola y 2 = 4 ax to the curve unless 
h > 2a. 

Find the area of the triangle whose vertices are the feet of the 
three normals from the point (3a, 0). [L.] 


55. P t B v P t fi, are any two parallel chords of a parabola. The 
chords, perpendicular to the axis of the parabola, through P, and 
P s , cut the curve again in Q l arid Q t respectively. If T x and T, 
are tho respective poles of Q 1 R 1 and Q t R t , prove that the tri¬ 
angles T t Q t R v T z Q z R s are equal in area. [O.] 

56. Prove from geometrical considerations that the equation of 
a straight line in polar coordinates is of the form 

r = asec(0—a), 

where a and a are constants, and determine the length and direc¬ 
tion of the perpendicular on it from the origin. 

By means of tables find the polar coordinates of the points in 
which the line with a = 2, a = tan -1 £ cuts the parabola 




10 


[W.] 


1-f cos#’ 

67. Prove that the polar equation of a circle passing through 
the pole is of the form 

r = d cos(#—/?), 

and give the geometrical interpretation of the constants d, f$. 

The parabola { = 2r sin 2 !# has its focus at S, and P is the point 
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of vectorial angle a on the ourve. Find the equation of the circle 

SPR which touches the parabola at P. 

If Q is the other extremity of the focal chord through P, and 

the circle SQR touches the parabola at Q, prove that the equation 

of SR is . , a . . . ,, . 

tan(0—fa) = tan s £a. [J.] 

rp 2 i|>S 

68. Obtain the equation of an ellipse in the form — + —- = l. 

a % 6* 


Find the latus rectum, eccentricity, and coordinates of the foci 
of the ellipse 9x 2 -f 6y a — 30y = 0. [D.] 

69. The point (0, 3) is a focus and the straight line 3 y = 26 is 
the corresponding directrix of an ellipse of which the origin is the 
centre. Find the equations pf the ellipse and its auxiliary and 
director circles. 

Show that the line 3 x+y = 13 is a tangent to the ellipse, and 
find the coordinates of the points in which it cuts the auxiliary 
circle. [L.] 

60. From a point P on a circle a perpendicular PN is drawn 
to a fixed diameter HK of the circle. If a point Q divides PN in 
the ratio 2 : 3, prove that the locus of Q is an ellipse, and find its 
eccentricity. 

Prove also that the tangent to the circle at P and the tangent 
to the ellipse at Q intersect on HK produced. [J.] 

61. Prove that the line y = mx+«J(ahn* +6*) touches the ellipse 
x*Ja*+y*/b* = 1. 

Find the equation of each of the two tangents drawn from the 
point (27,8) to the ellipse a: ! + 03 / ! = 9. [C.] 

62. Show that the point 

(o(l— t a ) 2bt ) 

, . I i+<* ’ i+W 

x t v s 

lice on the ellipse “i + fi = 

cl* o 


and prove that the tangents to the ellipse at the points, for which 
t = t t and t t respectively, intersept in the point 

|o(lj—ijtj) 6(£i+tt)| 

\ 1 +t i t t ’ 1 

Any tangent to the above ellipse cute the circle = a* in 

tiro paints P and Q. Prove that the locus of the point of inter- 
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section of the remaining tangents to the ellipse from P and Q is 
the ellipse (2a 2 — 6 a } 2 r 2 +a J £>V = a 2 (2a 2 -6 2 ) 2 . [O.] 

63. Prove that, if a 2 Z J + 6 %i 5 —n 2 = 0, the line 

kc+my+n = 0 

touches the ellipse x 1 /a i +y 2 /b 1 = 1 at the point 
( —a 2 f/», —bhnjn). 

Find the common tangents of the two ellipses 

x*la*+y*ib* = 1 and x 2 /c*+y*/d* = 1 , 
and show that their points of contact lie on the ellipse 

( 6 *+d 2 )a ; 2 + (a s +e i )i / 2 = a 2 d 2 -f& a c 2 . [O. and C.] 

64. Find the equation of the chord of the ellipse 

a 2 ' 6 2 

whose mid-point is (x lt y t ). 

The chord PQ of the above ellipse always passes through the 
fixed point (a, b); prove that the mid-point of PQ lies on the curve 


ST 


* , y 


a 2+ 6 2 a + 'b ‘ 


[WJ 


65. Find the coordinates of any point on the ellipse 
x i /a t +y t /b t — 1 

in terms of the eccentric angle of the point. 

Find the eccentric angle of the point P, if the tangent at P 
makes equal positive intercepts on the axes, and the equation of 
the diameter conjugate to CP. [D.] 

60. If 6 and <f> are the eccentric angles of the points P and Q on 
the ellipse x i /a tJ ry' t /b' i — 1 , prove that the equation of the chord 

PQ w * e+<f> , y . 9+<f> 6-t 

-oos—^ + j-sm— 5 - 2 - = cos ~. 
a 2 b 2 2 

If PQ passes through the foous (ae, 0), prove that 

, <f> 1—e .9 

^2 -I+- e ° 0t 2- 

Hence show that, if the chord PR passes through the foous 
(—oe,0), the equation of the chord QR is 


- cos 9 +1 sin 9 7 -^—j 4-1 
a b 1 —e 2 


0 . 


[B.] 
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67. Find the condition that the tangents to the ellipse 

z'/a'+y'/b* = 1 

at the two points where the ellipse outs the line lx -f- my = 1 should 
be perpendicular to each other. 

Prove that every tangent to the ellipse 4r 2 -^9y 2 = 25 cuts the 
ellipse 12* a +18y a = 125 in two points where the tangents are 
perpendicular to each other. [C.] 

68 . Find the length of a diameter POQ of an ellipse of centre 
O and semi-axes a, b which makes an angle Jtt with the major axis. 
, Prove also that the tangent of the angle between OP and the 

normal to the ellipse at P is (a 1 — 6 a )/(a a +6 a ). [J.] 

69. Find the condition that y = lx, y = mx should be conjugate 

fjQ 2 in2 

diameters of the ellipse —; -1- r= — 1. 

a % o* 

If a tangent to this ellipse meets the director circle 
ar 2 4 -y 2 = a 2 -|-6 a 

at the points P, Q, prove that, if 0 is the centre, OP, OQ lie 
along conjugate diameters of the ellipse. [B.] 

70. Fiftd the focal distances of the point (aeo8^>, b sin^>) on the 
ellipse 5*a; 2 4-a ! y 2 = a*5 a . 

If P and Q are extremities of two conjugate diameters and S is 
a focus, prove that 

PQ*-ISP-SQ) 2 = 26 2 . [L.] 

71. Prove that the tangents to the ellipse x 2 la 2 +y i Jb 1 — 1, at 
the points whose eccentric angles are at±f}, intersect at the point 
a cosasecjS, 6sina sec/?. 

If p v p t , p t are respectively the lengths of the perpendiculars 
drawn to a variable tangent to the ellipse from two fixed points 
P and Q on the ellipse and from the point of intersection of the 
tangents at P and Q, prove that the ratio PiPt/pl is constant. 

[O. and C.] 

72. Find the equation of the pair of lines joining the point 

(X , Y) to the points in which the line Ix+my+n — 0 cuts the 
ellipse x t yi 

S* + 5" ! = 1 ‘ 



HIGHER CERTIFICATE EXAMINATION PAPERS 353 

Prove that, if the diameter PP' of this ellipse subtends an angle 
A at the point Q on the curve, then 

4a 2 6 2 cot 2 A = (a- —6 : ) 2 sin 2 (a+/l), 
where a, fi are the eccentric angles of P, Q. [C.] 

73. Define the polar of a point with respect to a conic, and find 

the equation of the polar of the point (x lt with respect to the 
ellipse 2 2 

-b — = 1. 

Find also the coordinates of the pole of the line 

lx-\-my-\-n = 0 

with respect to the same ellipse, and prove that if the line moves 
so that it always touches the circle 

x 2 +y 2 = 1 , 

its pole describes another ellipse. [W.] 

74. Find the equations of the tangent and the normal to the 
ellipse x 2 la 2 +y 2 /b 2 = 1 at the point (acoB<f>, bsintj>). 

Show that four normals may be drawn to an ellipse from a given 
point (h, k), If the eccentric angles of the feet of such normals are 
<£i, (j) 2 * show that 

2 cot i<f> t cot l<f> 3 = 8 

if (h, k) lies on the line 

ax—4by — b 2 —a 2 . [L.] 

75. Prove that a chord of an ellipse is parallel to a fixed direc¬ 
tion if the sum of the eccentric angles of its extremities is constant. 

A chord of an ellipse, centre C, drawn in a fixed direction meets 
the major axis of the ellipse at X, and the perpendicular drawn 
to the chord at its middle point meets the major axis at Y. Prove 
that the ratio CX: CY is constant. [0. and C.] 

76. An ellipse and a circle intersect in four points P, Q, B, S: show 
that the lines PQ, BS are equally inclined to an axis of the ellipse. 

Prove that at any point on the ellipse x^/cP+y^/b 2 = 1 two 
circles can be drawn that touch the ellipse there and again at 
another point: prove also that as P moves round the ellipse the 
middle point of the line joining the centres of these circles moves 
round the ellipse whose equation is 

a*a: 8 +6*y 2 = J(o s — b 2 ) 2 . 

A a 


4261 


[B.] 



354 


EXAMPLES FROM 


77. If the line lx+my = 1 cuts the hyperbola xy — c J in two 
points (x v y x ), (x t ,y t ), prove that 

1 c 2 m 

*!+*»= x 1 x t = —. 


and find the corresponding values of y^A-y^ and y±y a . 

Prove that the length of the chord of the hyperbola along the 
line x+2y = 4c is cVlO. [W.] 

78. The coordinates of the vertices A, B, C of a triangle ABC 
are respectively (x lt y x ), (x t , y t ), (a; a , y a ). Prove that the angle A is 
acute or obtuse, according as the sign of the expression 

(x 1 -x t )(x 1 -x a ) + (y 1 -y i )(y 1 -y 3 ) 
is positive or negative. 

Prove that any triangle whose vertices lie on the same branch 
of a rectangular hyperbola is obtuse-angled. [O.] 

79. PQ is any chord of a rectangular hyperbola and a parallelo¬ 
gram PBQT is drawn with PQ as diagonal and its sides parallel 
to the asymptotes; prove that RT passes through the centre. [D.] 

80. Prove that the distances of the point P( x', y’) on the hyper¬ 
bola *®/a 2 —y z / 6 * = 1 from the foci of the hyperbola are ar'±o, 
where e is the eccentricity. 

If the normal at P meets the conjugate axis of the hyperbola 
at O, prove that the square of the distance of Q from either focus 
is in a constant ratio to the rectangle contained by the focal 
distances of P. [O. and C.] 


81. P, Q, R are three points in this order on one branch of 
a rectangular hyperbpla; PP', QQ' are diameters. Prove that 
RP, RP' are parallel to conjugate diameters and that the angles 
QRP, Q'RP' are equal. [B.] 

82. Give a careful definition of the asymptotes of a hyperbola 
and deduce from your definition the equation of the asymptotes 

of the hyperbola ^3 — = 1 . 


A straight line through the centre C of the hyperbola — —^3 = 1 


meets the curve at P, and also meets at T and T' lines drawn 
through the vertex (a, 0) parallel to the asymptotes of the curve. 
Prove that CP*=CT.CT'. [J.] 
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83. The foci of an ellipse of eccentricity e are 5'and S'. A hyper¬ 
bola is constructed with S, S' as foci and passing through the ends 
of the latera recta of the ellipse; prove that its eccentricity is e~ 1 -, 
and that it cuts the ellipse at right angles. Prove that its asymp¬ 
totes intercept on the latus rectum a length equal to the minor 
axis of the ellipse. [D,] 

84. If the tangent at any point of a hyperbola meets the asymp¬ 
totes in P, Q, prove that PQ is bisected at the point of contact. 

If the normal at the same point of the curve cuts the axes in 
L, M, prove that the four points P, Q, L, M lie on a circle which 
passes through the centre of the hyperbola. [L.] 

86 . Obtain the equation of the chord joining the two points 
(ca, car 1 ), (cfi, c/P 1 ) on the rectangular hyperbola xy = c 2 . 

Prove that, if P, Q, R are three points on this curve xy — c s , 
the orthoeentre of the triangle PQR also lies on the curve. State 
the limiting form of this theorem when P and Q approach each 
other. [B.] 

86 . Obtain the coordinates of the point of intersection of the 
tangents to the hyperbola xy — a* at the points 


/ a\ 

/ J a\ 




Pairs of tangents to the hyperbola xy = a 2 are drawn from 
points on the parabola y 2 = 4ax. Prove that the middle points 
of the ohords of contact lie on the parabola 4x i = ay. [O.] 

87. AB is a chord of the rectangular hyperbola xy — c 2 . Prove 
that tho circle on AB as diameter cuts the hyperbola again at 
points which are the ends of a diameter of the hyperbola, and 
that these points are real, only if the points A, B lie on different 
branches of the hyperbola. [C.J 

88 . Verify that the equation 

2 a : 2 — 3xy— 2 y 2 — 3:r+y = 0 
can be written in the form 

(2x+y — I)(x — 2y— I) = 1 , 

and hence show that it represents a rectangular hyperbola, deter¬ 
mine its asymptotes and centre, and write down the equations of 
the axes. 
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Draw a diagram roughly to soale, and on it mark the approxi- 
mate positions of the foci. [W.J 

89. Find the equation of the normal to the hyperbola 

b 2 x t —a*y s = a 2 6 2 

at the point (x',y'). 

The normal at a point P of this hyperbola meets the transverse 
axis of the hyperbola at Q, and OQ is drawn at right angles to 
this axis and equal to OP. Find the equation of the locus of Q. 

[O. and C.] 

90. Prove that, if the asymptotes of a hyperbola are inclined 
at an angle 26, then the eccentricity = sec0. 

If ^ and S' are the foci of a rectangular hyperbola, and a tangent 

'7oT r , meetS thS tt8ym P totes in A a ncl B, find the angles A SB 
, and prove that SAS'B is a cyclic quadrilateral. [D.] 

91. Find the condition that the line 


px+qy = 1 

should touch the hyperbola 

& 2 2i 2 —a 2 y 2 = aVj 2 . 

A circle through the foci of this hyperbola meets the asymptotes 
a ‘ f’ & respectively, whore P and Q are on the same side 

of the axis of x. Prove that PQ' and P'Q touch the hyperbola. 

[B.] 

92. Find the equation (i) of the parabola, (ii) of the rectangular 
yperbola which touches the z-axis at the origin and which passes 

through the points (0, c), (A, c). 

A rectangular hyperbola touches the z-axis at the origin and 
passes through the point (0, c). If either asymptote of the hyper- 
bola cuts the a;-axis at (h, 0), prove that 4A 2 < c 2 . [J.] 

93. A straight line with gradient tan# meets the hyperbola 
x 2 y 8 

a 2 ~ p = 1 ’ centre °> m the points P, Q. Show that if (h,k) is 

the mid-point of PQ, tan 9 = — 

a 2 fc 

If PQ meets the asymptotes in R, S, show that the area of the 
triangle ORS is (b*h*-a*k*)/ab. 
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The circle on RS as diameter meets the asymptotes again in 
A OR'S' 


R', S'; show that 


S' /a 2 —b 2 \ 2 
S ~ \a 2 +b 2 / 


[L.] 


AORS 

94. Prove that the straight line 

e+D+e-fKv-fc+u-. 


cuts the hyperbola 


* , y 

a + b 


x y 

a ^ = -, where t is a variable para- 


t 2 1 t 

meter, in the points at which t has the values t x and t 2 respectively, 
and hence prove that if in is the gradient of the chord through 
these points, am+b 

am—6" 


P lt Pj, P 3 , P 4 are variable points on a hyperbola, such that the 
gradients of the chords PlP* P i P 3< P»Pt are constant. Prove that 
the gradient of P 4 P 4 is constant. [O.] 

95. Find in its simplest form the condition that the four points 
with coordinates ( kt,k/t ), where the parameter t has the values 
a, b, c, d, should lie on a circle. 

A, B, C, D are four points on a rectangular hyperbola and are 
not concyclic; if the circles BCD, CAD, ABD, ABC meet the 
rectangular hyperbola again in the points a, /?, y, 8 respectively, 
prove that the middle points of the chords A a, P/3, Gy, D8 lie on 
another rectangular hyperbola with the same asymptotes. [C.] 

96. Prove that the envelope of a chord of a parabola which 

subtends an angle of 60° at the focus is an ellipse with the same 
focus and same directrix and of eccentricity V3/2. [W.] 

97. Find the coordinates of the centre, the lengths and equa¬ 
tions of the axes of the conic 

5x 2 +Sxy+5y 2 = 12 x + 6y. 

Find also the equation of a directrix. [L.] 

98. Find the condition that the straight line3 

Ix+my+n = 0 and Vx+m/y-\-n' = 0 ^ 
should be at right angles, the angle between the axes of co¬ 
ordinates being w. 
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5. 

6. (3,-1); (41,0). (31,-1). 

7. 11. 

8. Both (3, —}). 

9. 4V17. 

10. (i) It bisects the line. 

(ii) It divides the line in the ratio 5 : 3. 

11 . ( 1 . 21 ). 

12. (f, 31). 

13. (8,14). 

14. ^{rl + rl—2r 1 r 2 cos(6 1 — 0 2 )}. 


Examples 3 {p. 28) 

1. No; Yes; No; No; Yes. 

4. #V3 —y = ±6. 

5. *V3 ~y = 2. 

6. *V3-f y — V3. 

7. *V3+y = fV3. 

8 . 3o—26 = ab. J 

9. (1) 1#, If (2) 1} 6, —»6. (3) f; 2f - If. 

11. 4f. 

12. *006 112° 37'+ysin 112° 37' = 1. 

13. If 

14. -If 

16. f. 

17. Tho line at infinity. 

18. 3*+2 y = 12. 

< , Examples 4 ( p . 38) 

1. 2z + 3y = 0; x + 5y+23 = 0; 2 x—y = a. 

2. x—-J3y = 3+4V3. 

3. o*+6y = a ! + 6 a . ' 

m'—m l—V 

Im'—l'm’ lm'—I'm," 
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5. (» (3*.-A). 

/ p'sinoi — p sing' pcosct'—p'cosai 
\ sin (a —a') ’ sin(a —a') /' 

6. 05 + 1/ = 2. 
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7. x = 4 y. 

8. b 2 x—a 2 y = ab(b—a). 

11. (1) 2V2. (2) 5*. (3) 1*. (4) V3 + J. 

12. 4x—5y = 2; 4 x-\-5y = 22. 

13 ‘ V(l+m 2 )' 

14. (0,4), (-1,-2) on the same side. 

(4, l), (6, —2) on the opposite side. 

(2, 2) is on the line. 

15. (1,4*). 

16. 2x(b+d—b'—d')—2y(a+c~a'~c') 

= (b + d)(a'+c')—(b'+d')(a+c). 

17. x = y\ x+3y = 4; 2:c+^ = 3. In-centre is (1,1). 

18. x(b-\-b') — y(a+a'); x(2b—b')~y(2a—a’) = a’b—ab'; 
x(2b’—b)—y(2a’—a) = a&'—a'6. 

20. (-2,3). 


21. 235 + 31/ = 17. 

22. (l—l')x+(m—m')y — 0. 


23. 2305-171/ = 103. 


24. (1) x cos + 2/ sin 


a + S . ai+j3 tx—^ 

+ y sin —— = a cos-yC. 

(2) a5-i(«+<')2/+^' = 0. 

a? 0+<6 i/ . 0+^ 0 — <f> 

(3) 5 C08 ^ + | 8U1 2 =COS V’ 

(4) x+ypp = c(/x+p,'). 


2g ^ 

V(l + t a )’ 1 ' V(oW</. + b*cosV)’ k ’ vU+/'■*)• 


25. (1) o; (2) 
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20 . ( 1 ) ( 2 ) 


2 2 


COS 


0 -<p 

_ L _ nrto _L_ 


C06- 


(3) 


2^1 Mi 2c 


Mi+Mi Mi+Mi 

27. a;(c»—dm) = y(c—d); x(md+nc)—y(c+d) + cd — 0. 

J(c*— 2cdcosce4-d*) , , d — ccosa d—c cosce 

20 . —- : -', tan -1 - ; -; c, —-. 

sin a csma csinae 

31. *(a since +6 cos a) = y(acoBot — fisinoe). 

a;(6 cos ce — a since)+i/(a cosce + i> since) = ab. 

33 8in(9 t — 6 Q _ 801 ( 6-60 , sin( 6 ,- 8 ) 
r r a r t * 

34. a;— 8 y+9 — 0; 7 x—y = 8 ; lOx—3i/+5 = 0. 

35. 7:4. 

36. $[r, r,sin(5, -6 2 )+r i r 1 sin(0 1 — Bj+r-yr 2 si n\6 a — By)]. 
I cc+fi 


37. 


a . B' 2 
2 sm-sm^ 

2 2 


39. rcos(0— 4ce) = 3 cos ce cos 2ot. , 

40. 8 J. 

Examples 5 ( p. 55) 

1. (1) 29° 45'. (2) 69° 29'. (3) 37° 14'. (4) 32° 28'. 

2. (1) 7x+4i/ + 47 = 0. (2) aisince — t/cosce = 3cosoe—5sin ce. 
(3) 3a:-4j/+3 = 0. 

3. -5. 


4. (1) 3a ;+y = 2; x—Zy = 4. 

(2) 2x—y — 4; 2ar+lly = 28. 

(3) 2x+Zy = 7. 

5. d. 

6 . (1) 90°. (2) 90°. (3) 90°. (4) 62° 6 '. (5) 15°. 

7. (1) 16. (2) 11 or 15$. (3) 21 or -22$. 

8 . (1) j/(V2-i)+a:(3-2V2) = 0; 2 /(V 2 + l)-x(3 + 2 V 2 ) = 0 . 

(2) 27aj—99j/ + 35 = 0; 77a?+21i/+95 = 0. 

(3) 9a: + 27j/ + 29 = 0; 39 #- 132/-41 = 0. 
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9. 77a;—99?/— 131 = 0; 9x+7 y = 17. The latter. 
10 . (1) x*-y* = 0. (2) 4 {x*-y*) + xy = 0. 

(3) (o — b)(x t — y a ) — 2cxy. 

11- (1) (A.jk)- (2) (0,0). (3) (-0-1,4-3). 

12. (0-7,4-3). 

14. (1) SSa^ + lOSa^ + SOi / 1 = 0. 

(2) y t — 12axy—8ax i = 0. 

(3) 60a- 2 + 177^2/+135«/ s = 0. 

15. (-1,0). 

16. x i (c-$ng) + y 2 c + 2gxy = 0. c = mg. 

17. (6-84,-212). 

18. ( 1 ) (f.V-)- ( 2 ) ( u+v+t+uvt,2 ). 

Examples 6 (p. 66) 

2, 200x+260?/= J67. 

3. a = 3,6 = 3. (-1,1), 

5. -12, 90°. 

6. xcosa + 2 / sin ot = p±d. 

7. 39x+29y+10 = 0. 

8. (if). 

10 . <-¥.!)• 

12 . A«+A{a 2 + b a -6 2 -ifc 2 )-6 2 6 a -a 2 A; ! +a ! & 2 = 0. 

(2X-Y 3Y~X\ , . , 

14. ( a—, —2—J; 2(*+|/) = 1. 

16. 2x+3 y = 8 or 2x—9y+S = 0. 

18. ( 1 ) (l'm—lm')(ax—by) = a(m—m')+b(l—l'). 

(2) (I'm— lm')(ay+bx) — a(l—l')+b(m—m’). 

20. 36. 

23. (1) (0,2i?cos 2? cos C). 

(boosC — cooaB 6sin(7\ 

(2) ^ 3 > 3 )• 

/oi / 6 cos O — coos B 6 sin 2 C —ccosBcosC\ 

(3) ^ 2 ’ 2 sin 2 C /’ 

24. 6 (x—x') 2 +o(y— y')*— 2h(x—x')(y—y’) — 0. 

27. 2x*-\-ixy— 5?/ 2 = 0. 
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29. (14, -21). 

32. rsin(0—a) = r 1 sin(^ 1 —ot). 


Examples 7 (p . 83) 

1. (1) Goes through (0,—4). Symmetrical about the y-axis. No 
part of the curve is to the left of y + 4 = 0. Goes to infinity 
in two directions on the right of this line. A parabola. 

(2) Symmetrical with regard to the origin and axes. A closed 
curve lying entirely within a rectangle formed by the 
lines x — ± 1 , 1 /= ±J. An ellipse. 

(3) Symmetrical with regard to the origin and axes. Has two 
branches one in the first and the other in the third 
quadrant. Each branch goes off to infinity in the direc¬ 
tions of the axes. A hyperbola. 

(4) Symmetrical with regard to the point (2, 3), its centre. 
Also with regard to the lines x — 2, y = 3 . Goes of¥ to 
infinity in the directions of these lines with two branches. 
A hyperbola. 

( 6 ) Symmetrical with regard to the origin, which is its centre. 
Also with regard to the lines 3 x = y,x = 2y. Goes off to 
infinity in the directions of these lines with two branches. 
A hyperbola. 

3. Goes through the point (0,2). Touches the y-axis and is 
symmetrical with regard to the line y = 2. No part of the 
curve lies to the left of the y-axis. Cuts the x-axis in the 
point (f,0). Goes to infinity in two directions. A parabola. 

5. (1) 9x 2 + 4y l = 19. (2) 3 xy = 8 . (3) 5x 2 -j-4xy —3y 2 —2y = 1. 
(4) x*+y 2 = 36. 

7. 63° 3' or 143° 3'. 

8 . (1) (-»,«). (2) (-4,1). (3) (ffsec 6,& cosec 6). 

9. 2xy-\-a t = 0. 

10 . y = m(a:+o)+^. 


Examples 8 (p. 105) 

1. (1) aj*+y*+6x-4y-12 = 0. 

( 2 ) a£+y®— 2 x + 8 y— 1 = 0 . 

(3) a$+y a —2ox—25y+o'-f 6 '—r 8 = 0. 
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2. (1) (4,0); 3. (2) (f, -f); *V38. (3) \J(a*+b*-4c). 

(4) (<*,— b);b. 

3. (i) 11 (**+j,‘)+9*-1373/ = 0. 

(ii) 4 : (x i + y i ) + 2x— 13i/ — 42 = 0. 

(iii) {a-b)(x* + y z)-(a?+b*)(x+y)+2b(a*+b i ) = 0. 

(iv) c(* a + 3/ 2 ) — c(a+b)x — (ab + c i )y+abc = 0. 

4. x 3 +y i ~6x + 2y~15 = 0. 

6. (5,-9). 

7. x+2y+6 = 0. 

8. x 2 + y* — 4x—6y—48 = 0. 

9. a; a +?/ a — 8x + 6i/ — 0. 

10. x ! +y 3 +10x+ 5y+30 = 0. 

12. 45°. 

13. (1) 4x-3i/ + 25 = 0; 3x+4 y = 0. 

(2) x + V3s/ = 8; V3x = y. 

(3) a; cos a + i/sina = 7; a: tan a = i/. 

(4) 4x —3?/+19 = 0; 3x+4i/ = 17. 

(5) 2a: = y,x+2y = 10. 

(6) 17x + 5i/ + 61 = 0; 5x-17 y = 19. 

15. 6±2Vl0. 

17. c = ±15. 

18. c = ±8V26-7. 

20. x J ± 2 / a + 20x±202/+100 = 0; x a + 2 / 3 + 4x + 4y + 4 = 0. 

21. (1) x a + */ a = 4. (2) x*+y 2 = 36. (3) (l 2 +w. a )(x a + 2 / a ) = 1. 

22. x a + y a —3x— 10!/+25 = 0. 

23. x a + 2 / a - 8 \' 2 x- 8 ( 2 -V 2 )</ + 32 = 0. 

27. (x— h)cos,<x-\-(y —&)sinoe = a. 

28. J/+V3x = 7 —5V3; 2/+V3x+5V3± 1 = 0. 

32. (3,4); (-1,-^). 

35. x cos 30° + y sin 30° = a cos 16°. 

36. 3x—2 y = 13. 

37. xcos82£° — ysin82J° + 3cos22£° = 0. 

39. 21(x s +3/ 8 ) — 82x+18^ — 251 = 0. 

40. 23x s -2y s +5xy = 0. 
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41. 6 *(o*—c* )**+o a ( 6 1 — c’) 2/ 1 — 2abc*xy = 0. 

42. x , —y t — a‘— 6 s . 

43. x 1 — 23 /A = I* — A.*, fixed point being (0, A) and length of line 21. 

44. 48° 11'; 131° 49'. 

45. o a (a: a - \-y % ) = ^x t y 1 . 

46. *cos^ + ysin^ = a, where a = sin -1 ^. 

2 2i b 

49. (cy±M a! +a)} a + {lK/ : Fc (2 — o)} s = (a: a + j/ s — a 3 ) 2 . 

51. xh+yk+g(x+h)+f(y+k) + c = 0. 

62. gx+fy+c = 0 . 

63. (W, —f*)- 

54. bx + (a — 2b)y = a a + 2oA — b s —c. 

57. xh+yk — a 1 . 

60. a : 4 4 - (i:*—a a )y a + 2 a a a; a + a 4 = 0 . 

63. 3(a: a +3/ a )-16a:+8V%+36 = 0, and 
3(* a + 2/ a )-32x+16V5y+180 = 0. 

64. x , +y t —ax—by — ^(ay+bx—ab). 

67. —(4—<j/j— t t t s ——tj t 2 t s . 

68. (x— a)*+(y—6) a = r a . 

Examples 9 (p. 131) 

1 . ( 1 ) 40* a — 84x2/+27i/ ! — 108a; — 1 28y — 765 = 0 ; 2 Vl». 

(2) a^(A*+8 a — >c a ) + 2«Aa*/ + y a S a — 2*A a a:— 

-23%+A a S a = 0 ; V(A a + 8 a ). 

(3) 15* a +70a:y+39j( a -410a:-274y + 71 = 0; 8 . 

(4) 57x a —176a:s/+1936a:+330y- 10527 = 0; 11. 

2. J. 

5. 6 (a^+y a )— b x x— (a a + 6 a )j/+o a 6 = 0 . 

6. Their radical axis. 

7. SO^+ 3 ^*)-61a:+ 153/-104 = 0. 

8 . 12 . 

10. 2 (a*+s/*)+ 22 a;+ 103/-43 = 0. 

13. It lies on the common chord and within the two circles. 

14. 2a:—33/+18 = 0; 

16. fl(af+ 3 / a )—148a:— 7 I 3 /+166 = 0. 
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17. (±3,0). 

18. 3(x 2 +j/ 2 ) + 8x—3 = 0; x*+y* = 1. 

19. 3(x s +2/ s ) + 23x —31i/ = 0. 

20. 8(x > + 2 / 2 ) + 5(3±V41)8x+88 5 = 0. 

23. 4{x*+y 3 ) = i 2 +48 3 . 

24. x 2 — y 3 + 2cxy — 8 2 = 0, where c is a constant. 

27. («+A)(a;«+ 2 / a )-2 K A(*+2/)-(K-A)S 4 = 0 . 

29- (1) (*,-¥)s (-12,16). 

,o\ ±«V(A 2 +8 2 ) X*J{k 3 —& 3 ) 

y 1 V(« J -S i )± v '(A J +8 J )’V(« 2 -S 2 )±V(A 2 +S 2 )‘ 

30. 11a: 2 — 60x«/ + 200x + 240f/ —976 = 0, and 
27x 2 —60xf/ + 16j/ 2 + 120x+ 144j/ —976 = 0. 

33. 6(x 2 +j/ ! ) + 12x-3 = 0. 

38. rcoa{6—<x—/3) = 2aco8acosj3. 

40. (V2a,45°); (-V2a,135°). 

41. V(a 2 + b 2 ). 

42. c(2a+6 2 c) = 1. 

46. (1) r = A cos(0— B), where A cos B = o cos a + 6 cos/?, and 
A sin B = a sin a + 6sin/3. 

(2) r(A+ 1) = A cos (6—B), where A cos B = a cos a + A6cos)3, 
and A sin B = a sin a + A6 sin )3. 

46. A circle whose radius is to that of the given circle as k : k+l- 

47 - * = y ; ^ a ~ b '>- 

61. (1) (x—h) t ~{-(y—k) 3 +x 2 +y 3 — a 2 . 

(2) (h 2 +k i ~-a i ){x 2 +y 2 )-2a 2 hx-2a t ky + 2a* = 0. 

62. g (0 ). 

Examples 10 ( p . 162) 

1. (1) (4,0); (7,0); 12; » = 1. 

(2) (—c,0); (a—c,0); 4a; x+c+a = 0. 

(3) (0, —c); (0,a—c); 4a; y+c+a — 0. 

(4) (~3,f); (-3,3); 2; y = 2. 

(6) (7,0); (6i,0);3;4x= 31. 

Q _ 

(6) (-2c,6); (-2c + ^-,6); 3a; 4x+8c+3a = 0. 

(7) (2,2); (14,2); 2; 2x = 6. 
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(8) (21,2); (f,2); 6; 6* = 23. 

(9) (10*. -2); (9*, -2); 3; 12* = 133. 

(10) (-3.-V); (-3.-H); 7; 28y+177 = 0. 

(11) (61,-1); (6*. -1); *; 48*-313 = 0. 

(12) (A, A); (0,0); £; 3*+4y-2 = 0. 

2. (1) x a — 2ax+2ay-j-2a 2 = 0. 

(2) 10x a + 24xy+9y a —2x —14y—14 = 0. 

(3) 144x a -f-120*y+26y a -416x-1638y+1521 = 0. 

(4) m 2 x t —2lmxy+l i y t —2x(pl t +pm t —l) — 

— 2y(ql i +qm 3 — w) + (Z 2 +w 2 )(p 2 + 3 a )— 1 = 0. 

3. 10x a + 24*y + 9y a -4Ox— 230y+225 = 0. 

4. 0; 1; -1; -2;^. 

5. (1) a(y— l) 2 -= c a (x— 1). (2) (ax—by) 2 — ( bc—a 2 )(cx—ay ). 

6. (2,0); (1,0); (0,-4); (0,-2). 

7. gx* — 2iAinacosax — 2it a cos*ay. 

8. (x + 3) 2 = 8y+28. 

9. ( y—h ) a = 4 c(x—h). 

10. (1) x+8y+16 = 0; 8x-y = 132. 

(2) x+y+3 = 0; x-y = 9. 

(3) x-y —3 = 0; x+y = 9. 

(4) 2y—x — 5; 2x+y = 20. 

(6) 2 x—y = 16;x+2 y = 18. 

(6) 2yy' + ax+by—y' 2 = 0, (2y'+6)(x—x') = a(y—y'). 

11. x—y+a = 0; x+y+a = 0. x-j-y — 3o; x—y = 3a. 

9 


12. (1) c 


ra. (2) c - —a. 


17. (aeot*0,2a cot0). y 

18. V3x—y = 5a*lZ.y 

20. 2x— y—4 = 0; 2x+4y+l = 0. 

23. (125,50). 

25. a(ti~\~ti t^+^+2), — at^t^(t^-\ t^). 

27. b(«x+*») a = 40^ t 2 . 

( 0 0\ / d 0\ 

acot 2 -, 2acot— j; latan 2 -, — 2atan— j. 

33. (1) y = a*. (2) x — ok. (3) y 2 —2ax = aV. (4) y = kx. 
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35. #®tan a a—j/ a +2az(tan 1 a+2)+a J ten ,! a = 0. 

43. (—p sec a, — 2 a tan a). 

58. i* = y 3 —4ax, where l is the intercept. 

59. xy+y(2a —h) = 2 ak. 

Examples 11 ( p. 184) 

2. y % = 2a(x — a). 

3. (3/* —4aa:)(^*4-4a a ) + ffl 1 c* = 0. 

4. y 4 +8a 4 = 2 ay 2 (x—2a). 

5. y 2 —ky = 2a(x—h). 

V n a ’ n )' 

10. (iah — & a )cosee 2 a. 

13. 2/ a — 4ar + fc s sin 2 a = 0. 

14. 2a: a +3a:i/ + 2.v !, +x + 6i/ + 8 = 0. 

‘2x ls +5xy—y 3 -\-lx— 16i/ — 31 = 0. 

15. ly-\-2am = 0. 

16. x+ty+a(t 3 + 4) = 0. 

23. y a (2j: + a) = a(3a:+a) 2 . 

26. 2 y* — a(x—<z). 

28. i/ a = a(x—a). 

29. aV(l + « z ). 

40. ai/ 2 = h 2 (x — 2a — h). 

42. y % = 16a(x —6o). 

46. (x—5a) s (2x—a) = 21ay 2 . 

51, 2x a -f2/ a — 2x{h— 2a) — 3A;j/+4aft. — 0. 

52. # a +^ a — lOaaj + So 2 = 0; a: a -)-y ! —2ox-j-a a = 0. 
k >7 [ am - 2 2 aw) / , 4? a + 4m s — Zn — am 3 lmn — am 3 \ 

5 • ’ 2Z 2 r 

Examples 12 ( p . 226) 

3V21 12 3V91 

± 6 : ± 5 : * 10 ' 


b b 
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870 

3. 2. 

4. 11V2. 


6. 8**+9i/* = 64. 

7. 25* , + 81y* = 2025. 

8- (1) b 4*±25 = 0; 3f. 

(2) a: = 2±4V3; 3. 

' (3) i;a;-5 = O.x+l = 0;^?. 


9. x'+iy* = 64. 

10. 65la:*+ 1 20a*/+532i/*-2074a;—4056«/+8788 = 0. 

11. (0,0), (-*. l;x+V3y = 2; 3*+3V3j/+10 = 0. 


14. 4S°, 135°, 225°, 315°. 

16. 16a^+i/’ = I*, where PR = I. 

18. (4,4±5V3). 

19. 9a:*+25y* + 90a; = 0. 

20. 16a:*+25»*-160a:—2001/ + 400 = 0. 

23. 2a:+2V2y = V3+1. 

24. (1) 3a;-10V2</+45 = 0; 30V2a;+9j/+32V2 = 0. 

(2) 7ajoosa + 8ysina = 56; 8xaino — 7yoosa = ISsinacoaa. 

(3) a:+4V2y+16V2—21 = 0;4V2 x—y— 18V2+4. 

26. ±7. 

26. o = ±2V3, 6 — ±V33. 

27. y = ±*±V13. 

28. o+6. 

29. 2(a*+y*) = 16. 

30. (2) (2,-i). (3) (0,-f). 

31. NT a* OBin'^sec^} NO = ao os^(l —e*). 

33. b%x^hf+a*(y-k)* = o*6*. 
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35. <±|VY,±*); 8° 4£'. 

a 2 6 2 

38. -5 + 5 = '• 

a* jB 2 

39 ( | °* ■ \ 

\ ± V(“* + 6*) ’ ± J(a*+b*)J' 

47. {(a+5)cos^, (a+5)sin^}. 

48. p 2 — a 2 cos 2 0 + £> 2 sin 2 #. 

53. (1) (a‘l,b>m). (2) (3) (a,5). 

(41 

\ e z cos <£ a 2 e 2 sin <£/ 
x 2 y 2 /a 2 —fc 2 \ 2 

6 ‘ a 2 + b 2 = ' 

63. a a (a;+o ) 3 + 5 s 2 /( 2 / —2a) = 0. 

66 . 4a s 6 2 * 2 + 4j/ a (2a 2 — 6 2 ) 2 = 6 2 (2a 2 —i> 2 ) 2 . 

72. r 2 — a s cos 2 0+6 2 sin 2 <?; a 2 ir 2 + 6 2 y 2 = ( 3: 2 + »/ 2 ) 2 . 

„„ i - J 1 — e 2 

73. - = — ecostt; - — ecosd • - . 

»■ r 1 + e 2 

74. - — cos A — ecos 0 . 

r 

76. - = cos(0 —a) + sin(0 — a) — ecos0. 
r 

Examples 13 (p. 262) 

2. (1) 9j/ + 4a: = 0. (2) 9y-4z = 0. (3) 9y + 2z = 0. 

8 ( | ab , \. 

V* V(5* + o 2 m 2 ) ’ ± ^J{b 2 +a 2 m 2 )l’ 

mab , o5 \ 

T V(®*+fiW)’ ± V(« a + 6am2 )^' 

9. b 2 x 2 +a 2 y 2 = i® s 5 2 . • 

10. 6 2 aj 2 +a a 3/ 2 = 2a 2 6 2 . 

11. 2(a: 2 +j/ 2 ) 2 = a 2 x 2 +6V- 

^j2g2 

18. ae 2 ain(j} cos ^(sin— cos<^);-— sin^ cos<^>(sin^> ~j- coa<j>). 

sb2 
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17. 6»*‘+aV = 130*6*. 

22. x*(b-ka)*+yHa-kb)* = {a-kb)»(b-ka)*. 

20 . 6*a:*+o*y’ = 4x 1 y i . 

27. 46*a:*+a*(2j/—1)* = o*6*. 

28. a*6»(6«zr*+aV) = (6W+aV)’(a , +i' 1 ). 

29. {W^Vloyj+taV+bVKiiV+aV-a^ 1 ) = 0. 

30. tan~* 4. 


31. a*a;*-)-6*y* = o*(a*—6*). 


33. tan# = 


2V(6*A*+o*fc*-a*6») 


34. tan -1 


ft*+ifc*-a*-6* 
2a sin# 


6* 


-V(a*-6*). 


35. a t b l (x t +y t ) = (a*+6*)(6*a;*-faV) ! . 

3B 16V2 

36. -j-. 


38. (a*—6*)(6*a^cos*o!—o*y*ain*a) 

= o*6*(o*+6*) — 2a6(6*a; cos a + a*i/ sin a). 

41. y 4 (o»-l*)+6V(**-a*+2J*)-6*l* = 0. 

43. 6*:r* + 0 * 1 /* = a*fe ! cos*a[. 

44. 6*0:* +o*3/* = Ja*6*. 


45 


a*^W 


o*6* 


6* a*+6*‘ 

49. 4r*(a*—A’)+4o*j/*4-4Aa:(o*—A*) = (a*—A*)*, where (A,0) is the 
fixed point, and x i +y i = a* the fixed circle. 


=1 4n—3 OJ 
51. —-— n—a<j>. 


Examples 14 (p. 302) 

1. ±2V3 : ±4V2; ±2V15. 

2. (1) 6 = 120°. (2) 6 = -45°. (3) p = f 



,4 V3. 
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5. Vertices: (c,c), (—c,—c). Foci: (cV2,cV2), (—cV2, —cV2). 
Directrices: x-4-w = 

V2 

0. (1) (0,0); (±V74,0); 14 and 10. 

(2) (2, -3); (2±V73, -3); 10 and 6. 

V34 

O) <1±V34,-|);-p; 10 and 6. 

7. (1) 5x+^y = 0; 5x-ly = 0. 

(2) 3x±8y±18 = 0; 3x-Sy = 30. 

(3) 5x±3y = 0; 5a;—3 y = 4. 

9. (1) 7x*+2ixy+fix — Sy— 1 = 0. 

(2) 451a; 2 +1080a;2/-6202/ 2 + 1712a;-35682/+3236 = 0. 

(3) lla^-OOxy + SV = 48. 

10. (1) 8x-Vl5y = 49; Vl5x±8i/ = 16V15. 

(2) 7x-4V3 y = 28; 4V3x±7y = 113V3. 

(3) 12x-7V3y = 6+14V3; 7V3x±12i, = 149V3-24. 

11. 5x±2V3y = 08. 

12. (1, — V3). 



15. c = ±12. 



14V3 2V3\ 
3 ’ 3 /’ 


17. 9x = 64y. 

41. 

42. c = 16V745. 

43. x*±j/ a ±14x«/-16x-16y±10 = 0; tan"^-7±4V3). 

44. p a (6 4 x a ±a 4 y a ) = a 4 6 4 . 

46. e*±o = 0. 

40. 6 4 x s ±o 4 3/ a = o J 6 4 . 

47. Hyperbola equation xy — c a : 4c a xy+(x*— y*)* = 0. 
Hyperbola equation x t —y % = a 1 : 4x ! y*±a a (a; 2 ~y 2 ) = 

51. 6 2 x a —a*y a = a s fe a . 


0 . 
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53. (o‘+6*)* = £ 


6 » 

OT S ’ 


57. 4* 2 y 2 = aty 1 —b l x 2 . 

58. Hyperbola equation xy = e 2 : 2x 2 y' 1 — c 2 (a: 2 +y 2 ). 
Hyperbola equation x s —y i = a 2 : (x i ~y i ) i = a 2 (« 2 +y 2 ). 

62. n(x 2 -y i )-{-Z%xy = 0. 

63. 2a: 2 — 3xy — 2y 2 — x+7y = 0. 

64. 2(a; 2 —y 2 ) = a 2 —6 2 . 

65. (1) As. 3x—2 y + 5 = 0, 2a: — y+3 = 0. 

. C.H. 6x 2 — Txy+2y iJ rl9x— lly+39 = 0. 

(2) As. 2x—y+8 — 0, 2x— lly + 6 = 0. 

C.H. 4a: 2 — 2‘kxy-i r \\y 2 + 28x— 94y+ 100 = 0, 

66. Perpendicular. 

67. (1) y±x — ±4. (2) x±-\/2y+2 = 0. 

82. r 2 sin 26 = 2c 2 . 

83. r 2 — a 2 cos 2 0—6 3 sin 2 0. 


Q . I . a (2 x—cte) 2 4y 2 

84 * 2*r = l - eco80 ’ or —-= 

88. J 2 -2V21rcos0+r 2 (l-tan 2 |) = 0. 


1 . 


5+24V2 

49 


Examples 15 ( p . 333 ) 


3. llx+ \3y = 85. 

, , 2+V2+V6 

4. y = nx, where n = V3 _ 2V2 _ 1 or 

, a 
a*J3—2b' 

8. %hk&m*w. 

9. nx—y — nh—k. 

11. xy = kx+hy. 

12. 4xy sin w — c. 



2+V2—V6 
V3 + 2V2 + 1' 


14. x(coB.<o—c)+y(l —ccosw) = 0. 
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15. 2(x s + y 2 ) cos ai +2 xy( 1 + cos 2 to) — x(k + h cos to) — 

—fccosco) = 0. 

16. xy(h — k) — c{x—h)(x—k). 

19. (12-2V3,4-6v’3); 2(10-3V3) J . 

20. x 2 +xy~f-y 2 — 5x—y— 74 = 0. 

22. x-j-4y —18 = 0. 

23. x 2 + y 2 + 2xy cos cu —ax—fiy — 0. 

24. x+2y+10 = 0. 

27. x — i(t 1 +t i )y + oct 1 t a = 0; x — ly + at 2 = 0. 

31. (tcosto + l)(i/— 2ail) + (t + coscu)(x — oti s ) = 0. 

46. x 2 -\-y 2 -\-2xy cos ai — 4c 4 coso>. 

47. (1) 2 xy = kx+hy. 

(2) (x 2 — 2xy cos a>-\-y 2 )(xy—c 2 ) — l 2 xy = 0, where 21 is the given 
length. 

49. 2x 2 +ay = 0. 


Examples from H.C. Papers ( p . 339) 

1. (i) x-2y = 25; 13x~9 y = 25. (ii) (-5,-10). (iii) 30. 

2. (1) 4x + 3y = 20; 2x = i/; x + 1 =0. 

(2) 26° 34'; 36° 52'; 116° 34'. 

(3) 15. 

4. x — y. 

5. tan” 1 rr hll—' 'y y . 3x+y = 8; x—3 y = 6. 

6. O lies between P l and P 2 if the sign is negative. 

21x —27^+3340 = 0. 

7. bc+ca+ab. 

8. (-1,1), (7,7); (-W. -W). (—H>ID¬ 
S' H- 

10 m 1 x i ±m i x 1 y x 

m l ±m l ’ m 1 ±m l 

11. a+b = 0. 

12. 3x+2 y = 24. 

13. ? + f = 1. 
a o 

14. y = 2x, x+2y = 0, 
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16. 2 s /{(g*-ac)(l+m*)}/a+hm. 

16. k = 2; 1. 

19. 20-62. 


22. 2g t (g l -g t ) + 2f t {f 1 -f t ) = ^-c,. 

23. Inside the smaller circle. 


26. x i -\-y x — iax+Sa 1 — 0; ** + y x — 4oa;+4ay+7a s = 0. 

27. x * = 2 cy-\-l i —c t . 

28. a;»(l + 2g'l+cl J ) + 2a#(Z/+mg + cZm)+ 2 / 2 (l + 2/m-f cm s ) = 0. 

l(a — b)-j-2hm, m(a—b) — 2hl 

2(bl i +am t —2Khn)’ 2(bl i -\-am i — 2hlm)‘ 


29. h(x*+y*) — {h*+pq)x—h(p — q)y = 0. 

30. (x— a)cos04-(j/—6)sin0 = r. 

( ri a,&); ( r -——Q, b). 

W-fr, / Vrj—r, / 

31. Circles through the points where the given circle is cut by 
the line lx+my-\-n — 0. 

x*+ff*+4x—2y—4 = 0; (~2, l); 3. 

34. xx'+yy' = r 2 ; y l = ax-{-c. 

36. 6x+9i/ + l = 0. 

37. ( — a, -6); (1,V3), (1, -V3). 


38. 2^(p , +A8in , a) cosec 1 !!. 

39. (1) 4*-3t , = 4. (ii) (1,0). (iii) 4f. 


40. ^j^{a(l+ >»*)(«—«tc)}. 


42. \(t+m)y+atm — 0. 
44. 1 or J. 

46. -(* + ?)- 


46. y* = 4a(x— 8a). 

47. c+am(m J +2) — 0. 

49. (i) at?+t{2a—h)—k = 0. 

(ii) a*Z 4 +2aZ»(2a+jr)+4/aZ+c = 0. 

60 - ^(yi-yt)(yi-y*)(y»-yi)- 
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53. y * = 2a(*-fa). 

64. 2a*. 

66. (2-692, 76° 22') (5-393, 328° 38'). 


57. - = 


2 sin 8 ^ 
I 


srnl^-e) 


58. 

59. 

60. 
61. 
63. 


/'3a; 

It 

Y; J; (0,5), (0,1). 

.a 

16 
i- 

x— 4j/+5 = 0; lx— 20j/— 29 = 0. 
xJ(cP— 6‘)±i/V(a a — c 2 )±^/(a 2 d a —b*c s ) = 0. 


+ *» *•+»*■“ *6; *•+»*» 41. (9,-14),(- 


,Y>. 


«4 , j/yi _ gf | yf 

~fi ‘ ^2 ~2 » 1 . 2 * 


b 2 ' 


66 . 

67. 

68 . 

69. 

70. 

72. 

73. 

74. 


(acos 9, bain 9); tan -1 -; x+y = 0. 

a 

a*+ 6* = a 4 J* + 6 4 m 2 . 

2V2 ab 


V(a*+b s )' 

a 1 

a(l±ecos^). 

(6*a;*+ oS 2/ 8 — a i b l )(lX J rmY +w) 2 — 

— 2(6 2 JCa:+a 2 F2/—a 2 6 s ){te-)-W2/+n)(ZZ+mr+n)+ 

+ (b*A r * + a a F s -a 2 b 2 )(Za;+wi2/+n) 3 


77. - 


xx 1 _ L yy l _ , / «*1 _ b]W\ 

a* + 6* : l n ’ n /* 

x , , y . , .ax by 

a r 6 r cos(fi 9in^ 
1 cH 


- a ‘-bK 


82. 

85. 

86 . 


m m 

bx±ay = 0. 
x+<xf}y = c(a+/?). 

2q/^ tj 2a 

ti+t, ’ mT,' 
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88. Asymptotes: 2a;+y = 1, x—2y = 1. 
Axes: 3a ;—y = 2, a; + 3 y = 0. 


x y 


a*+6* 6® 


— _ = 1. 
II * • 


90. 46°, 135°. 


91. a*jD*—6*g® = 1. 

92. (i) 4c*a; 2 —4cAa^+A*3/ s —A*cy = 0. 
(ii) cx*—X xy—cy*+c a y = 0. 

95. abed — 1. 


Centre: (#, -fc). 


97. (2, —1); 8 and 2; x-\-y = 1, x—y = 3. 2(y—x) = 3. 

98. Tnm'—{lm'+l'm)cosat+U' = 0. ( —-—, —^—). 

u COS CD cosaP 


99. 2cos*/?-)-2eco8a:eo8 J 8—(1—e*) = 0. 
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